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CHAP.    I. 

Concerning  the  Nature,  Scope,  and  Kinds  of  ALGEBRA: 
The  Conftruclion  of  Coflic  Quantities,  or  Powers  5  with 
the  manner  of  expreffing  them  by  Alphabetical  Letters :  The 
fignification  of  Characters  ufed  in  the  Firft  Book 


I 


■4HE  Mathematical  Arts  or  Sciences  are  exercis'd  about  Quantity, 
'  which  is  compris'd  under  Numbers,  Lines,   Superficies,  and  So- 
lids:  Thefe  if  they  be  confidered  abftraftively,   and  feparate 
from  all  kind  of  Matter,  are  the   proper  Objefts  of  Arithme- 
tic and  Geometry,  which  are  called  Pure  Mathematics. 

II.  The  Method  which  Mathematicians  are  wont  to  ufe  in  iearchitfg  out  Truth 
about  Quantity,  is  twofold  -, .  viz.  1.  Synthetical,  or  by  way  of  Compofition  .• 
2.  Analytical,  or  by  way  of  Refolution. 

III.  Mathematical  Compofition,  or  the  Synthetical  Method,  argues  altogether 
with  known  Quantities  to  learch  out  unknown  ;  and  then  demonftrates  that  the 
Quantity  found  out  will  fatisfie  the  Propofition. 

*f   Mathematical  Refolution,  or  the  Analytical  Art,  commonly  call'd  Algebra 
.way   of  reafoning  which  affumes  or  takes  the  Quantity  fought  as  if  it  were 
iiuwn  or  gra  nted  ;  and  then  with  the  help  of  one  or  more  Quantities  given  or  known 
proceeds  by  Confluences,  until  at  length  the  Quantity  firft  only  affumed  or  feign- 
ed to  be  known,  is  found  equal  to  fome  Quantity  or  Quantities  certainly  known/ 
and  is  therefore  likewife  known. 

V.  The  Scope,  Drift  or  Office  of  the  Analytic  or  Algebraic  Art,  is  to  fearch 
out  three  kinds  of  Truths,  viz. 

1.  Theorems  h  which  are  nothing  elfe  but  Declarations,  or  Affirmations  of  certain 
Properties,  Proportions,  or  Equalities,  juftly  inferr'd  from  fome  Suppositions  or 
Conceffions  about  Quantity  :  Which  Theorems  are  to  be  referved  in  ftore,  as  ready 
helps  to  find  out  new,  and  to  confirm  old  Truths.  This  kind  of  Refolution  when  it 
refts  in  a  bare  Invention  of  Truth,  is  called  Contemplative,  or  Notional. 
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2.  Canons,  or  infallible  Rules,  to  direcfhow  to  folve  knotty  Queftions,  by  the  help 
of  Quantities  given  or  known  -,  this  kind  of  Refolution  is  called  Problematical. 

7..  Demonjlrations,  or  evident  and  indubitable  Proofs,  to  manifeft  the  Truth  of 
fuch  Theorems  and  Canons  as  are  Analytically  found  out. 

VI.  Algebra  is  by  late  Writers  divided  into  two  kinds  -,  to  wit,  Numeral  and  Li- 
teral for  Specious.) 

VII.  Numeral  Algebra  is  fo  called,  becaufein  this  Method  of  refolving  a  Queftion, 
the  Quantity  fought  or  unknown  is  folely  defign^dor  reprefented  by  fome  Alphabetical 
Letter,  or  other  Character  taken  at  Pleafure,  but  all  the  Quantities  given  are  expreft 
by  Numbers. 

VIII.  Literal,  or  Specious  Algebra  is  fo  called,  becaufe  in  this  Method  of  refolving 
a  Queftion,  as  well  the  given  or  known  Quantities,  as  the  unknown  are  all  ieverally 
expreiTed  or  reprefented  by  Alphabetical  Letters.  Whence  it  comes  to  pals,  that  at 
the  end  ofthe  Refolution  of  a  Queltion,  every  Quantity  appearing  diftincf  under  the 
fame  Letter  or  Form  by  which  it  was  at  firft  expreffed,  a  Canon  is  difcovered  to  direct 
how  the  Queftion  propos'd  may  be  folved,  not  only  by  the  quantities  firft  given,  but 
by  any  other  whatfoever  that  are  capable  of  Iblving  the  Queltion.  In  this  Rei'peft 
therefore  Literal  Algebra  far  excels  the  Numeral;  for  this  latter  ferves  only  to  lolve 
Arithmetical  Queftions,  and  produces  not  a  Canon  without  much  difficulty,  in  regard 
the  Numbers  firft  given,  by  reiterated  Multiplications,  Divifions,  and  other  Arith- 
metical Operations,  will  for  the  moft  part  be  fo  confounded  and  interwoven,  that  their 
Foot-fteps  can  hardly  be  traced  out  :  But  Literal  or  Specious  Algebra  is  applicable  to 
the  fblving  of  Geometrical  Problems,  as  well  as  Arithmetical. 

IX  The  DoBrine  of  Algebra  is  principally  grounded  upon  the  Knowlege  of  cer- 
tain Quantities  called  by.  fome  Authors  Cojfic  Quantities,  by  others,  Powers  ■,  the 
Conftrucfion  whereof  is  explain'd  infix  Seftionsnext  following. 

X.  Numbers  arefaidto  be  in  Geometrical  Proportion  continued,  when  as  the  firft  is  to 
the  fecond,  fo  is  the  fecond  to  the  third,  and  fo  is  the  third  to  the  fourth,  &c.  As,  for 
Example,  thefe  Numbers,  i,  2,  4,  8,  i<5,  32,  &c.  are  Continual  Proportionals  ;  for, 
as  the  firft  Term  1  ,is  the  half  of  the  fecond  Term  2  ;  fo  is  the  fecond  Term  2,the  half 
ofthe  third  Term  4  •,  and  fo  is  4.  the  half  of  8,  &c.  Likewife  thefe  Numbers,  ?,  9, 
27,  81,  243,.  &c.  are  in  Geometrical  Proportion  continued  ;  For  as  the  firft  Term  3  is 
a  third  part  ofthe  fecond  Term  9,  fo  is  the  fecond  Term  9  a  third  part  ofthe  third 
Term  27  ;  and  fo  is  27  one  third  of  81,  &c.  Alfb,  thefe  numbers  are  continual 
Proportionals,  to  wit,  1,  i-,  ^  4-,  &c.  for  as  the  firft  Term  1 ,  is  the  double  of  the  fe- 
cond Term  4-,  fo  is  4-  the  double  of  4-,  and  -"-  the  double  of  4-,  Efc- 

XI.  In  any  feries  or  rank  of  Numbers  proceeding  from  Unity  in  a  continued  Geome- 
trical proportion,whether  attending  or  deicending,alhheNumbers  or  Terms  except  the 
firft,  which  is  fuppofed  to  be  1 ,  (to  wit,  Unity,)  are  called  Cofic  Numbers,  or  Powers  -, 
viz.  the  fecond  Term  or  Proportional  is  called  the  Root^or  firft  Power ;  the  third  Propor- 
tional is  called  the  Square,  or  fecond  Power ;  the  fourth  Proportional  is  called  the  Cube,ot 
third  Power^the  fifth  Proportional  is  called  theBiquadrate,or  fourth  Power,the  lixth  Pro- 
portionate fifth  Power,  CV.  As  for  Example,  in  this  rank  of  Continual  Poportionals, 
1,  2,  4,  8, 16,  3  1,  &c.  the  fecond  Term  2  is  the  Root ;  the  third  Term  4  is  the  fecond 
Power,  or  the  Square  ofthe  Root  2 ;  the  fourth  Term  8  is  the  third  Power,or  the  Cube  of 
the  Root  2  ;  thefitth  Term  16  is  the  Biquadrateor  fourth  Power  ofthe  fime  Root  2,tfV. 

In  like  manner  in  this  rank  of  continual  Proportionals  defcending  from  1,  to  wit, 
j,  ^  1.,  £,  ^.,  &c.  the  fecond  Term  4-  is  the  Root ;  the  third  Term  ~  is  the  fecond 
Power  •,  the  fourth  Term  4-  is  the  third  Power,  &c.  The  like  is  to  be  underltood 
of  any  other  Rank  of  Numbers  in  a  continued  Geometrical  Proportion,  whofe  firft 
Term  or  Proportional  is  Unity. 

XII.  From  the  two  laft  preceding  Secfions,  ("which  are  grounded  upon  10.  Prop. 
8.  Elem.  Euclid  )  it  is  evident  that  any  Number  whatfoever  being  propoled  for  ;i 
Root,  the  fecond  Power,  or  the  Square,  is  produced  by  the  Multiplication  of  the 
Root  by  it  felf^  the  third  Power,  or  the  Cube,  is  produced  by  the  Multiplication  of 
the  fecond  Power  by  the  Root ;  the  fourth  Power  is  produced  by  the  Multiplication 
of  the  third  Power  by  the  Root,  &c. 

As,  for  Example,  if  2  be  given  for  the  Root,  this  2  multiplied  by  it  felf,  produces  4 
for  the  fecond  Power,  to  wit,  the  Square  of  the  Root  2  :  Again,  4  the  fecond  Power 
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being  multiplied  by  the  Root  2  gives  8  the  third  Power,  or  the  Cube;  which  third 
Power  multiplied  by  the  Root  2,  produces  the  fourth  Power  16,  &c. 

In  like  manner,  if  this  Fraction  f  be  prefcribed  for  a  Root,  by  multiplying  'i  by 
it  felf,  there  comes  forth  ±  for  the  fecond  Power,  or  the  Square  of  the  Root-2-  •  A- 
gain,  the  fecond  Power  %  multiplied  by  the  Root  £  produces  the  third  Power  _L 
or  the  Cube  of  the  Root  -1 ;  and  the  third  Power  ,-f.  multiplied  by  the  Root  -f  gives 
the  fourth  Power  44,  &c. 

But  when  the  Root  is  1 ,  to  wit,  Unity,  every  one  of  its  Powers  will  alfo  be  1 ; 
for  multiplication  by  I  makes  no  alteration.  AH  which  will  be  further  illuftrated 
by  the  Scales  of  Coffic  numbers  or  Powers  in  the  following  Table,  which  fhews 
that  if  the  Root  be  5 ,  the  Square  is  25; ,  the  Cube  12  j ,  the  Biquadrate  or  fourth 
Power  62 J,  the  fifth  Power  3125,  £>V. 

A  Table  of  Powers  in  Numbers. 


The  Root  or  hilt  Power. 

1 

2 

3 

4;             5 

The  Square  or  fecond  Power. 

1 

4 

9 

16                2J 

The  Cube  or  third  Power. 

1 
1 

8 

27 

64 |           125 

The  Biquadrate  or  fourth  Power. 

16 

32 

64 

128 

81 

256 

62% 

The  fifth  Power. 

1 
1 

243 

I024 

3125 

The  fixth  Power. 

729 

4096 

15:62; 

The  feventh  Power. 

1 

2187 

I6384 

78125 

The  eighth  Power,  &c. 

1 

256 

6561 

6m& 

59062? 

XIII.  The  Root  or  firft  Power  being  given,  the  third,  fifth,eighth,or  any  other  Powei? 
may  be  found  out  without  refpeft  to  the  intermediate  Power  or  Powers,  in  this 
manner ;  viz.  Suppofe  the  number  3  be  prefcribed  for  the  Root,  and  that  the  fifth 
Power  be  defired ;  firft  write  down  the  Root  3  five  times  thus,  3,  3,  3, 3,  3  ;  then  multi- 
ply thefe  fiveequal  numbeisone  into  another  according  to  the  Rule  of  continual  Multi- 
plication, fo  the  laft  Product  243  fhall  be  the  defired  fifth  Power  railed  from  the  Root  3. 

In  like  manner,  if  the  eighth  Power  of  the  Root  2  be  defired,  you  may  write  the 
Root  2  eight  times  thus,  2,  2,  2,  2,  2,  2,  2,  2,  thefe  multiplied  continually 
produce  256,  which  is  the  eighth  Power  of  the  Root  2.  After  the  fame  manner 
you  may  find  out  any  other  Power  from  a  number  given  for  the  Root. 

XIV.  If  over  or  under  any  Series  or  Rank  of  Coffic  numbers  or  Algebraic  Powers, 
confticuted  according  to  the  three  laft  foregoing  Sections,  there  be  placed  a  rank 
of  Numbers  beginning  with  Unity,  and  ptoceeding  according  to  the  natural  order  of 
numbers,  as  1,  2, 3,  4,  y,  <5,  7, 8,  9,  (fc.  thefe  numbers  fo  placed  are  ufually  called 
the  Indices,  or  Exponents  of  thofe  Powers,  as  well  becauie  they  ifiew  the  order,feat,  or 
place  of  each  Power,  as  alfo  its  number  of  Degrees  or  Dimenfions;  that  is,  how  ma- 
ny times  the  Root  is  involved  or  multiplied  in  producing  each  Power  refpeclively  : 
As  for  Example,  let  there  be  a  Rank  or  Scale  of  Algebraic  powers  raifed  from  the 
root  3,  as  3,  9,27,  81,  243,729,  2187,  &c.  and  over  them  let  there  be  fo  many  num- 
bers placed  in  an  Arithmetical  progreffion,  beginning  with  i,and  proceeding  accor- 
ding to  the  natural  order  of  Numbers,  as  here  you  fee  ; 


INDICES. 
POWERS. 


I 

2 

3     j     4 

5?     |     6     \     7 

8 

3 

9     |    27    |    81    |   243   j  729 

2187 

6561 

A  2 


I  fay 
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I  fay  the  Index  4  in  the  Arithmetical  progreflion,  fhews  that  the  fourth  Power  81, 
which  ftands  under  4,  is  produced  by  the  multiplication  of  the  Root  3  four  times  into 
it  felf,  viz.  thele  four  numbers  3,  3, 3,  3,  multiplied  continually  will  produce  81  •, 
likewife  the  Index  7  in  the  Arithmetical  progreflion  (hews,  that  the  fevenrh  Power 
2187,  which  ftands  under  7,  is  produced  by  the  multiplication  of  the  Root  5 
feven  times  into  it  felf;  viz.  thefe  feven  equal  numbers  3, 3,  3, 3, 3, 3,  3,  multiplied 
continually  produce  2187.    And  fo  of  others. 

To  that  uie  of  Indices,  this  may  be  added ;  viz.  If  any  two  or  more  Indices  be  ad- 
ded together,  the  fum  will  be  an  Index  mewing  what  power  will  be  produced  by 
the  multiplication  of  thofe  Powers  one  into  another  which  anlwer  to  the  Indices  that 
were  added  together :  As  for  Example,  if  the  Indices  3  and  5  be  added  together,  the 
fum  is  the  Index  8  ^  which  fhews,  that  if  the  third  and  fifth  Powers  be  multiplied 
one  by  the  other,the  eighth  Power  will  be  produced:  As  in  the  rank  of  Powers  in  the 
preceding  Tabulet,  if  the  third  power  27  be  multiplied  by  the  fifth  Power  243,  the  Pro- 
duct will  give  the  eighth  Power  6561.  In  like  manner,  for  as  much  as  the  Indices  2 
and  6  added  together  make  the  Index  8  •,  therefore  the  fecond  Power  9  multiplied  by 
the  fixth  Power  729  will  alfo  produce  the  eighth  Power  6561 :  Again  becaufe  the 
Indices  i,  2,  and  5  added  together  make  the  Index  8  ;  therefore  the  firft,  fecond  and 
fifth  Powers,  to  wir,  3,9,  and  243  multiplied  continually  will  likewife  produce  the 
eighth  Power  6561.  And  as  the  Index  3  added  to  it  felf  makes  the  Index  6t  (b  the 
third  Power  27  multiplyed  by  it  felf,  or  fquared,  will  produce  the  fixth  Power  729. 

And  as  the  Addition  of  Indices  anfwers  to  the  Multiplication  of  their  correfpon- 
dent  Powers,  fo  the  fubtra&ion  of  Indices  anfwers  to  the  divifion  of  their  correfpon- 
dent  Powers :  As,  for  Example,  becaufe  the  Index  8  leffened  by  the  Index  j,  leaves 
For  a  Remainder  the  Index  3 ;  therefore  the  eighth  Power  6561  divided  by  the  fifth 
Power  243  gives  in  the  Quotient  the  third  Power  27.  Likewife,  as  the  Index  7  lef- 
fened by  the  Index  3  leaves  the  Index  4;  fo  the  feventh  Power  2187  divided  by 
the  third  Power  27,  gives  the  fourth  Power  81. 

XV.  From  the  premiffes  it  is  evident,  that  upon  an  Arithmetical  foundation,  a 
Scale  or  Rank  of  Algebraic  Powers  may  beraifed  and  continued  as  far  as  you  pleale; 
the  three  firft  of  which  have  an  affinity  with,  and  may  be  expounded  by  Geometri- 
cal dimenfions :  For  firft,  we  may  conceive  any  terminated  Right-line,  to  be  divided 
into  a  number  of  equal  parts  at  pleafure,  fuppofe  12 ;  then  this  number  12,  or  that 
Right-line,  may  be  efteemed  as  a  Root:  Secondly,  the  faid"  12  multiplied  by  it  felf 
produces  144  the  fecond  Power,  which  is  equal  to  the  Area  of  a  fquare  Superficies 
whofe  fide  is  12:  Thirdly,  the  faid  fecond  Power  144  multiplied  by  the  Root  12 
produces  the  third  Power  1728,  which  is  equal  to  the  Solid  content  of  a  Cube, 
(to  wit,  a  Solid  in  the  form  of  a  Dye)  whofe  fide  is  12. 

But  none  of  the  reft  of  the  Algebraic  powers  can  properly  be  explain'd  by  any 
Geometrical  quantity,  in  regard  there  are  but  three  dimenfions  in  Geometry,  to  wit, 
Length,  Breadth,  and  Depth  (or  Thicknefs.) 

XVI.  In  fearchingoutthe  folution  of  a  Queftion  by  the  Algebraic  Art,  the  numbef 
or  line  fought  is  ufually  called  a  Root,  which  fo  long  as  it  remains  unknown  cannot  be 
really  expreft,  and  therefore  it  muft  be  defign'd  or  reprefented  by  fome  Symbol  or  Cha- 
racier,  at  the  will  of  the  Artift ;  alfo  the  Powers  which  may  be  imagined  to  proceed 
from  the  faid  Root  in  fuch  manner  as  has  before  bin  declared  are  likewife  to  be  repre- 
fented by  Symbols  or  Characters  •,  concerning  which  there  is  much  diverfity  among 
Algebraical  Writers,  every  one  pleafing  his  fancy  in  the  choice  of  Characters ;  But  in 
this  matter  I  fhall  imitate  Mr.  Thomas  Harriot  in  his  Ars  Analytica,  and  Rebates  des  Car- 
tes in  his  Geometry,  but  chiefly  the  former ;  whofe  method  of  exprefting  Quantities 
by  Alphabetical  Letters,  I  conceive  to  be  the  plaineft  for  Learners,  viz. 

To  defign  or  reprefent  the  Root  fought,  whether  it  be  a  number  or  a  Line  in  a  Queftion 
propofed,  we  may  affume  any  Letter  of  the  Alphabet,  as  «,  £,or  c,  &c.  but  for  the  better 
diftinguilhing  of  known  quantities  from  unknown,  fbme  Jnahjls  are  wont  to  affume 
one  of  the  five  Vowels,  as,  <?,-  or  <?,  Sec.  to  reprefent  the  quantity  fought-,  and  Corrfo- 
nants,  as,  A,  c,  d,  Sic.  to  reprefent  quantities  known  or  given:  Now  if  the  letter  a  be 
alTumed  to  reprefent  the  Root  fought,  then  (according  to  Mr.  Harriot)  the  fecond 
Power,  or  theSquareraifed  from  that  Root,  may  be  reprefented  by  aa  h  thethird  Power, 
or  the  Cube,  by  aaa ;  the  fourth  Power  by  aaaa-,  the  fifth  Power  by  aaaaa;  and  after 
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the  fame  manner  any  higher  Power  of  the  Root  or  number  a  may  be  reprefented : 
for  fo  many  Dimenfions  or  Degrees  as  are  in  the  Power,  fo  many  times  the  Letter 
which  at  firft  was  affumed  for  the  Root  is  to  be  repeated. 

Or  after  the  manner  of  Renates  des  Cartes,  if  the  letter  a  be  alfumed  to  reprefent 
the  Root,  the  Square  may  be  defigned  thus,  «*.  the  Cube  thus,  a3,  the  fourth  Power 
thus,  a*,  the  fifth  Power  thus,  af.  And  fo  any  other  power  may  be  expreft  by  wri- 
ting'the  Index  or  Exponent  of  the  Power  in  a  fmall  figure  next  after,  and  near  the 
head  of  the  letter  aflumed  to  reprefent  the  Root.  Both  which  ways  will  be  further 
illuftrated  by  the  following  Table. 

A  Table  Jhewlng  two  ways   (  now  moft  in  ufej  to  exprefs 
Jimple  Powers  by  Alphabetical  Letters. 


The  Root  or  firft  Power, 

a. 

a 

The  Square  or  fecond  Power, 

a  a. 

a* 
as 
a* 

The  Cube  or  third  Power, 

aaa. 

The  fourth  Power, 

aaaa. 

The  fifth  Power, 

a  a  aaa. 

The  fixth  Power, 

aaaaaa. 

a6 

a~7~ 

The  feventh  Power, 

aaaaaaa. 

The  eighth  Power, 

aaaaaaaa. 

After  the  fame  manner,  known  Quantities  and  their  Powers  may  be  reprefented  by 
Confonants ;  as,  b  may  be  put  for  any  known  number  in  a  Queftion,  and  then  its  Square 
may  be  fignified  by  bb,  the  Cube  by  bbb,  the  fourth  Power  by  bbbb,  the  fifth  Power  by 
bbbbb,  the  fixth  by  bbbbbb,  and  fo  forwards:  Or  the  Square  of  the  Root  b  may  be  ex- 
preft thus,  b\  the  Cube  thus,  R  the  fourth  Power  thus^  b*.  the  fifth  Powerthus,  bK 
the  fixth  Power  thus,  b6.  and  fo  forward. 

XVII.  Numbers  fet  before,  that  is,  on  the  left  hand  of  quantities  expreft  by  letters 
are  called  Numbers  prefixt ;  but  if  no  number  be  prefixt  to  the  letter,  then  i  or  unity 
muft  be  imagined  to  be  prefixt :  As,  in  theft  quantities  a,  (  or  i  a, )  2  a,  7la,t.a,^a, 
<$bbb  (or  %bi)  the  numbers  prefixt  are  (as  you  fee)  i,  2,  3,  4.,-f,  and  7,  every  one  of 
which  numbers  (and  the  like  fb  prefixt)  fhews  how  often  the  quantity  reprefented  by 
the  letter  or  letters  immediately  following  the  number  is  taken ;  fo  a  or  1  a  fignifies 
fome  number  or  line  once  taken,  alfo  2a  reprefents  the  double,  4.0  the  half,  and  -fa 
two  third  parts  of  the  number  or  line  reprefented  by  a.  In  like  manner  $bbb,  or  $b\ 
fignifies  that  the  Cube  of  the  number  or  line  reprefented  by  b  is  taken  five  times. 

XVIII.  All  numbers  expreft  by  figures  and  cyphers  (as  in  vulgar  Arithmetic)  not 
having  any  letter  or  letters  annexed  to  them,  are  for  diftinttion  fake  called  Abfolute 
numbers •,  as  thefe  numbers,  5,  20,  10 ?,  i.,  f,  and  all  others  when  they  be  not  pre- 
fixt or  annext  to  any  letter  or  letters  are  called  abfolute  numbers. 

XIX.  All  Algebraical  Operations  are  perform'd  in  an  Arithmetical  manner,  partly  in 
the  vulgar  way  by  numbers,  and  partly  by  Alphabetical  letters  in  all  the  parts  of  A- 
rithmetic,  to  wit,  Addition,  Subtraction,  Multiplication,  Divifion,  and  the  Extract- 
ion of  Roots:  But  fincelettets  cannot  oe  difpofed  like  numbers  to  perform  thofe  ope- 
rations, fbme  Characters  muft  of  neceffity  be  ufed  to  fignifie  fiich  operations.  The 
Character's  ufed  in  this  firft  Book  are  explained  in  the  following  Sections. 

XX.  This  Character  +  is  a  fign  of  Affirmation,  as  alfo  of  Addition,  and  always  be- 
longs to  the  quantity  that  follows  the  fign^  as,  -fa  affirms  the  quantity  denoted  by  a 
to  be  real,  or  greater  than  nothing ;  the  like  may  befaidof  -\-b,  and  -f-2<r,  &c. 

When  no  fign  is  prefixt  before  a  quantity,  the  fign  -\-  is  always  to  be  underftood, 
and  muft  be  imagined  to  be  prefixt ;  fo  a  implies  +«,  likewile  lb  fignifies  the  fame 
thing  with  +  ib  ■,  the  like  of  others. 

But  when  the  fign  4-  is  placed  between  two  quantities,  it  imports  as  much  as  the 
word  plus,  or  more,  and  fignifies  that  thofe  quantities  are  added  or  t©  be  added  to- 
gether 
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gether:  As-  3  +  4  (or  3  more  4)  fignifies  the  fum  of  3  and  4;  or  it  hints  that  4  is 
to  be  added  to  3'.  In  like  manner  a-\-b  fignifies  the  fum  of  numbers  or  quantities 
reprefented  by  a  and  b  ;  and  <zh-Zh-c  fignifies  the  fum  of  quantities  denoted  by  a,  b? 
and  p. 

XXI.  This  Character  —  is  a  fign  of  Negation,  as  alfo  of  Subtra&ion,  and  always 
belongs  to  the  following  quantity;  as  for  Example,  —  5:  is  a  fictitious  number  lefs 
than  nothing  by  $  -,  viz.  as  ■+-  5  /.  may  reprefent  five  pounds  in  money,  or  the  Eltate 
of  fome  perfon  who  is  clearly  worth  five  pounds;  fo  —  $1.  may  reprefenta  Debt  of 
five  pounds  owing  by  fome  perfon  who  is  worfe  than  nothing  by  five  pounds. 

But  when  the  fign  —  is  placed  between  two  quantities,  it  imports  as  much  as  the 
word  minus,  or  lefs;  and  intimates  that  the  number  or  quantity  following  that  fign  is 
fubtraCted  or  to  be  fubtraCted  from  the  number  or  quantity  that  Hands  next  before 
the  fame  fign:  As  8—3  (or  8  lefs  3)  fignifies  that  3  is  fubtraCted  or  to  be  fubtraCt- 
ed  from  8  ;  or  8—3  denotes  the  excels  of  8  above  3,  to  wit,  5. 

In  like  manner  a — b  (or  a  lefs  b)  fignifies  that  the  quantity  denoted  by  b  is  fub- 
traCted or  to  be  fubtraCted  from  the  quantity  a ;  or  a— b  may  fignifie  the  excefs  of 
the  quantity  a  above  the  quantity  b. 

XXII.  This  Characfer  en  fignifies  the  Difference  of  two  quantities,  to  wit,  the  excefs 
of  the  greater  above  the  lefs,  when  'tis  not  determin'd  or  known  in  which  of  thole 
quantities  the  excefs  lyes;  fo  a&b  fignifies  the  difference  of  two  quantities  repre- 
fented by  a  and  b  when  'tis  not  known  whether  a  be  greater  or  lefs  than  b. 

XXIII.  This  Character  x  is  a  fign  of  Multiplication,  and  is  put  for  the  word  into, 
or  by-,  viz.  when  'tis  let  between  two  quantities  it  fignifies  that  they  are  multiplied, 
or  to  be  multiplied  mutually  one  by  the  other:  As,  6x3  (or  6  into  or  by  3)  im- 
ports the  ProduCt  of  the  multiplication  of  6  by  3,  to  wit,  18. 

In  like  manner  a  xZ>  fignifies  that  the  quantity  reprefented  by  a  is  multiplied  or 
to  be  multiplied  by  the  quantity  b:  alfo  <tx£xc  fignifies  the  ProduCt  made  by  the 
continual  multiplication  of  the  quantities  a,  b,  and  c,  one  into  another. 

But  for  the  molt  part  the  Multiplication  of  quantities  denoted  by  letters  is  figni- 
fied  by  the  joyning  of  letters  together,  like  letters  in  a  word ;  as  ab  fignifies  the  Prn- 
duCt  of  the  multiplication  of  the  quantity  a  by  the  quantity  b.  Alio  ah  fignifies 
the  ProduCt  of  the  continual  multiplication  of  the  quantities  a,  b  and  c  one  into  a- 
nother  1  All  which  will  be  further  illuftrared  in  Chap.  4. 

XXIV.  Quantities  defign d  01  reprefented  by  letters  are  either  Simple  or  Compound. 
XXVt  A  Simple  quantity  is  deiigned  or  exprdfed  either  by  a  fingle  letter  or  by 

two  or  more  letters  joyned  together  like  letters  in  a  word:  Asa  (or  -*-a)  is  a  Am- 
ple quantity-,  likewife  2aa,  7,abc,  and  dddd  are  fimple  quantities. 

XXVI.  A  Compound  quantity  confifts  of  two  or  more  fimple  quantities  con- 
nected or  joyned  one  to  another  by  •+  or  —  5  fo  a-*-b  is  a  compound  quantity,  like- 
wife  a—c,  alfo  a-vb-^-c,  and  a-^-b—c  are  compound  quantities. 

XXVII.  Every  one  of  thefe  four  Characters,  to  wit,  -f, — ,  en  ,and  x,(before  defined 
in  SeCt.  20, 21,  22,  and  23.)  may  fometimeshave  reference  to  fuch  a  Compound  quan- 
tity as  follows  the  fign,  and  has  a  line  drawn  over  every  member  of  it.  As,  for 
Exampl e,  by  ct-\- b<s>c,  you  are  to  underltand  that  the  difference  of  the  quantities  b 
and  c  (whether  the  Excefs  be  in  ^  or  in  c)  is  added  or  to  be  added  to  the  quantity  a. 

InIikemanner,iT— b~+c  ffiews  that  the  Compound  quantity  b-\-c  is  fubtraCted  or  to 
be  fubtraCted  from  the  quantity  a ;  where  in  regard  of  the  line  drawn  over  b-\-c,  the 
iign —  hath  reference  to  the  fubtraCtion  of  c  as  well  as  b  from  the  quantity  a.  But  if 
that  line  were  omitted,  then  the  fign —  would  only  refer  to  the  next  following  fimple 
quantity:  As,  a — b-^-c,  (or  a-^c — b)  fignifies  the  fubtraCtion  of  b  only  from  a-t-c. 

Moreover,  «cn b-\-c  fignifies  the  difference  between  the  fimple  quantity  a,  and 
the  compound  quantity  b-\-c. 

And  axb — c  fignifies  that  the  quantity  a  is  multiplied  or  to  be  multiplied  by  the 
excefs  of  the  quantity  b  above  the  quantity  c. 

XXVIII.  This  Character  V  is  called  a  radical  iign,  and  fignifies  that  the  Square 
root  of  the  number  or  quantity  that  ftands  next  after  the  faid  fign  V,  is  extracted,  or 
to  be  extracted;  as  v^?  fignifies  the  fquareroot  of  25,  to  wit,  j ;  and  V36  fignifies 
the  Iquare  root  of  36,  to  wit,  6.  •» 

Like- 
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Likewife  v'tf£  fignifies  the  fquare  root  of  the  quantity  ab.  So  that  when  a  number 
or  quantity  immediately  follows  the  laid  radical  fign  V,  the  [quare  root  of  that 
number  or  quantity  is  thereby  denoted. 

But  to  delign  or  reprefent  the  Root  of  a  Power  higher  than  a  Square,  fome  Algebraical 
Writers  ( whom  in  this  matter  I  fhall  follow)  are  wont  to  write  the  Index  of  the  Power 
within  a  Circle  next  after  the  fign  V  ;  As  for  Example,  1/(3)27  ilgnifies  the  Cubic  root 
of  27,  to  wit,  3.  Likewife,  ^(4)  16  denotes  theBiquadrate  root  of  16,  to  wit,  2  ;  that 
is,  the  root  from  whence  1 6  confidered  as  the  fourth  Power  is  produced.  Againy(?)24? 
fignifies  the  root  from  whence  243  confider'd  as  the  fifth  Power  is  raifed,which  Root  is 
3.  And  if  you  pleafeyou  may  wiheV(2)Si  to  denote  the  fquare  root  of  81,  to  wit,  9. 

Likewife  Y(i)a  fignifies  the  Cubic  root  of  fome  number  or  quantity  reprefented 
by  a.  Alio  V(*)bc  fignifies  the  Biquadrate  root  of  the  Quantity  be. 

Sometimes  the  Radical  Sign  belongs  to  as  many  of  the  following  Quantities  35  have  3. 
Line  drawn  over  them-,  as  V :  b  -\  c :  or,  Y(i)  :b  -\-  c :  fignifies  the  Square  root  of  the 
fum  of  the  Quantities  b  and  c.  Likewiie  V  :bb—c  -.  imports  the  Square  root  of  the 
Remainder  when  the  quantity  c  is  fubtra&ed  from  the  Square  of  the  quantity  b. 
Which  Roots,  and  fuch  like,  ate  called  Univerfal  Roots. 

Again,  d-\-  V:bb—c:  fignifies  that  the  Quantity  c  is  firft  to  be  fubtra£ted  from  the 
Square  bb,ani  then  the  Square  root  of  the  Remainder  is  to  beadded  to  r  he  quantity  L 
But  that  the  Learner  may  the  better  perceive  my  meaning  in  the  three  laft  Examples  con- 
cerning Univerfal  Roots,  let  b  fignifie  4  h  bb,  16  ;  c,  1 2  ;  and  d,  23.  Then  Y:b-\-c~: 
fignifies  V:  4+  r  2  :  that  is>  Vi  6,  to  wit,  4.  Alio  Y:bb  —  c:  fignifies  V:  1 6  — •  1 2  : 
that  is,  ^4,  to  wit^  2.  And  d+YMb—c:  fignifies  23  +  2,  that  is,  2j.  After  the 
fame  manner  the  Univerfal  Square  root  ofd-\-Y:bb —  c:  may  be  expreft  thus  5 
Y:d-\-Ybb  —  c  :  that  is,  ?. 

XXIX.  Four  points  let  in  this  form : :  are  always  in  the  middle  of  four  Geome* 
trical  Proportionals,  as,  for  Example,  thefe  four  Numbers  2  . 4  ::  6  .  12  are  Geome- 
trical Proportionals,  and  to  be  read  thus ;  As  2  is  to  4,  fo  is  6  to  12  5  or,  (in  the 
Phraleof  The  Rule  oj  Three)  If  2  give  4,  then  6  will  give  12. 

In  like  manner  thefe  four  Quantities,  b .  d  : :  c .  a  are  to  be  read  thus  >,  As  b  is  to  &\ 
Toe  to  a ,  that  is,  look  what  proportion  b  has  to  d,  the  fame  proportion  has  c  to  a. 

Alfo  thefe  four  Quantities,  b-+c.d—a  :  :f.g  do  intimate  that  the  fum  of  b  and  c 
has  fuch  proportion  to  the  Excefs  of  d  above  «,  as/  has  to  g.  The  like  is  be  un- 
derftood  of  others. 

XXX.  This  Character  ^  fet  at  the  end  of  three  or  more  Quantities,  imports  that 
they  are  Continual  Proportionals  Geometrical ;  fo  by  2. 4. 8. 16.32-^  it  is  fignified 
that  luch  proportion  as  2  has  to  4,  the  fame  has  4  to  8,  8  to  16,  and  16  to  52. 

Likewiie  by  thefe  a  .b.c~  you  are  to  underftand  that  the  quantity  a  has  the  fame 
proportion  to  the  quantity  £,  as  b  to  c. 

XXXI.  This  Characler  =  is  the  fign  of  an  Equation  or  Equality,  and  imports  as 
ffi'ich  as  the  Word  Equal ;  as  8+4  =  7+5  fignifies  that  the  fum  of  8  and  4  is  equal 
to  the  fum  of  7  and  j.  Likewife  8  =  12 — 4  that  8  is  equal  to  12  lefs  4,  to  wir, 
the  excels  of  1 2  above  4. 

Again,  8  x  3  =  4X  6  denotes  the  ProducT:  of  8  multiplied  by  3  to  be  equal  to  the 
Product  of  4  into  6. 

So  alfo  a-\-b=c-\- d  fignifies  that  the  fum  of  the  quantities  a  and  b  is  equal  to  the 
fum  of  the  quantities  c  and  d  This  will  be  farther  explained  in  the XI.  Chapter. 

XXXII.  This  Character  cr  ftands  for  the  Word  Greater,  vi%.  it  fignifies  that  the 
Quantity  which  ftands  before,  that  is,  on  the  left  hand  of  the  fa  id  Character  is  greater 
than  the  quantity  following  the  fame  :,  fo  5  c-4  mult  be  read  thus,  5  is  greater  than  4, 
Likewife  a-^-b^rc  fignifies  that  the  Compound  quantity  a-¥b  is  greater  than  the  Sim- 
ple quantity  c.    And  dtra-¥c  fignifies  that  the  quantity  d\s  greater  than  a-¥c. 

XXXIII.  This  Character  ~^  fignifies  that  the  quantity 'Handing  before  the  Chara- 
£ter  is  lefs  than  the  quantity  following  the  fame  -,  as  4"^  5  muft  be  read  thus,  4  is 
lefs  than  5.  Likewife,  aA-b-^c-i-d  fignifies  that  the  compound  quantity  a+b  is  lefs 
than  the  compound  quantity  c-\  d. 

XXXIV.  Quan- 
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XXXIV.  Quantities,  whether  they  be  Simple  or  Compound,  which  areexpreft 

either  wholly  by  Letters,  or  partly  by  Letters  and  partly  by  Numbers  written  upon  one 

Line,  are  called  Algebraical  Integers,  or  whole  Quantities  ;  as  thefe,  a,ab,cd-\-ff, 

<     ^        ,    ^  .  .       b    aa\bb      3+3  ,        ^  ,,    , 

3+3,  E?c.  But  thefe  quantities,  — ,  ~r-7->    —>—■>  and  others  fo  written,  are  called 

C  ■        Cl~~ j~  C  Is 

Algebraical  Fractions,  becaufe  each  of  them  like  a  Fraction  in  vulgar  Arithmetic 
confifts  of  a  Numerator  placed  above  a  Line,  and  a  Denominator  underneath. 


CHAP.   II. 

Addition  of  Algebraical  Integers. 

T.     A  Lgebraical  Addition  finds  out  the  Sum  or  Aggregate  of  two  or  more  Quan- 
X\.  tities  expreft  either  wholly  by  Letters,  or  partly  by  Letters  and  partly  by 
Numbers. 

II.  The  Operations  in  Algebraic  Addition  depend  principally  upon  a  diligent  ob- 
fervation  of  three  things,  viz. 

Firft,  You  mult  obferve  whether  the  Quantities  to  be  added  be  Like  or  Unlike. 

Like  Quantities  are  thole  which  are  expreft  by  the  fame  Letters  equally  repeated  in 
every  one  of  the  Quantities  ;  fuch  are  thefe,  3,  73, — 23,  each  of  which  is  expreft  by 
the  fingle  letter  cti  Alfo  thefe  are  like  quantities,  ^aa^aa^ — 233,  each  of  which  is 
expreft  by  a  double  3,  to  wit,  aa.  Likewife  thefe,  iab,  3  ab, — ab  are  called  Like 
quantities  becaufe  every  one  of  them  is  expreft  by  the  fame  Letters,  to  wit,  ab. 

Unlike  Quantities  are  thofe  which  areexpreft  by  different  Letters,  orelfeby  the  fame 
letters  unequally  repeated ;  as,  for  Example,  b  and  care  unlike  quantities,  becaufe  they 
ate  expreft  by  different  letters ;  alfo  2afoand  iabztz  unlike  quantities,  becaufe  the  let- 
ter c  is  in  the  one,but  not  in  the  other.  Again,;*  and  aa  are  unlike  quantities,in  regard 
the  letter  a  is  not  equally  repeated  in  both.  The  like  is  to  be  underftood  of  others. 

Secondly,  You  muft  obferve  whether  the  Signs  (to  wit,+and  — )  belonging  to  like 
quantities  given  to  be  added  be  Like  or  Unlike :  As,  for  Example,  thefe  quantities  -f  ia 
and  -+  ?a  have  like  figns,  the  fame  fign-f  being  prefixt  before  each  quantity.  Alfo 
thefe  quantities, — ia  and — 33  have  like  figns,  the  fame  fign  —  being  prefixt  to  each 
quantity  -,  but  thefe  quantities  +  23  and—  33  have  unlike  or  different  figns  prefixt. 

Tlrirdly,  The  Numbers  prefixed  before  the  Letters  muft  be  diligently  obferved,  for 
their  fum  or  difference  will  be  concern'd  in  Algebraical  Addition,  as  will  be  manifeft 
by  the  following  Rules. 

III.  When  two  or  more  fimple  Algebraical  Integers  (or  whole  quantities )  propos'd 
to  be  added  or  collected  into  one  Sum  are  like,  and  have  like  figns,  Firft  collect  the 
numbers  prefixt  into  one  Sum;  then  to  that  Sum  annex  the  letter  or  letters  by  which 
any  one  of  the  quantities  propos'd  is  expreft  5  laftly,  prefix  the  given  fign  whetherit 

be  -f  or  — ,  fo  fhall  this  new  quantity  be  the  Sum  defired.  As, 

...   Ca'-f  j  a    for  Example,   if    it   be  defired  to  add  a  to  a,  or  ■+■  ia  to 

1^1+  i«     -H«,  the  Sum  will  be  2a  or  -\-2ah  for  (according  to  the 

Sum    23  1+2  a    Rule)  the  Sum   of  the  prefixed  Numbers   1  and    1  is   2,  to 

which  I  annex  a  and  prefix  -+-   (or  imagine  it  to  be  prefixed,) 

fo  23  or  •+■  23  is  the  Sum  defired. 

In  like  manner,  if  to — 2b  you  would  add  —  b,  the  Sum  will  be  — ib.    For  the 

f ,         numbers  prefixt  are  2  and  1 ,  which  added  together  make  ?, 

Add  4 2f        to  which  annexing  b,  and  prefixing  the  given  fign  — ,  there 

,-      arifes  —3^,  the  Sum  defired. 

Sum       — lb 


Mori 
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More  Examples  of  the  Rule  of  Addition  in  the  foregoing  Se£t.  II  f» 
To  be  added,    |         ** 
The  Sum,  8« 


•jaa 

—  2aa 


■+    yab 
+  I3«* 


—  -jaa         |     +  2oaft 


To  be  added, 
The  Sum, 


ac 

2ac 


6ac 


%bcd 
bed 

6bcd 


+    3<*5 
■+•     2a> 

+    7aJ 


—  iofoi 


+  I2flS 


Sum 


IV.  When  two  iimple  Quantities  propos'd  to  be  added  together  be  like,  and  have 
equal  Numbers  prefixed,  but  unlike  or  contrary  Signs,  the  Sum  will  bee,  or  nothing* 
for  the  affirmative  Quantity  will  deftroy  or   extinguish  the 
Negative  •  As  for  Example,  if  it  be  required  to  add  t,  or  +q 
to  — c,  the  Sum  will  be  o,  to  wit,  nothing.    For  iuppofing 
— c,    or  -^-ic  to  be  a  Debt  of  one  Crown  that  I  owe  ;  and 
-r-c,  or  +ic  to  be  one  Crown  in  my  Purfe,  it  is  evident  that 
one  Crown  in  ready  Money  will  difcharge  or  ftrike  off  a  Debt  of 
one  Crown  ;  and  fo  that  Debt  and  Credit  being  added  or  compared  together,  the 
Sum  amounts  to  o. 

In  like  manner,  if  it  be  defired  to  add  — 6  1.  to  +6  /.  the  Sum  will  be  o  5  fbt 
if  my  whole  Eltatebe  worth  but  6  Pounds ;  and  I  owe  a  Debt  C  -f-  6  I. 

of  6  Pounds,  it  is  manifeft  that  my  clear  Eftate  is  worth  ot      Add,  <  —  61. 

amounts  to  juft  nothing.  £— s 

Sum,  o 

More  Examples  of  the  Rule  of  Addition  in  the  preceding  SecTr.  IV. 


To  be  added,     $         +  3" 
'      t —  3<* 

The  Sum,  o 


—  labc 
-f-  •yabc 


+  7ddi 
—  7ddd 


V.  When  two  fimple  Quantities  propos'd  to  be  added  together  be  like,  but  their 
Signs  unlike,  and  the  prefixed  Numbers  unequal  between  themfelfes;  firft  fubtra£l 
the  leiTer Number  prefixed  from  the  greater,  then  to  the  Remainder  annex  the  Letter 
or  Letters  by  which  either  of  the  Quantities  propofed  is  expreft  ;  laftly,  before  the 
fa  id  Remainder  let  the  Sign  which  ftands  before  the  greater  Number  prefix'd,  fofhall 
this  new  Quantity  be  the  Sum  defired. 

As  for  Example,  if  it  be  defired  to  add  — 2a  to  C  +  30 

4-3(2,  the  Sum  will  be  a.    For  firft  Subtracting  2        Add,  <   — 20 

from  3  the  Remainder  is  1,  to  which  annexing  a  and  £ .    . 

prefixing  -f  (becaufe  -f  belongs  to  that  Quantity        Sum,        +  la,  or,  -\-  a 
which  has  the  greater  Number  prefix'd;   there  arifes -f- ia,  or  -fa  for  the  Sum 
fought. 

Again,  to  add  -\-b  to  — 3^,  I  fubtract  1  the  leffer 
Number  prefix'd,  from  3  the  greater,  and  to  the 
Remainder  2  annexing  b  and  prefixing — ,  (  becaufe 
—  belongs  to  36  whole  prefix'd  Number  3  is  greater 
than  that  of  -ft  or  -\-ib  )  I  find  — lb  for  the 
Sum  defired. 

Thus  you  lee  that  this  laftRule  of  Addition  is  performed  bySubtra£Hon,and  may  eaiily 
be  uriderftood  under  the  Notion  of  difcharging  or  paying  ofFa  Debt,  or  at  leaft  part  of  a 
Debt  by  fo  much  ready  Money  or  Credit,and  then  obferving  what  Debt  remains  unpaid, 

B  or 


Add,  ^ 
Sum, 


*-3* 
+    b 

—  2b 
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or  what  Money  or  Credit  remains  as  an  overplus  :  So  in  the  flrft  of  the  two  laft  Ex- 
amples, you  may  conceive  +  30  to  be  three  Pounds  in  ready  Cafh,  and  — ia  to 
be  a  Debt  of  two  Pounds  ;  then  comparing  the  faid  ready  Money  and  Debt  toge- 
ther, you  will  find  by  Subtraction  that  the  clear  Money  remaining  after  the  Debt 
is  pay'd,  will  be  one  Pound,  to  wit,  -fw  or  a  which  is  the  Sum  of  the  Quantities 
-\-7,a  and — 2a.  Likewife  in  the  latter  Example.,  if — ?,b  be  conceived  to  repre- 
fent  a  Debt  of  three  Pounds,  and  -\-b  of  -±ib  one  Pound  in  ready  Money  •,  'tis 
evident  that  this  will  ftrike  off  one  Pound  of  that  Debt,  and  fo  the  Debt  remaining 
will  be  two  Pounds,  to  wit,   — 2b,  which  is  the  Sum  of  — ^b  and  -\b. 


More  Examples  of  the  Rule  of  Addition  in  the  preceding  Seft.  V. 

To  be  added,  <  _  ■ 
The  Sum, 


■jaa 


2aci 


-}-  6ifbcd 
—  /\.abci 


+  if* 


-f  2  abed 


tf* 


VI.  When  three  or  more  fimple  Quantities  propos'd  to  be  added  be  like,  but  have 
unlike  Signs  i  Firft,  (by  the  Rule  in  Sett.  III.  of  this  Cbap.)  colle£t  the  Affirmative 
quantities  into  one  Sum,  and  the  Negative  quantities  into  another;  then  (by  Sett.  IV. 
or  V.)  add  thofe  two  Sums  into  one,  fo  this  laft  Sum  mall  be  that  which  is  fought. 

As,  for  Example,  If  the  Sum  of  thefe  four  Quantities,  70,  20,  — 3*,  — $a  be 
defired  ;  Firft,  (by  Sett.  III.)  the  Sum  of  -ja  and  2a  is  +  ya  $  alfo  the  Sum  of — 3« 
and  — fa  is  —8a!;  laftly  (by  Sett.  V.)  -\-$a  added  to  —  80  makes  +«,  that  is,  a, 
which  is  the  Sum  defired. 

More  Examples  of  the  Rule  of  Addition  in  Se£t.  VI. 


To  be  added,  < 

.   +  5* 

+  3<* 

[  —  8a 

—  2bc 
+  \b& 

—  qbc 

+  4<*J 
+  3<*J 
-fds 

The  Sum, 

0 

—  3&c 

+   2J5 

To  be  added,  * 

"  +  fee 
»    ■+•  lee- 
1   —    ee 

-  —  qee 

-\-  2ee 

+  AggW 

'—  mbb 

+  iggbb 

—    ggbb 

The  Sum, 

-fff 

+  Iggto 

VII.  When  two  or  more  Simple  quantities  given  to  be  added  be  unlike,  write  them 
down  one  after  another  without  altering  their  Signs;  as,  if  the  Number  for  Line)  a  be 
to  be  added  to  the  Number  for  Line)  bh  I  write  «+£,  or,  b+a  for  the  Sum. 

In  like  manner  the  Sum  of  thefe  Quantities,  «,  b3  c,  may  be  written  thus,  «+ 
fc+c;  or  thus,  a-\-c+b  ;  or  thus,  b+a+c. 

More  Examples  of  the  Rule  ef  Addition  in  Scflr.  VII. 
To  be  added,  {+|5        |        |"g 


The  Sum, 


3«+2i|        +  act  —  bb 


Again, 


CHAP.  2. 


Algebraic  Integers. 


To  be  added 
The  Sum, 


C.  +  « 

I  4  « 


4  <r& 

ac 

d 


Again, 


4  at — ac-{-ad 


4  5<W<* 
—  4^ 


4  iddd—idd—id 


Addition  of  Compound  Algebraical  Integers.  A 

V1H.  The  Addition  of  Compound  whole  Quantities  may  ea%  be  dilpatch'd  by 
the  help  of  the  Rules  in  the  preceding  Settions  of  this  Chapter,  as  will  appear  by  the 
following  Examples. 

Firftthen,  If  this  Compound  quantity  a-\-b  be  to  be  added  to  a+2b,  their  Sum 
\sa-\-b-\-a-\rih  that  is  w+zb;  for  a+a  makes  2a -,  and  -f£+2£  makes  4?£. 

Again,  The  Sum  of  thefe  two  Compound  quantities  $-±{a  and  2$-^2a  is 
3M-f«+2&— 2*,  that  is,  5^5";  for  3H2&  makes  ?&  ;  and  (by'.&ff. 
V.  )  45a— 2a  makes  +?a.  , 

Likewife,  The  Sum  of  thefe  two  Compound  quantities  ^4-3/— 8  and  gee— 
2/+ 6  will  be  found  See+f—2:  For  ?ee  added  to  gee  makes  8ee -,  alfo-fg/ 
added  to  — 2/ gives  4/,  and  — 8  added  to  -\-6  makes  — 2. 

After  the  fame  manner,  %a — 8  added  to  ic— a  makes  2*4-25  (for  43a 
added  to  — a  makes  42*,  and  — 8  added  to  410  gives  42.) 

Again,  The  Sum  of  thefe  two  Compound  quantities  a-\-b  and  c — d  is  a-\-b-\-c—d, 
which  Sum  admits  of  no  Contraction,  in  regard  all  the  Simple  quantities  arS  unlike. 

Mere  Examples  of  the  Addition  of  Compound  whole  Quantities. 
To  be  added, 
The  Sum, 


a  +  b 

a  —  b 

aa  4  2a  —  3 
aa  4    a  —  6 

2a 

2aa  4  3a  —  9 

To  be  added, 


aa  —   2ab 


*'  ,i    a*  +      ab 
The  Sum,      200  —    ab 


4C  —  '  4  3 

4C  4  2<£ —  2 


<J-t-  I 


Tobe added,  {_-  +  $-# 


4  %abc  —  6 


The  Sum,         —  ee+Zef—ff    I    a> -\-  2abc 


—aaa  4  zbba 
8aaa  4  4^* 
6aaa —  6bba 


13  aaa 


To  be  added, 
The  Sum, 

To  be  added, 
The  Sum,       *4&4c— i4-e4/ 

~b7" 


aa —  ja-j-  24 
aa  4"    a  —  *7 
— 2a«  4  2a  4  12 


—  2a  4  19 


563  +  24 

—  2&3  4  40 

6fo  —  64 


9&J,  or,  9&S& 
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CHAT.     Ill, 
Subtraftion  in  Algebraic  Integers* 

{.  A  Lgebraical  Subtraction  takes  one  Quantity,  whether  it  be  exprefs'd  by  a  Letter 
'  JLJl  or  Letters,  or  partly  by  Letters  and  partly  by  Number,  out  of,  or  from  an- 
ther in  fuch  manner,  that  if  the  Remainder  be  added  (  according  to  the  Rules  of 
Algebraic  Addition  )  to  the  Quantity  fubtrafted,  the  Sum  will  be  always  equal  to 
the  faid  Other  Quantity. 

II.  A  general  Rule  to  find  out  the  Remainder  in  all  cafes  of  Algebraical  Subtracti- 
on is  this  :  Firft,  joyn  both  the  given  Quantities  together,  by  writing  one  after  the 
other;  but  with  this  caution,  that  every  Sign  of  the  Quantity  given  to  be  fubtrafted, 
be  ever  changed  into  the  contrary  Sign,  viz.  -f  into  —  and  —  into  •+■  -?  then  (hall 
the  Sum  of  both  Quantities  fo  connected  be  the  Remainder  fought,  Which  is  to  be 
contracted  (  when  it  may  be  done  )  into  the  feweft  and  fmalleft  Terms,  by  the 
Rules  of  Algebraical  Addition. 
As  lor  Example,  If  from  $a  it  be  defired  to  fubtratt  33,  firft,  I  write  down  j*, 
„  ,  then  next  after  the  lame  I  write  — 3a  ;  (  where 

c  u  l  a        *"  obferve,  that  according  to  the  Rule  above  given 

Subtract        3g  [  change  +,  the  Sign  belonging  to  %a  the  Quan-, 

.  —  tity  given  to  be  fubtra&ed,  into  — , )  fo  there 

Remainder,        50  —  3<*  arifes  ^—30,  which  being  contracted  (  by  the 

Remamder>     2X  Rule  of  Addition  in  &3.  V.  Chap.  II.  )  makes 

contracted,  J  2a  the  Remainder  fought. 

Likewife,  if  from  3&  it  be  defired  to  fubtracf  —  2b,  I  firft  write  down  3^  and  next 
'  ,  after  the  fame  I  write  -\-2b-,  fo  3^+2^,  that  is, 

c  u  t  rt  t,  ^  's  ^  Rernaint^er  fought  j  where  obferve  (  as 

Subtract    —20  before)  that  I  change  the  Sign  — ,  which  belongs 

_       .   ,  ~.    ,    ,~  to  2&  the  Quantity  propos'd,  to  be  taken  out  of  ib, 

Remainder         3* +2*  into  the  contrary  Sign +.    But  that  the  faid  %b  is 

Remainder  1       y  a  ttue  Remain(ier,  we  may  prove  by  Addition  ; 

contracted,  y  for  +5^  added  to  _2£  the  Quantity  fubtrafted, 

makes  +  3&,  which  is  the  Quantity  out  of  which  the  faid  —ib  was  fubtra&ed. 

Moreover,  if  a  be  to  be  fubtrafted  from  a,  the  Remainder  will  be  a — j,  that  is, 
o  or  nothing'.    And  if  from  ib  there  be  fubrratted  —  4b,  the  Remainder  will  be  2b 
-\-&b,  that  is,  6b. 
Likewife  if  from  — 2«  it  be  required  to  fubtratt  —  m,  the  Remainder  will  be 

found.  2m-\  w,  that  is,  — m.    In  every  one  of  which  Examples  you  may  obferve 

that  the  Sign  of  the  Quantity  proposed  to  be  fubtra£ted  is  changed  into  the  contrary  Sign. 

Again,  if  from  2&c,  it  be  defired  to  fubtratt  iab,  the  Remainder  will  be  2bc — 2ab 

'  which,  becaufe  it  confifts  of  unlike  Quantities, 

Out  or        2bc  cannot  be  contracted  into  fewer  or  lelfer  Terms, 

Subtract        iab    hy  any   of  the  Rules  0f  Algebraical  Addition, 

"       "        But   according  to  the  definition  of  Subtraction, 
Remainder,         ibc  —  iab        the  fiid  2fc  _2ab  is  a  tme  Remainder,  for  if  it 

be  added  to  iab  the  Quantity  fubtrafted,  the  Sum  is  ibc,  which  is  the  Quantity  out 
<?f  which  the  laid  iab  was  fubtratted. 

More  Examples  of  Subtratlion  in  Simple  Algelrak  Integers. 


Out  of         ib 
Subtract 


Remainder,        2b —  b 
Remainder  ">        , 
contracted,  > 


-He 


+  3c  +c  — 2«  +  n 

+4C 
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Gut  of 
Subtraa 


3* 
5* 


Remainder,  •  3a — 5a 

Remainder  )      __ 
contrafted,  j" 


Again, 

—  U 

—  lod 


— 8d-±  lod 
+  2d 


•  a  - 
•2* 


Outcf 
Subtraa 

Remainder, 
Remainder 
contracted, 


From 
Subtraa 

Remainder, 


From 
Subtraa 

Remainder, 


—  bed 

—  bed 


—  3* 


-M3 

— 3* 


rf<—  e  [     — 2b -\-^a 


+  «3  +3« 


7^ 


^-  3«fci 
—  1&a 


Sbbd  —  -jbbb 


I         +  labed  -f  7«« 


Nor  will  the  Operation  be  otherwife  in  the  Subtraction  of  Compound  Algebraic  Inte- 
gers; as  for  Example,  if  from  this  Compound  quantity  3«+2&,  it  be  delired  W 


fubtraCt  a-v^b.  Firft  I  write  down  30 
-t-  2^,  then  next  after  the  fame  I  write 
— a  — 3  b,  where  obferve.  that  the  Sign  -t- 
which  belongs  to  a,  and  alio  to  3^,  in  the 
Quantity  propos'd  to  be  fubtrafted,  is 
changed  into  the  contrary  Sign  —  (  ac- 
cording to  the  Rule  of  Subtraction  before 
given  •,  (  fo  the  Remainder  fought  i 
Sea.  V.  Chap.  II.  ) 

Again,  If  from  2«  +£,  it  be  defired  to  fubtraCt  50— 6b,  the  Remainder  will  be 
2a+b — $a+6b\  that  is,^jb — 3*  for 


From 
Subtraa 

Remainder, 
Remainder  V 
contrasted,  } 

i    za-t-zb — a—^b,  that 


3«H-2& 

a  +3^ 

30  +2& — a — %b 
ia —  b 


Is,  2a— b ,  (  by 


(  according  to  the  Rule  of  Algebraical 
Subtraction) I  joyn  togetherthe  two  given 
Quantities,  changing  only  the  Signs  of 
4-  ja  — (,b  (  the  Quantity  to  be  Subtra- 
cted) into  the  contrary  Signs,  To  there 
arifes     £a-\-b->-x;a+6l>      which  /con- 


Out  of 

Subtraft 


2fl  +  b 

$a—6b 


Remainder, 
Remainder  > 
contraaed,  } 


2a  -\-b — $d-\-6b 
7*— 3a 


traded   (  by  the  Rules  of  Addition  in  &5.III.  and  V.  of  Chap.  II.  )  make  7$— 
3a,  which  is  the  Remainder  fought,  as  will  eafily  appear  by  the  Proof 

Likewife,  to  fubtraa  c — d  from  a-\-b,  I  change  the  Signs  of  c — d  into  the  con- 
trary Signs;  viz..  inltead  of  c — rf,  I  take 
— c+d,   which  added  to  a-\-b   makes 


a+b — c-*-d,  which  becaufe  it  confilts 
altogether  of  unlike  Quantities,cannot  be 
contracted  into  fewer  Terms,  and  there- 


From 
Subtraa 


a+b 
c—d 


Remainder,    a  -\-b — c-fi 


fore  the  faid  a-\-b—  c\d  is  the  Remainder  fought,  to  wit,   that  which  ariles 
by  fubtraaing  c — d  from  a-\-b. 

After  the  fame    manner,  cd-\->,6  fubtraaed  from  3^+^+24  leaves  ^aa-\- 
bc-\-2^—cd—],6j  that  is,  iaa-^bc—cd— 12. 

Mort 


14 


SubttaWion  in 


BOOK  I 


More  Examples  of  Subtraction  in  Compound  Algebraic  Integers. 


Out  of 

Subtract 

Remainder, 
Remainder  V 
contracted,  J 


a  +  b 
a  —  b 

<*■+•  b  — 
+  2b 

a  +  b 

1 

Out  of  $a  —  \b 

Subtraft  ici—ib 

Remainder,  5*  —  tp  —  3a  +  1b 

Remainder")  2a—  b 
contracted,  $ 


Out  of 
Subtraa 


an  +  ibx  \  bb 
4-  qba 


Remainder 
contracted 


29e 
—  3^+7 

29c  +  3e  — 7 
32e  — 7 


—  2cd  -\-  6 
+    ci —  2 


Remainder,      «*  +  2^  +  bb  —  ^ba  |        —  2ci  +  6  —  ci  + 
Remainder  7        _   l     .   t&  —3^+8 


Out  of         5«J  +  27 
Subtraft      —  8  +  3«! 


Remainder,         5<^  +27  +  8 
Remainder  V  , 

contraftedj     2a   +  >5 


—  3«3 


From       «  +  ^ 
Subtract        c  —  d 


Remainder,      a+b—c+d 


%aa  +  6 
—  idd 


7,act  -\-  6  4-  3<W 


aa —  W 

—  cc  -\-  dd 


—  bb  -\-  cc  —  dd 


III  The  reafon  of  changing  the  Signs  of  the  Quantity  to  be  fubtrafted  intotheir 
contraries,  to  wit  +  into-,  and-into.+  f  according  to  the  Rule  before  g.ven) 
will  be  manifelt  from  a  ferious  Confidents  of  the  definition  of  Subtraftion,  which 
requires  that  the  Sum  of  the  Quantity  fobbed  and  the  Remainder  be  equal  to  the 
quantity  from  which  the  Subtraftion  is  made  :  for  flrft,  (according  to  the  fau^  Rule) 
the  Remainder  is  always  composed  of  both  the 'quantities  proposd  for  Subtraaion, 
with  this  Caution,that  the  Signs  +  and  -  in  the  quantity  to  be  Suhmfled  be  chang- 
ed into  the  contrary  Signs  ,  Secondly,  (according  to  A  gebra.cal  Addition  )  the 
quantky  to  be  filtrated  with  its  own  figns  being  added  to  it  ielf  with  contrary  figns, 
willdeltroy  or  extinguifh  itfelf-,  therefore  the  Sum  of  the  Remainder  and  the  auan- 
•titv  to  be  Subtrafted  will  neceffarily  be  equal  to  the  Quantity  from  which  the  Sub- 

aa  on  was  made  :  And  therefor/  the  certainty  of  the  flU  Rule  of  Algebraical 
Sub traffioT  and  the  Reafon  of  changing  the  Signs  of  the  Quantity  to  te  fubtrafted 
fnto  their  contraries,  to  wit,  +  into  -,  and  -  into  +  is  mamfeft:  So  if  from 
a+b  there  be  fibtraaed  «-»,  the  Remainder  (  according  to  the  Rule  of  Alge- 
bnical  Subtraaion  before  given),  will  be  a+b-a+b  to  which  rf*-J  (the 
Quantity  fibtraaed  )  be  added,  it  is  evident  that  a—b  will  dettroy  - -a+b  and 
rSmwlibe  a+*,   to  wit,  the  quantity  from  which  — *  was  fibtraaed. 

CHAP. 
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CHAP.    IV. 

Multiplication  in  Algebraic  Integers, 

I.   A  Lgebraical  Multiplication  does  by  two  Quantities,  whether  they  be  exprefs'd  by 

jt\  Letters  wholly,  or  partly  by  Letters  and  partly  by  Numbers,  find  out  a 
third  Quantity,  which  is  called  the  Product,  the  Fact,  or  the  Rectangle. 

The  Quantities  given  to  be  multiplied  one  by  the  other  are  called  Factors ; '  of  (as 
in  vulgar  Arithmetic)  either  of  them  may  be  called  the  Multiplicand,  and  the  other 
the  Multiplicator  or  Multiplier. 

II.  When  two  Simple  (  or  fingle  )  Quantities  exprefs'd  by  Letters,  whether 
like  or  unlike,  be  to  be  multiplied  by  one  another,  and  have  no  Numbers  prefix'd 
to  them,  join  the  Letters  of  both  Quantities  together,  like  Letters  in  a  Word,  it 
matters  not  in  what  order  they  be  written  -,  then  the  new  Quantity  reprefented'by 
the  Letters  fo  fet  together  is  the  Product  fought 

As  for  Example,  If  the  Number  or  Line  a  be  to  be  multiplied  by  it  felf,  to  wit, 
by  a,  I  write  aa  for  the  Product :  So  alfo  to  multiply  a  by  b,  I  write  ab  or  ba  for 
the  Product;  in  like  manner  if  I  would  multiply  abc  by  be,  I  write  abcbc,  or  abbcc, 
or  accbb,  &c.  for  the  Product. 

And  if  a,  b,  and  c,  be  to_  be  multiplied  one  into  another ;  firft  a  multiplied  by 
b  produces  ab,  then  ab  multiplied  by  c  produces  abc,  or  bac,  or  ha,  to  wit,  the 
Product  made  by  the  continual  Multiplication  of  the  three  Quantities  a,  b,  and  c. 

Again,  if  aa  be  to  be  multiplied  by  ba,  the  Product  will  be  aaab  $  which  may 
alio  be  written  thus,  a>b;  where  the  Learner  muft  diligently  note  that  the  Figure  3 
which  Hands  next  after  but  a  little  higher  than  a,  muft  not  be  taken  as  a  Number 
prefix'd  to  b,  but  as  an  Index  to  fhew  the  number  of  Dimenfions  in  a\  or  aaa.  (  as 
before  has  been  faid  in  Se  ff .  XVI.  and  XVII.  Chap.  I.) 

Likewife,  if  aaa  be  to  be  multiplied  by  aaa,  or  a  3  by  a  3,  the  Product  will  be 
ttoOaaX.  or  a6,  in  which  latter  way  of  exprefling  the  Product,  the  Index  6  Handing 
at  the  Head  of  a  is  the  Sum  of  5  and  3  the  Indices  of  the  Quantities  as  and  aj 
proposed  to  be  multiplied. 

So  the  Product  made  by  the  Multiplication  of  bbbb  by  bbb  or  b*  by  h  will  be 
bbbbbbb,  or  fr  (  7  being  the  Sum  of  the  Indices  4  and  3.) 

Likewife  if  thefe  three  Quantities  be  to  be  multiplied  continually,  to  Wit,  aaaaa, 
bbbb  and  ccc,  the  Product  may  be  exprefs'd  thus,  aaaaabbbbece,  or  compendioufly 
trms,  aihci :  and  fo  of  others. 

More  Examples  of  Multiplication  In  fimple  Algthak  Integers^  according 
to  the  preceding  Sect.  II. 


Multiplicand, 
Multiplicator, 

b 
c 

I 

2 

ac 
d 

ccc 
cc 

Produft, 

be 

dd 

acd 

ccccc 

Multiplicand, 
Multiplicator, 

aabc 
ha 

ah 

1         aabbec 
aabbec 

Product, 

aaabbec 

abedef 

1         a*fac* 

III.  If  two  fimple  Quantities,whether  like  or  unlike,having  Numbers  prefix'd  before 
'them,  be  to  be  multiplied  one  by  the  other;  firft  multiply  the  Numbers  prefix'd,  one 
into  the  other,  then  to  this  Product  annex  the  Letters  of  both  Quantities,  by  letting  them 

immediate- 
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immediately  one  after  another,  (as  before  in  Se3.ll.  )  fo  this  new  Quantity  (hall  be 

the  Producl  fought. 

As,  for  Example,  if  it  be  defired  to  multiply  2«  by  ib ;  firft  I  multiply  2  by  ?, 
*.  ,  •  1  afld  the  Producl  is  6  ;  to  which  annexing  ab,  (  to  wit, 

Multiply  tne  Letters  found  in  both  Quantities  given  to  be  multi- 

"y  plyed)  there  arifes  6ab  the  Producl  fought  -,  which 

p    A  "     Ah'  ftews  that  lix  times  the  Producl:  of  the  Multiplication 

Product,  of  any  two  Numbers,  or  Right-lines,  a  and  b,  is  equal 

to  the  Producl  made  by  the  Multiplication  of  the  Double  of  a  by  the  Triple  of*. 
In  like  manner,  if  ±b  be  multiplyed  be  c  the  Producl  will  be  2k,  or  2d  -,  for  2 
.....  ,  which  is   prehVd  to  b  in  the  Multiplicand,   being 

Multiply  2*  multiplied  by    r,  which  is  fuppos'd  to  be  prefixed  to 

by  the  Multiplier  c,  makes    2,  to  which   annexing  bcy 

n    .  ,  there  is  found  2k  for  the  Producl:  fought* 

Product,  2k  5    » 

More  Examples  of  Multiplication  in  Simple  Algebraic  Integers, 
according  to  Se£h  III. 


Multiply        4*        I       \2ac 
by         2a         J         3d 


tfdfg 

dgb^ 
Producl,         Bab       {       i6ac£  S^fsgh 


Multiply        aaa  3  a*  l6aab 

by       ibbb  b*  4 

Producl,       laaabbb  |         3^5      |         6qaab 

IV.  The  Multiplication  of  Compound  quantities  depends  upon  the  precedent  Rules 
of  multiplying  fimple  quantities;  for  when  a  Compound  quantity  is  to  be  multiplied 
by  a  fimple  (or  fingle)  quantity,  every  Member  of  that  muft  be  multiplied  by  this  ; 
alio,  when  two  compound  quantities  are  to  be  mutually  multiplied,  every  Member 
of  the  one  muft  be  multiplied  into  every  Member  of  the  other.  It  matters  not  whe- 
ther you  begin  to  multiply  at  the  right  Hand  or  the  left,  nor  in  what  order  the  parti- 
cular  Products  be  let ;  (for  quantities  exprefs'd  by  Letters  retain  their  peculiar  and 
unaltered  values  wherefoever  theyftand  5)  but  due  regard  muft  be  had  to  the  Signs  + 
and—,  one  of  which  always  belongs  to  every  particular  Producl,  and  may  be  difco- 
vered  by  this  Rule,  viz.  +  multiplied  by  +,  or  —  by  — ,  makes  -f  in  the  Producl, 
but  +  multiplied  by—,  or— by-f,  makes—  in  the  Producl:  -,  laftly,  all  the  particu- 
lar Producls  added  together  (according  to  the  Rules  in  the  preceding  Chap.  2.)  make 
the  total  Producl  fought :  All  which  will  be  made  manifeft  by  the  following  Examples. 

Firft,  if  a  Compound  quantity,  as  a-\-b,  be  to  be  multiplied  by  a  fimple  quantity, 
as  c,  I  begin  at  the  left  Hand,  and  multiplying  -\-a 

Multiply        a  +  b  by  +c  the  produa  is  +ac>   r  for  +  multiplied 

ty        c    by  gives  -+- •,  )    likewife   -\-b  multiplied  by   -fc 

n  "   ,  produces  -\-bc-,  which  two  Producls  added  toge- 

Product,      ac  +  be  th£r  make  flC+fc>  whicb  is   the  produft  of  the 

Multiplication  of  a+b  by  c. 

So  if  a—b  be   to  be  multiplied  by  c,  the  Product   will  be  ac — be.    For  -f-a 
.  multiplied   by   +c     produces    +ac  •,    and   — b 
Multiply        a  —  l>                multiplied   by    -Reproduces    —  be  5  ( for accord- 
by        c       ing  to  the  Rule,  —   multiplied  by  +  gives  —  :) 

n    ,  „    "  '  ,  Therefore    -\-ac — be  or  ac — be    is   the   Producl 

Product,        ac—  be  fought# 

After 
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After  the  fame  manner,  if  it  be  defired  to    .       . 
■multiply  a +b  by  c+d,  the  Prod ut"t  will    Multiply  a+b 

be  found  ac+bc+ad+bd.    For,  firft  cr+Z*  ty  c+i 

being  multiplied  by  c,(asinthefirftExample)  +  ac+bc 

produces  +ac+k;    likewife  a+b  again  +ad+bd 

multiplied  by  d,  produces  +ad+b;  then    pr0fj„o.        "3^7TTT~7TTr 
adding  thofe  Produfts  together,  the  Sum  is    nMutt>        +«c+bc+ad+bd 
ac+bc+ad+bd,  which  is  the  required  Product  of  a+b  multiplied  by  c+d 

Again,   if  a— b  be  multiplied  by  c—d  the  ProduQ  will  be  ac—bc—ad+bd  ■ 
For  Firft,  a — b  multiplied  by  c  produces       •      . 
ac—bc,  (as  in  the  lalt  Example  but  one  ;)    Multiply  a—b 

then  a — b  again   multiplied  by  — d  pro-  °7  *> — d 

duces  —fl/f+Wj  (for  according  to  the  Rule,    prrv1llo.  ]        7777 

+a  multiplied   by  H*   produces    -ad,    Fr0(Mt'  «c-bc-ad+bd 

and—  b  by  —  d  produces   +bd.)  Laltly,  thofe particular  Produces  added  together 
make  ac—bc — ad+bd,  which  is  the  Product  of  a — b  multiplied  by  b—c. 

Likewife,  if  a+b  be  multiplied  by  a — /;, 
the  Product  will  be  aa+bb:  For  firft,  a+b    Multiply  a+b 

multiplied  by  a  produces  aa+ba-,  thena+b  -    by  a — b 

multiplied  by  —  b  produces  — ba — bb ;  laft- 1 ■_ 

ly,  the  faid  Products  aa+ba  and — ba — bb  aa+ba 

added  together  make  aa — bb ;  (for  ■+  ba  and  . — ba frfr  ' ' 

— ba  by  Addition  do  quite  vanifh  ;)  There-  ^__ 

fore  aa — bb  is  the  Product  of  a+b  multi-    Product,  sia        bb 

plied  by  a — b.  ' 

Moreover,  if  aa—ab+bb  be  multiplied  by  a+b,   the  Product  will  be  only  aaa 
+bbb  ■,  for  the  reft  of  the  particular  Products  will  vanifh  by  Addition. 

And  it' a+b  be  multiplied  by  it  felf,  to  wit,  by  n+b,  the  Product  will  be  aa+ 
2ab+bb,  which  is  the  Square  of  a+b.  ... .        c 

Likewife  the  Square  of  a — b  will  be  found  aa — 2ab+bb. 

Nor  will  the  Operation  be  otherwife  when  Numbers  are  prefixed  to  compound  Quan- 
tities propoled  to  be  multiplied,    refpect 
being  had  to  the  Third  Sea.  of  this  Chap.    Multiply  3a— ie 

as  ,   for  Example  ,    to  multiply    3a — %t  by  \a 2e 

hy     3a — ie  ;    Firft  ,    3a — ie     multiplied 

by  ,3a  produces    yaa — 6ae ,    and    3a— 2e  +gaa 6ae 

again  multiplied  by  — 2e  produces   ~6ae  6ae+Aee> 

+<\ee  ■,    which   particular  Produces  added  . 

together  make  ?aa — \iae+^ec   which  is     Product}  $aa-^\2ae+Aee "'■ 

the  Square  of  3a — ie. 

When  abfolute  Numbers  are  members  of  Quantities  to  be  multiplied    the  Rules  of 
Multiplication  in  vulgar  Arithmetic  and  thofe  before  given  miift  be  toixtly  obferved  •  as 

If  it  be  defired  to  multiply ;  <^L  5 

By  the  abfolute  Number ^ 

The  Producf  will  be T^a+30 

For  five  times  3*  makes  i$a,  and  five  times  6  makes  30. 

Likewife,  if  2  at— 3  be  multiplied  by  a— 6,  the  Product  will  be  iaaa—  i2a«— 
3«+ 1 8,  and  the  work  will  ftand  as  here  you  fee ; 

Multipicand,  iaa — 3 

Multiplicand,  a— 6 


+  "laaa — 3a 

— I2aa+i8 


Product,  2aaa — 1 2aa — 3a  +  1 8 

For  further  illuftration  of  the  Multiplication  of.  Algebraic  Integers,  the  Learner 
may  perufe  the  following  Examples  -y  in  every  one  of  which,  as  alfo  in  thofe  afore-going, 
I  begin  to  multiply  at  the  left  Hand,becaufe  in  Algebraical  Multiplication  it  beinga  thing 

C  indifferent 


i8 


Multiplication  in 
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indifferent  to.begin  the  work  either  at  the  right  Hand  or  the  left,  it  will  be  eafier  to  write 
forward  than  backward.  And  as  to  the  placing  of  the  patticular  Products,  there  is  ■ 
no  neceflity  of  obferving  any  Order  therein  -,  for  whether  they  be  written  upon  one> 
two,  or  more  Lines,  they  retain  the  fame  values,  and  mult  by  Algebraical  Addition 
becolle&ed  into  one  Sum,  to  make  the  total  Produa  :  And  therefore  you  mav  ei- 
ther write  the  particular  Producf  s  all  upon  one  Line  when  there  is  room,  or  elfe  up* 
on  fo  many  feveral  Lines  as  there  be  particular  Multipliers,  fetting  like  Products 
(  when  they  happen  )  under  one  another  to  facilitate  their  Addition  5  or  othewiltj 
as  you  fhall  find  it  moft  convenient. 

More  Examples  of  Multiplication  in  Compound  Algebraic  Integers, 
according  to  Seft.  IV. 


Multiplicand, 
Multiplicator, 

Produa, 


d 


f 


55—8 
6 


da+de      1      2bf—  tfd 


3  C£— 48 


Multiplicand, 
Multiplicator, 


3  a — 2C 


-\-l$aa-\-$ca 
— I  oca— 6cc 


2M-3 
4b — 6 


m+i2b 
-12b — 18 


Produft, 
Produa      \ 
contraaed,  $, 


Multiplicand, 
Multiplicator, 


I  $aa-\-  yea — low — 6cc 
ifaa—-  ca — Sec 


Sbb-Jjri2b — 12b — 18 
8^—18 


%dd — ee 


-\-  $dddd+ 1 2ddde+  %ddee 
-—^ddee  —  qdeee  —  eeee 


Produa, 
Produa     V 
contraaed,  y 


$dddd-\- 1 2ddde-\--$ddee — -}ddee — ^deee — eeee 
9^44. 1  id^e — 4<?e3 — e* 


Multiplicand, 
Multiplicator, 


Produa, 


a-\-e 
a\e 


a-\-e 

a — e 


aa-\-ac 
■\ae-\-ee 


aa-\-ae 

— ae — ee 


aa-\- 2ae-\- ee 


Multiplicand, 
Multiplicator, 


Product, 


qaaa-\-  ^aa—2a-\- 1 
aa — 5a  4-6 


^aaaaa-\-   %aaaa —  2aaa-\-  aa 

•—20aaaa—~l  •yaaa-^-  loaa — 5  c* 

■+  2^aaa-\- 1 8aa — 1  ?a-\-  6 

qaaaaa — i-jaaaa-\-  "]aaa-\-2yaa — i~ja-\-6 


Again, 
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Again, 
Multiplicand,  zaa+iba—bc 

Multiplicator,  ^aa—iba—cc 


6aaaa-\-  ybaaa — ybcaa 

— afiaaa — 6bbaa-\-  ibbca 

— 2ccaa — ^bcca-\-bccc 


— 3^c?       1     u   ■> 
Prod.  6aaaa-J(-')baaa — 6bb>aa_  ,  °  > a  -7-  face 


-2CC 


V.  Sometimes  when  Compound  quantities  be  to  be  multiplied  one  by  the  other, 
it  will  be  very  commodious  to  omit  the  Operation,  and  to  let  only  the  word  into,  or 
x  (the  Sign  of  Multiplication)  between  the  Quantities  to  be  multiplied,  to  fignihe 
the  Product  of  their  Multiplication  :  But  in  fuch  Cafe,  to  avoid  Miftake,  it  will  be 
convenient  to  draw  a  Line  over  each  Compound  quantity,,  to  (hew  that  every  Mem- 
ber of  the  one  is  to  be  multiplied  by  every  Member  of  the  other. 

As  to  multiply  ^aaa-\- 7,aa — ia-\-\  by  aa — 5^+6,  I  write 
4<zaa-\-%aa — ia-\-\     into    aa — ja+6 
Or,  qaaa+^aa — 2tf+I       X       aa — Ja+^ 

But  that  -\-  multiplied  by  — ,  or  —  by  -f  makes  —  ;  alio,  that  — multiplied 
by  —  makes  -f  in  the  Multiplication  of  compound  Quantities,  I  fhall  hereafter  make 
manifeft  in  the  laft  Se&.  of  Chap.  XL 


CHAP.    V. 

Divifion  in  Algebraic  Integers. 

I.  A  L^ebraical  Divifion  does  by  two  Quantities,  (  whether  they  be  exprels'd 
il  wholly  by  Letters,  or  partly  by  Letters  and  partly  by  Numbers,  )  where- 
of one  is  called  the  Dividend,  and  the  other  the  Divifor,  find  out  a  Third  called  the 
Quotient ;  to  wit,  fuch  a  Quantity,  that  if  it  be  multiplied  by  the  DivKbr,  the 
Produft  will  be  equal  to  the  Dividend. 

II.  The  Nature  of  Divifion  is  to  refblve  or  undo  that  which  is  compoied  or  done 
by  Multiplication  ;  for  the  Dividend  always  reprefents  the  Fa£t  or  Produ£l  in  Mul- 
tiplication, the  Divifor  one  of  the  two  Factors  or  Multipliers,  and  the  Quotient  the 
other.  As,  if  1 2  be  to  be  divided  by  2,  the  Dividend  1 2  reprefents  the  Fatt  or  Pro- 
duel:  made  by  the  Multiplication  of  two  Numbers,  one  of  which  is  the  Divilor  2, 
and  the  other  is  the  Quotient  fought,  to  wit,  6. 

III.  Every  Fraction  is  equal  to  the  Quotient  of  the  Numerator  divided  by  the  De- 
nominator :  So  -£•  is  the  Quotient  of  3  divided  by  4  5  for,  according  to  the  Proof  of 
Divifion,  if  the  Quotient  \  be  multiplied  by  theDivifbr  4,  the  Produft  will  be  equal 
to  the  Dividend  3.  Upon  this  ground,  Divifion  in  Algebraic  Integers,  whether  Sim- 
ple or  Compound  is  moft  commonly  performed  ;  viz.  by  fetting  the  Dividend  as  the 
Numerator  of  a  Fra&ion,  and  the  Divifor  as  a  Denominator  -,  for  this  Fraction  is 
equal  to  the  Quotient  fought. 

a 
As  for  Example,  to  divide  the  Quantity  a  by  £,  I  write  -£,  which  fignifies  that 

a 

that  a  is  divided  by  b  •,  or  ~c  is  equal  to  the  Quotient  of  the  Quantity  a  divided  by 

the  Quantity  b. 
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In  like  manner,  if  b  be  propos'd  to  be  divided  by  jc,  I  write  —  to  reprefent  the 

ac 

Quotient  •  alfo,  if  ac  be  to  be  divided  by  b,  I  write  y  to  fignifie'  the  Quotient. 

Again   If  zab  be  given  to  be  divided  by  3c<?,  the  Quotient  will  be  2—.  and  if  a 

°     '  led 

be  to  be  divided  by  5, 1  write  for  the  Quotient  — 5  alfo  to  divide  1  by  a,  I  write  — 

J  a 

to  fignifie  the  Quotient. 

So  alfo,  if  a-vb  be  given  to  be  divided  by  c,  the  Quotient  may  be  reprefented  by 

^^ .  and  if  3a  be  to  be  divided  by  2b — c,  the  Quotient  is  -— - 

C     '  20 — C 


More  Examples  of  Divifion  in  Algebraic  Integers,  ace  or  ding  to 
the  foregoing  5'ecT.  HI. 
Dividend,         bb       |        lit 
fg 


Divifor. 
Quotient, 


a 
bb 


2de 


%abc 
2dd 


a*b 
2di 


%abc 
Tdd 


a*b 
2dJ 


Dividend,        aa  -+  hh 
Divifor,  c 


Quotient, 


aa\bb 


2ab —  %bd 
d-\-e 


aaa 
a-\-I/—c 


2ab —  ?,bd 
d-\-e 


Dividend,        qaa 
Divifor,        3 


Quotient,         4??  Or  *aa 
3 


2CC-\-<)dd 


2CC->r%dd  ,    .,] 

— ,  or,  -\cc-\-±dd. 


IV.  When  the  Dividend  is  equal  to  the  Divifor,  the  Quotient  is  1 5  for  every 
Quantity  contains  it  felf  once,  and  therefore  being  divided  by  it  felfgives  1  in  the  Quo- 
tient :  As  to  divide  4  by  4  the  Quotient  is  1  •,  likewife,  a  divided  by  a  gives  1  for  the 
Quotient;  alfo,  if  a-\-b  be  divided  by  a+b  the  Quotient  is  1 ;  and  if  ia-\-2td 
be  divided  by  ^a+2cd  the  Quotient  is  1.  The  like  is  to  be  underftood  of  others. 

V.  When  the  Quotient  is  expreffedFracfion-wife,  (according  to&ff  III)  if  the  fame 
letter  or  letters  be  found  equally  repeated  in  every  member  of  the  Numerator  and  Deno- 
minator,caftaway  thole  letters.lb  the  remaining  (Quantities  fhall  fignifie  the  Quotient. 

As,  for  Example,  If  ab  be  to  be  divided  by  «,  the  Quotient  exprcft  Fraction-wife 

will  be  —  .  But  becaufe  the  letter  a  is  found  in  the  Numerator  and  Denominator,  I 

caft  away  a  out  of  both,  fo  b  only  is  left,  which  is  the  Quotient  of  ab  divided  by  a. 

Likewife,  If  aa  be  divided  by  a  the  Quotient  is  —i  that  is,  a  ;  (by  calling  away 

*  out  of  the  Numerator  and  Denominator.,) 

Again,  If  aaa  be  to  be  divided  by  aa,  the  Quotient  will  be  —  that  is,  a  ;  by  caft- 

aa 
ing  away  aa  out  of  the  Numerator  and  Denominator.  And  if  ah  be  to  be  divided  by 

aby  the  Quotient  expreil  FraQ  ion-wife  will  be  if    that  is,  c,  after  ab  is  ealt  out  of 

ab 
the  Numerator  and  Denominator. 

After  the  lame  manner,  if  a">  be  propos'd  to  be  divided  by  «*,  (that  is,  aaaaa  by  aaa) 
the  Quotient  will  be  «*,  or  aa  by  expunging  a*  (or  aaa)  out  of  the  Dividend  and 
Divifor.  This 
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21 


Dividend^ 
Divifor, 


ab-\-ac 
ad — af 

Quotient,     S  «&±?_c 
v.  ad — m 


Quotient      C    b+c 


cbntra&ed, 


c 
d-f 


This  Contraction  of  Divifion  is  like  to  the  reducing  of  a  Fraction  exprelt  by  large 
numbers  to  more  firnple  Terms,  by  dividing  the  Numerator  and  alfo  the  Denomina- 
tor by  a  common  Divifor. 

Again,  \fab-\-ac  be  to  be. divided  by  ad—af  the  Quotient  expreft  Fra&ion-wife 
according  to  the  preceding  SeS.  III.  willitand  thus, 

?6-    where  becaufe  the  letter  d  is  found  in 
ad—af 

every  member  of  the  Numerator  and  Denominator, 
it  may  be  quite  itruck  out,  and  then  the  new  Quo- 
tient will  be  - — -     which  Fraction  is  equal  to  the 
a    j 

former,  and  expreft  by  more  firnple  Terms. 

Likewife,  tfab+a  be  divided  by  a,  the  Quotient  (according  to  SeS.  III.)  will  be 
t+ft  that  is,  b+ih  for  by  calling  away  a,  there  will  remain  ^+1     that  fci 

t?+ih  (for—  is  but  b  ■,  and  4-  is  1  -j  but  that  &+i  is  the  true  Quotient  it  will 

appear  by  the  proof  of  Divifion,  for  fc+ 1  Multiplied  by*  the  Divifor  a  will  pro- 
duce the  Dividend  ab-\-a.  * 

So  alfo  to  divide  fa—ibby  ±bb\b,  I  write  ^C~    for   the  Quotient  •    where 

j£t?~\- 1 

obferve,  that  altho'  the  letter  b  be  call  put  of  every  Member  of  the  given  Dividend 
and  Divifor,  yet  the  number  prefixt  to  the  letter  call  out  muft  ftand  ftill  in  the  new 
Quotient 

But  note  diligently,  That  in  this  kind  of  Divifion  of  Compound  Algebraic  Integers 
a  letter  cannot  be  cancell'd  or  call  away,  unlels  it  be  found  in  every  Member  of  the 

Dividend  and  Divifor  j  and  therefore  this  Quotient  -^x£?  cannot  be  sontra&ed  bv 

calling  away  any  letter. 

More  Examples  of  ContraUions  in  Algebraic  Divifion^  according 
to  the  Preceding  Sect.  V. 


Dividend, 
Divifor, 

aab 

aa 

idef 

W 

abc 
b 

a-J 
a  l 

Quotient, 

Quotient 
contracted 

} 

aab 
aa 
b 

ddef 
f 
dd 

abc 
~b 

ac 

an 
a~i 

«4 

Dividend*, 
Divifor, 

ab-\-ac —  a 
a 

ab  —  2  a. 

7,0. 

Quotient, 

Quotient 
contracted, 

} 

ab-\-ac — a 

a 

b+c— 1 

ab — 20 

b — 2 

*-* 

Dividend, 
Divifor, 

2abd-\-lbd 
Zbb  —b 

2bai-\-  caa— 
baa  — daa-\ 

•^aa 
aa 

Quotient, 

lad  -\-*$d 

lb-1 

iba+c — 
~b—d+ 

1 

VI.  If 
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VI.  If  an  Algebraic  Integer,  whether  Simple  or  Compound,  be  to  be  divided  by 
a  fimple  Quantity,  and  there  be  fuch  numbers  prefix'd  to  the  letters  in  the  Dividend 
and  Diviforas  may  all  befeyerally  divided  by  fome  number  asa  common  Divifor  with- 
out leaving  a  Remainder,  fet  the  Quotients  arifing  by  the  Divifion  of  thole  numbers 
by  their  common  Divifor,  before  the  letters  refpecYtvely,  inftead  of  the  numbers  that 
were  firft  prefix'd :  As,  for  Example,  if  8a  be  to  be  divided  by  6b ;  Firft,  the  Quotient 


8a 


expreft  Fraction-wife  (according  to  Setthnlll.  of  this  Chap.)  will  be  _  then  dividing 
the  prefixed  Numbers  8  and  6  by  their  common  Divifor  2,  I  fet  the  Quotients  4  and  3 
inftead  of  8  and  6  before  a  and  b;  fo  the  Quotient  fought  is  4? 


In   like  manner,  6abc—^dbc  Divided    by  9/fc    gives  the   Quotient 


2a — d 
If 


For  firft,  the  Dividend  and  Divifor  being  fet  Fracf  ton- 
wife  will  ftand  thus,  ^—fy      C' ;  then,  (according  to 

SeS.  V.)  be  is  to  be  caft  out  of  the  Numerator  and  De- 
nominator; laftly,  the  prefixed  numbers  6,  3,  and  9 
being  divided  by  their  common  Divifor  ?,  give  2,  1, 
3/  and  ?,  which  being  let  before  the  remaining  letters 

a,  1  and/refpe£Uvely,  give  the  contracted  Quotient  2a~I-  or ?a 


Dividend, 
Divifor, 

Quotient, 

Quotient 
contracted 


} 


6abc  —  ^ibc 
<pfbc 

6abc—-jdbc 
~~9fbc 
ia  —  d 


if  -if 

More  Examples  of  Contractions  in  Divifion,  according  to  Se£r  V.  andVl. 

Dividend, 
Divifor, 


Quotient, 

Quotient      V 
contracted,  y 


^cd 

21  ab 

Ugb 

7C 

yad 

Sgb 

qcd 

2jab 

Ugb 

2C 

yad 

Zgb 

2d 

d 

2 

Dividend, 
Divifor, 


Quotient, 

Quotient      Y 
contracted  j 


I Saaaa 
6aa 

■^ob^C'dl 
Sbbccd 

I Saaaa 

6act 
%aa 

lofrcidd 
$bbccd 
6b  iced 

Dividend, 
Divifor, 


Quotient, 

Quotient      V 
contracted,  J 


2Sbbc-\-i6bbd 
2obb 


2Bbbc-Jr  \6bbi 
2obb 
2£±4*  or,  |c+H 


VII.  If  every  Member  of  a  Compound  quantity  be  multiplied  by  oneand  the  fame 
fimple  quantity,  it  is  evident  from  the  Nature  oi  Multiplication  and  Divifion,  that 
if  the  Product  of  that  Multiplication  be  divided  by  the  faid  Compound  Quantity, 
the  Quotient  will  be  the  fimple  Quantity. 

As,  for  Example,  If  b+c  be  multiplied  by  a  the  Product  will  be  ba+ca, 
and  therefore  ba+c*  divided  by  the  Fa&or  6+c  will  give  the  other  Fatter*.    And 

for 


CHAP.    5«  Algebraic  Integers.  23 

for  the  fame  Reafon,  2bca-\-a,  that  is  tbca+ia,  divided  by  ibe+i  will  give  the 
Quotient  a.  \    . 

Likewife,  If  6a+-;a  —  a  (that  is  io«)  be  divided  by  6  +  j  —  1  (that  is,  10J 
the  Quotient  will  be  a.  • 

Again,  liiba-\-iea-\-ziaht  divided  by  b-\-c-\-d,  the  Quotient  will  be  2a  •,  and  if 
2baa+caa  —  dad —  ad  be  divided  by  zb-\-e  —  d — 1,  the  Quotient  will  be  aa. 

More  Examples  of  Contractions  in  Divifion,  according  to 
the  preceding  Se£t.  V 1 1. 

Dividend,         ida-\-^ca      J       2?bJri%b-\-ib 
:  Divifor,  2d-\-^c  23  -f  18  +1 

Quotient, 

Dividend, 
Divifor,  . 


a              I                     b 

2  baa — ^caa 

2b     — 3c 

2af-2bf+2cf-6f 
a  —  b +  c  —  3 

aa 

*/         . 

Quotient 

VIII.  When  the  Dividend  and  Divifor  are  Compound  whole  Quantities,  the  pre- 
cedent Rules  of  Algebraical  Divifion  will  not  always  give  the  Quotient  in  the  leaft 
Terms  ;  but  the  fimpleft  Quotient  may  be  found  out  by  one  of  thefe  two  ways,  viz. 

1.  When  the  Dividend  and  Divifor  are  Algebraic  Integers,  and  there  is  a  poflibility 
of  exprefling  the  Quotient  by  an  Algebraical  Integer,  it  may  be  found  out  by  the  ge- 
neral Method  of  Divifion  handled  in  the  next  following  Se&ion,  which  way  is  like 
that  of  dividing  whole  Numbers  in  Vulgar  Arithmetic ;  but  if  the  Learner  find  it  dif- 
ficult, he  may  wave  it  until  he  has  proceeded  as  far  as  the  8.  Chapter  of  the  2.  Book. 

2.  The  Quotient,  whether  it  happen  to  be  an  Algebraic  Integer,  or  a  Fra&ion, 
may  be  found  out  in  its  leaft  Terms  by  the  Method  hereafter  delivered  in  Sea.  7. 
Chap.  8.  of  the  Second  Book;  where  the  manner  of  finding  out  all  the  Aliquot  Parts 
orjuft  Divifors,  every  one  of  which  will  divide  the  Dividend  and  Divifor  proposed 
without  any  Remainder  is  exhibited. 

IX.  In  this  SeSion  a  general  Method  of  Divifion  in  Algebraical  Integers  is  hand- 
led. As  to  the  order  of  the  Work,  it  agrees  with  that  form  of  Divifion  in  whole 
Numbers  which  I  have  explained  in  Mr.  Wbtgate's  Arithmetic,  but  the  Work  it  felf 
depends  upon  the  preceding  Rules  of  Algebraical  Divifion,  Multiplication  and  Sub- 
tra&ion,  as  alfo  upon  this  Rule  for  difcovering  the  due  Sign  belonging  to  every  par- 
ticular Quotient,  viz.  -\-  divided  by-f,  or — by — ,  gives  +  in  the  Quotient;  but 
•+ divided  by — :,  or — by +,  gives  —  in  the  Quotient.  Whether  the  Operation 
be  begun  at  the  Right  Hand  or  the  Left,  it  matters  not ;  but  becaule  'tis  eafier  to 
Write  forwards  than  backwards,  I  (hall  (as  in  Vulgar  Arithmetic)  begin  to  Divide 
at  the  Left  Hand,  and  proceed  towards  the  Right. 

Example  1.   Let  it 'be  required  to  divide  ac\ad-\-bc-\-bd  by  c-\-d. 

Having  placed  the  Dividend  and  Divifor  in  fuch  order  as  you  fee  in  the  next  Page, 
fitftl  divide  -\-ac  by  -f  c,  (according  to  Sett.  5.  of  this  Chap.)  and  there  arifes  -\-a, 
(4-tf,  becaufe  -+-  divided  by  +  gives  +,)  therefore  I  write  -f  a  or  a  in  the  Quotient; 
then  Multiplying  the  whole  Divifor  c-\-  d  by  thefaid  Quotient  a,  I  write  the  Produft 
ac+ad  under  the  two  firft  Members  of  the  Dividend  towards  the  Left  Hand,  to  wit, 
under  ac-\-ad;  that  done,  drawing  a  Line  under  the  faid  Produfr  ac-\-ad,  I  fubtraft 
thefame  from  ac+ad,  (the  two  firft  Members  of  the  Dividend)  and  there  remains  o, 
which  I  fet  under  the  Line,  as  you  may  lee  in  the  Page  following. 


Divifor. 
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Divifor.\  Dividend  /Quotient. 

c  -\-  d  )    ac-\-ad  -\-bc-\-bd  \  a  -\-  b 

ac-\-ai 

o     o    -\-bc-\-bd 
+bc+bd 


Then  there  remains  to  be  divided  +k-l-Wwhich  I  bringdownto  the  Remainder  o, 
and  renew  the  Work,  viz.  I  divide  -\-bc  by  -\-c,  and  there  arifes  -\-b  which  I  write 
in  the  Quotient  next  after  a  -,  then  multiplying  the  whole  Divifor  c-{-d  by  the  laid 
Quotient  b,  theProdu£lis  bc-\-bd,  which  being  fubfcribed,  and  fubtracled  from  that 
which  remained  to  be  divided,  there  remains  o.  So  the  Divifion  is  finifhed,  and  the  Quo- 
tient is  found  a-\-b  -,  but  that  it  is  a  true  Quotient  the  Proof  will  make  manifeft  •,  for 
a-\-b  multiplied  by  the  Divifor  c-f-i  produces  the  Dividend  ac-\-ad-\-bc-\-bJ. 

Example  2.  In  like  manner,  if  aa — bb  be  to  be  divided  by  a-\-b  the  Quotient 

will  be  found  a  —  b;  For  firlt,  aa  divided  by  a  gives  a  in  the  Quotient,  by   which 

multiplying  the  whole  Divifor  a-\-b  the  Product  is 

a-\-b)  aa  —  bb  (a  —  b  aa+ab,  which  fubtracled  from  the  Dividend  aa — bb, 

aa  -\-  ab  there   remains    to   be  divided  —  bb  —  ab.    Now    I 

renew  the  Work,  and  divide  —  bb  by  its  correfpon- 

—  bb  —  ab  dent    Divifor  +b,   (not  by  a,    becaufe    the    Quc- 

—  bb — ab  tient  will  be  a  FracFton,  which  is  to  be  avoided  when 
there  is   a    poflibility)  and    there  arifes  —  b  to  be 

o       o  written  next  after  a  in  the  Quotient,  I  lay  —  b,  not 

-{■b ;  for  according  to  the  Rule  before  given,  —  divi- 
ded by  -f  gives  —  in  the  Quotient ;  then  multiplying  the  whole  Divifor  a-\-b  by  —  b 
(laft  let  in  the  Quotient)  the  Product  is  —  ab  —  bb,  or  —  bb  —  ab,  which  fub- 
tracted from  —  bb  —  ab  that  remained  to  be  divided,  there  remains  o  -,  fo  the  Divifion 
is  finifh'd  and  the  Quotient  is  found  a  —  b,  to  wit,  fuch  a  Quantity  that  if  it  be  mul- 
tiplied by  the  Divifor a-\-b,  it  will  produce  the  Dividends — bb. 

Example?,.  Again,  If  it  bedefired  to  divide  aaa-\-bbb  by  aa — ba-\-bb,  the  Quo- 
tient will  be  found  a-\-b,    and  the  Work  will  ftand  thus  • 

aa  — ba-\-bb)  aaa-^-bbb (  a+b 

aaa  —  baa-\-bba 

-\-bbb~-£baa —  bba 
■\-bbb-\-baa  —  bba 


In  which  Example,  firlt.  fas  before  J  1  begin  at  the  firft  Term  of  the  Dividend  to- 
wards the  Left  Hand,  and  dividing  acta  by  aa,  (not  by  —  ba  nor  by +bb,  becaufe 
each  of  theie  will  give,  a  Fraction  in  the  Quotient,)  there  arifes  m,  which  I  let  in  the 
Quotient ;  then  Multiplying  the  whole  Divifor  aa  —  ba-\-bb  by  the  laid  Quotient  a, 
the  Product  isaaa — baa-\-bba-,  which  I  fubtracl  from  the  Dividend  aaa-\-bbb  ;  fo 
there  remains  to  be  yet  divided  -\-bbb  -{-baa  —  bba. 

Now  I  renew  the  Work,  and  divide  -\-bbb  by  its  correfpondent  Divifor  ■+/>//,  (not 
by  -\-aa,  nor  by  —  ba,  becaufe  each  of  thefe  gives  a  Fraction)  and  there  ariles  -\-b, 
which  I  write  next  after  a  in  the  Quotient ;  then  multiplying  the  whole  Divifor  aa— ba 
-\-bb  by  the  laid  Quotient  •+-/>,  the  Product  is  bbb+baa  —  bba,  which  I  let  under, 
and  fiibtiact  from  the  Quantity  that  remained  to  be  divided,  fo  there  remains  o,  and 
the  Quotient  fought  is  a-\-b  :  But  that  it  is  a  true  Quotient  the  Proof  will  difcover  -, 
for  if  the  Divifor  aa  —  ba-\-bb  be  multiplied  by  the  Quotient  a-±b,  it  will  produce 

the  Dividend  aaa-\-bbb. 

Exam- 
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Example  4.    In  like  manner,  if  aaa—bbb  be  divided  by  aa+ba+bb,  theQuotient 
will  be  «— b,  and  the  work  will  ftand  thus  3 

Divifbr.      Dividend.  Quotient. 

aa-\-ba-\bb)  aaa — bbb  ....::...     (a— b 

aaa-\-baa-\-bba 


— bbb — beta — bba 
— bbb — baa — bba 


Example  5.  Again,  If  <$dddd\\iddde — ^deee — eeee  be  to  be  divided  by  ^dd—eei 
the  Quotient  will  be  found  ^dd+qde+ee,  as  will  be  manifeft  by  the  fubiequent 
Operation. 

%dd — ee)  ydddd-\-i2ddde — ^deee — eeee  (ldd\&cde-\ee 
ydddd —  %ddee 


-f- 1 2ddde-\-  iddee — -^deee 
-J- 1 2ddde  — ^deee 

-\-7,ddee —  eeee 
•\-%ddee —  eeee 


In  which  Example,  firft  I  divide  ydddd  by  %dd,  and  it  gives  ?dd,  which  I  write  in 
theQuotient ;  then  multiplying  the  whole  Divifor  ^dd-ree  by  the  laid  Quotient  iddt 
the  Product  is  ydddd — ?<Mee,  which  I  write  under  the  two  firft  Members  of  the  Divi- 
dend, and  fubtracl:  the  fame  from  the  faid  two  Members,  fo  there  remains  -\-i2dddtt 
-f  iddee  -,  to  which  I  bring  down — A,deee  ("the  next  Member  of  the  Dividend)  and  it 
makes  -\-12ddde-\-1ddee — qdeee  which  comes  now  to  be  divided ;  therefore  I  renew 
the  work,  and  dividing  +  \iddde  by  +  3^,  it  gives +4^,  which  I  let  in  the  Quo- 
tient next  after  zdd,  then  multiplying  the  whole  Divifor,  ^dd—ee  by  the  faid  Quoti- 
ent +4<fe,  the  Product  is  -\-12dJde — ^deee,  which  I  write  under  -\-i2ddde-\-jddee 
— qdeee  (  the  Quantity  laft  let  apart  to  be  divided  h )  and  having  drawn  a  Line  under 
the  faid  Product  I  fubtraft  it  from  the  faid  particular  Dividend,  fo  there  remains 
-\-lddee  which  I  write  underneath  theLine^  thatdone,  to  the  faid  Remainder  -\-2ddee 
1  bring  down  — eeee,  (the  laft  Member  of  the  total  Dividend)  and  it  makes  -f  ^ddee 
— eeee  which  is  yet  to  be  divided:  Therefore  I  renew  the  Work,  and  dividing  -f  ?ddee 
by  -\--idd,  it  gives  -\-ee  which  I  let  in  the  Quotient  next  after  -f^de  -,  (or  I  might  here 
divide  +  %ddee  by  — ee  in  regard  it  will  give  an  Algebraical  Integer  in  the  Quotient, 
as  I  fhall  fhew  in  the  next  Example  :)  then  multiplying  the  Divifor  ydd — ee  by  -fee' 
(laft  fet  in  the  Quotient,)  and  fubtracting  the  Product  -\-^ddee — eeee  from  the  Quan- 
tity that  remained  to  be  divided,  there  now  remains  o.  So  the  Divifion  is  finifhed 
without  any  Quantity  remaining,  and  the  entire  Quotient  is  -\-^dd-\-^de-'ree. 

Note.  By  this  general  Method  of  Divifion  the  Quotient  may  oftentimes  be  found 
out  and  exprefs'd  various  ways,  both  as  to  the  Order  and  Multitude  of  Members  in 
the  Quotient,  but  yet  the  entire  Quotient  in  each  Form  will  have  one  and  the  lame 
value,  as  will  appear  by  the  following  manner  of  Dividing  the  two  Quantities  pro- 
pos'd  in  the  laft  Example. 

Let  it  therefore  be  again  propos'd  to  divide  <pdddd-{- 1  iddde — qdeee — eeee  by  %dd — ee. 

Firft,  I  work  as  before  in  the  laft  Example  to  find  out  the  two  firft  Members  in  the 
Quotient,  to  wit,  idd+^de,  and  then  there  remains  lobe  divided  +  3  Ake— eeee  which 
you  fee  Hands  at  this  Mark  *  in  the  following  Operation:  Now  becaufe  -\-7,ddee 
divided  by  — ee  gives  an  Algebraic  Integer  for  the  Quotient,  to  wit,  — ^dd,  therefore 
I  write  — 7,dd  in  the  Quotient  5  then  multiplying  the  whole  Divifor  idd — ee  by 
— %ll  (laft  let  in  theQuotient)  I  fubtract  the  Product  -+■  iddee—ydddd  from  +iddee 
— eeee  which  remained  to  be  divided  j  lb  there  remains  to  be  yet  divided  —eeee-\-  ydddd. 

D  idd— 
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qdd — ee)  ydddd-^nddde — ^deee—exe    (     idd+qde 

ydddd—  iddee  ( — ^dd-\-ei:+^dd 

4 1  iddde\  iddec — i,deee 
4- 1 2ddde  — qdeee 


jfc     -{-^ddee* — eeee 
-\~lddee — $dddd 


—eree-^-ydddd 
' — eeee-\-7,ddee 


-\-ydddd — ^ddee 
~\-adddd — iddec 


Then  I  divide  — eeee  ( which  Hands  immediately  under  the  third  black  LineJ  by 
its  correfpondent  Divifor  — ee,  (Tor  it  cannot  be  divided  by  ?dd  fo  as  to  give  an  In- 
teger in  the  Quotient,)  and  there  arifes  -fee,  which  I  fetin  theQuotient;  then  mul- 
tiplying the  whole  Divifor  %di — ee  by  the  faid  Quotient  -\-ce  the  Product  is — eeee+ 
iddee,  which  fubtra&ed  from — eeee+ydddd  (to  wit,  the  Quantity  that  remained  to 
be  divided )  there  remains  to  be  yet  divided  -\-$dddd — %ddee,  (which  Hands  imme- 
diately under  thelaft  black  Line  but  one-J  therefore  I  divide  -\-ydddd  by  4  iddand. 
it  gives  4-  idd  to  be  fet  in  theQuotient-,  then  multiplying  thewhole  Divifor  %&&• — ee 
by  the  faid  +ldd,  it  makes  -\-ydddd — %ddee,  which  iubtra&ed  from  -\-9dddd — 
%ddee  (the  Quantity  that  remained  to  be  divided  J  leaves  o  j  fo  the  Divifion  is  finifh- 
ed  without  any  Quantity  remaining,  and  theQuotient  is  found  idd-i-^de — %dd-\- ee 
4?<&/,  that  is,  ^dd  \  ^de\  ee:  So  that  the  Quotient  found  out  by  the  latter  Ope- 
ration,' after  it  is  contra&ed  by  Algebraical  Addition,  is  the  fame  found  out  by  the 
former  way  of  dividing  the  Quantities  given  in  the  fifth  Example. 

Example  6.  Again,  If yyyyyy— %Wy—  1 2$yy— 64  be  divided  by  yy— 16,  theQuo- 
tient will  be  foundyjyy-r-8j;H-4,  and  the  Work  will  Hand  thus  : 

Divifor.  Dividend.  Quotient. 

yj— 16)  yyyyyy—  8yyyy— 124^—64  Om+%+4 

yyyyyy— \6yyyy 

4-  %my  —  !24» 


+    4» — ^4 

4-     4>y— 64 


If  the  Powers  of  the  Root  y  in  the  laft  Example  be  exprefled  according  to  Carte- 
Jius  his  way,  the  work  will  ftand  thus  : 

jy—  16)/—  8)^—124^—64  (>H88f+4 
y6 — i6y* 

4-  8jf«— I24jg» 

4-  8>+ — tiSyy 


4    4»~*64 
4     4»— 64 


But 
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But  Cartejm  in  dividing  the  Quantities  propos'd  in  the  laft  Example  works  back- 
wards, viz.  from  the  right  Hand  of  the  Dividend  towards  the  left,  as  you  here  fee 
in  the  following  Operation. 

yy— 16  )  /—  Sy*—  I24yy— 64.  (n+Sy+jfr 
+     4»— 64! 

— 8y* — 128)31 
-\-SyA — i2&yy 

y6 — 1631+ 
y6 — 1 6y* 


More  Examples  are  here  added  for  the  fuller  exercife  and  illustration  of  Divifrots 
in  compound  Algebraic  Integers,  according  to  the  general  Method  in  Se£h  IX. 
of  this  Chapter. 

Divifor.  Dividend.  Quotient. 

2c — id)     Sea — yda — Zbc-\-\2db     (3a— 46 
6ca — jda 

o        o  — Sbc-\-  l2db 
—%hc\-\2db 


Divifor.  Dividend.  Quotient. 

a-— b)  aaa — "i>aab\%abb—bbb{aa—2ab\bb 
acta —  aab 


-2aab-\-7,alb 
-Saab-\-2abb 

-+■  abb—bbb 
4-  abb—bbb 


Divifor.  Dividend.  Quotient. 

2<m-t-  ibb)   qaaaa-\- 1 2aabb-\- ybbbb   {2aa\  7,bb 
6flaaa\  6aabb 

•+•  6aabb-\-ybbbb 
-j-   6aabb-\- ybbbb 


a-\rb)    aaa — abb  (aa—bb—ab^-bb^  that  is,  <?«— ab 
aaa-\-aab 

— abb — aab 
—abb—bbb 


— aab-\-bbb 
—aab— abb 


■\-bbb-\-abb 
+bbb+abb 

o         o 


D  2  Agabj 
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Again, 
Divifor.        Dividend.  Quotient. 

a}j — aa)  aab^-^a^b — 2<x'>  (abb-\-a>-\-aab-\-a> 
aafr — a>bb 


■\-a*b-\-a>bb — 2t*s 

-\-  <*  ~'bb — a ! 
-\-aibb—a*b 


Divifor.  Dividend.  Quotient. 

%aafc — \aibb  (    viz. -fabb-\-~aab-i-2a> 

-\-±la*b-\-±a>bb —     a> 


•^a>bb>     ,  ja? 


— ^ai+^a+b 
— T^-\-^a*b 


If  Algebraical  Divifion  according  to  this  general  Method  will  not  work  off  ju ft 
without  a  Remainder,  then  you  may  write  the  Dividend  and  Divifor  fra£tion-wiie, 
accordingto  Se&.TSL  ofthisCZw//.  Or  fometimes  the  Quotient  may  be  exprefs'd  partly 
by  Integers,  and  partly  by  a  Fraftion'j  as  if  bb-\-bd-^ccbejo  be  divided  by  b-\-dA 

the  Quotient  may  be  exprefs'd  either  thus     — J"     \cc  =>     or  elfe  thus,  b-\-    cc  -« 

b-\-d  b-\-  a 

which  latter  Quotient  is  found  out  by  the  help  of  the  faid  general  Method  •,  for  af- 
ter you  have  thereby  difcovered  as  many  Integers  as  can.arife  in  the  Quotient,  you 
may  let  the  Remainder  of  the  Dividend  as  a  Numerator  over  the  Divifor  as  a  Deno- 
minator, fo  this  Fraction  together  with  the  laid,  Integer  or  Integers  lhall  be  equal  to 
the  Quotient  fought  j  as  in  this  following  Example, 


Divifor.  Dividend;.  Quotient. 

•2abc 


a — b)  2aac-\-^aaa — 2abc—  7,aab-\-2cc  (2cic-\-iaa-\--^— ' 

a—-b 


-\-~iaaa  — inab 

-\-  7,aaa  —%aab 


O  -\-2C0 

CHAP. 
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CHAP.     VI. 

Containing  the  Arithmetic  of  Algebraical  FraSiio7is. 


Of  the  rife  of  Algebraic  Fractions,  and  the  manner  of  ex pr effing  Integers  and 
mixed  Onantities  frattion-wife. 

HE  Operations  about  Algebraic  Fractions  are  wrought  like  thofe  of  vulgar 
Fractions,  by  the  help  of  the  Rules  of  Algebraic  Integers  before  delivered,  as 
will  appear  by  the  following  Rules  of  this  Chapter. 

II.  From  the  manner  of  dividing  Quantities  according  to  Se3.  3.  of  the  preceding 
Chap.  5.  Algebraic  Fractions  arife  •,  as,  if  a  be  to  be  divided  by  £,  the  Quotient  is 

reprefented  by  the  Fraction   -~ :  Likewife   ?_j3   which  imports  as  much  as  the 
l>  c — d 

Quotient  of  a-\-b  divided  bye— dh  alfo    2Jl*+  ?c_,   arKi  fuch  like,  are  called  Alge- 

bk 
braical  Fractions. 

III.  If  the  Numerator  be  equal  to  the  Denominator,  that  Fraction  (or  Quotient 
exprefs'd  fiaftion-wifej  is  equal  to  1,  (to  wit,  Unity;)  as  before  hath  been  faid  in 
Seel.  4.  Chap.  5. 

So   g  =  t.  And  ak±U  =  u 

aa  abc-\-dd 

IV.  When  an  Algebraic  Integer  is  to  be  exprefs'd  fraction-wife,  make  it  a  Nume- 
rator, and  fet  1  for  the  Denominator  ■  as  if  thefe  Quantities  ab  and  aa — bb  be  to  be 
fet  in  the  Form  of  Fractions  they  will  ftand  thus  5 

al.     And  ££* 
1  1 

V.  If  an  Algebraic  Integer,  as  <*,  be  to  be  fet  in  the  Form  of  a  Fraction  that  fhall 
have  for  its  Denominator  fome  Algebraical  Integer  prefcribed,  as  <?,  multiply  a  by  I 

the  Denominator  d,  and  write  the  Product  ad  as  a  Numerator  over  the  Denomina- 

j 
tor  d,  thus,  -  5  which  Fracfion  is  equal  to  the  Integer  a  firft  propofed,  and  hath 

d 
for  its  Denominator  the  prefcribed  Quantity  d. 
Likewife  the  Quantity  a  reduced  to  the  Form  of  a  Fraction  whole  Denominator  is 

prefcribed  b-\-c  will  ftand  thus,  -^f— * 

i-fc 

Moreover,   if  a+-f  be  to  be  reduced  to  the  Form  of  a  Fraction  that  fhall  have 
a 

d  for  a  Denominator^  let  a  be  multiplied  by  the  Denominator  d,  and  to  the  Producf 

ad  add  the  Numerator  aa  5  then  ferthat  Sum,  to  wit,  ad-\-aa  over  the  Deaominator 

J,  fo  there  will  be   ^ilX'^L  for  the  Fraction  defired.    More  Examples  of  this  Rule 
a  - 

are  thefe  following,      j  ... 

a-\-b  a 


How 


t>          1    1        anjev 

1       a 

k+ih  ^  .  ■  hi 

c                   c 

— — ■ m 

ab—ac-{-dd 
b—c 

.    dd 
b — c 

XM 
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Bow  to  reduce  Algebraic  Fractions  to  others  of  the  fame  value 
in  more  fimpk  Terms. 

VT  when  the  fame  Letter  or  Letters  be  found  in  the  Numerator  and  Denominator, 
let  them  be  caft  out  of  both  -,  and  if  theNumbers  prefix'd  can  be  abbreviated  by  fomg" 
commonDivifor  fet  the  Quotients  in  the  p  aces  of  thole  Numbers  prenYd  fo  ftaU 
theTw  Fraaion  be  of  the  fame  value  with  that  firft  propofed :  So  this  Fraaion 
±  will  be  reduced  to  ^  and  this  U±+£L  will  be  reduced  to  M+-  This 
Rule  hath  already  been  explained  in  Se3.  j.  and  6.-  of  Chap.  $.  and  may  be  further 
illuftrated  by  thefe  following  Examples. 


ad  A  ■ 

ac         c 

12add  ^dd 

tyibc            be 

,*£=.+>.  | 

7,6aci                    ya 
^ba-\-l6da    "  '    b-\-ifd 

Vit.  The  fearching  out  of  the  greateft  common  Divifor,  for  reducing  an  Algebraic 
Fraaion  to  the  fmalleft  Terms,  after  the  manner  ufed  in  vulgar  Amnmetic  is  for  the 
moft  part  a  tedious  and  intricate  work,  efpecially  when  the  Numerator  and  Denomi- 
nator are  compound  Quantities  confifting  of  many  Members ,  and  therefore  inftead  of 
?hat  way  of  finding  out  a  common  Meafure  (or  Divifor  ■)  I  ftaU  by  a  clear  Method 
in  Chap.  8.  of  the  Second  Book,  fhew  how  to  find  out  all  fuch  Divifors  as  will  divide 
the  Numerator  and  Denominator  precifely  without  leaving  a  Remainder.  But  in  the 
meantime  I  mall  recommend  to  the  Learners  exercife  the  following  Examples  ot 
Fraaions  abbreviated  by  Divifion  according  to  the  general  Method  in  &S.  9.  Chop  j. 
of  this  Book-,  which  Examples,  together  with  the  Rule  above-delivered  in  the  6.  SeS. 
will  be  great  helps  to  reduce  Algebraical  Fraaions  to  lower  terms,  when  there  is  a 
pombility. 

Examples  of  Fractions  reduce  J  to  their  fmalleft  Terms. 


aa-\-ab 
~^+~b 


x — ab 
a^b 


aac — aad  _ 


aa-\-bb 


aa — bb 


aaaa — bbhb 


aa  +  bb 


'1  -aa—bb 


aaaa—bbbb  =^+^ 
aa  —  bb 


aa-\~2ba-\-bb 


■■a+b. 


aa — iba-^-bb  _  r 

a — b 


aa — bb 
a+b 


=a—b. 


aa — bb 


a — b 


•a  +  B. 


jma±bbb    _a+k 
aa — ba-\-bb 


aaaJrj 
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aaa-\-bbb  ,     .  ;, 

— -' — —   —aa — ba-\-bb 
a+b 
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acta — bbb  , 

a — b. 


aa-\-ba-\-bb 


"™=aa+ba+bb        J™=t*L  ~a+'b 


aa — ab 


ana — abb 

t~  =  « — b 


aa-\-ab 


aada — bbbb  ,  , 

=  a-\-b. 


aaa — aab  -j-  abb — bbb 


More  Examples  of  Fractions  allreviated. 
aa-\-ab         a        ,  „      ,  _ 

'al+bd  ~  T         y       common  Divifor  a+b) 


aa — ab         a       ,a      ,  _,, 

r  =  —  •    (By  the  common  Diviibr  a b  ) 

ac — be         c  ' 


aac — aad         aa      rx}     ,  »\.  .* 

cd_df    =  -j'    (BY  the  common  Divifor  c—d  ) 


aaa — abb  aa — ab       ,-n 

a^ai+bb    =^+r#     (By  "+*•> 


aaa — bbb       aa-\-ba-\-bb      ,  t> 
aa — bb  a-\-b  y 


a* — b* 
aa-fab 

aaa— 

-aab-\-abb- 
a 

-bbb. 

(By 

a\b.) 

H«w  to  find  out  the  fmalleft  Quantity  that  can  he  divided  hy  two  or  more 
given  Quantities  feverally  without  a  Remainder. 

VIII.  Two  or  more  Algebraic  Quantities  whether  Simple  or  Compound  being  pro- 
posed, the  Imalleft  Quantity  that  can  be  divided  by  every  oue-ofthofe given,  without 
a  Remainder,  may  be  found  out  by  the  following  Operation,  (  which  is  grounded  up- 
on 36 Prop.  7.  Ekm.  Euclid!;  and  the  Ufe  thereof  will  hereafter  appear. 

As  for  Example,  if  it  be  defired  to  find  the  fmalleft  Quantity  that  can  be  divided 
by  aac  and  cd j  fet  them  in  the  Form  of  a  Fraction 

thUS'  ~cd~*  and  reduce  the  Fraction  to  its  primi-  aac  \y  aa 

tive  or  equivalent  Fraaion  in  the  fmalleft  Terms  cd  d  _ 

j,  which  being  fet  near  the  former,    multiply  aacd 

crofs-wife,   viz.  aac  by  d,  or   aa   by  cd ,  and 

there  will  arife  one  and  the  fame  Produft,  to  wit  aacd  the  Quantity  fought ; 
which  is  the  fmalleft  Quantity  that  can  be  divided  feverally  by  aac  and  cd  without 
leaving  any  Remainder.        •  .  In 
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In    like  manner  to  find  the  fmalleft  Quantity  that  can  be  divided  by  ab+ac 
in  and  ad—af  feverally,  I  fet  them  Fraction, 

ab+ac    \/    !>+c  wife  thus     ---j  this  reduced  to  itslow- 

7o-*f  A     d-f  ad-af 

— 7T~7  eft  Terms  gives  -7— U  then  I  multiply  crofs- 

abd+acd—fd—fic  °  d—j 

wife  (as  before  J  viz.  ab-\-ac  by  d—j  or  ad 

ifhvb+c   and  there  arifes  abd+acd—fab-fac,  which  is  the  fmalleft  Quantity 

X,T can  b7divided  by  ab+ac  and  ad-af  16  as  to  leave  no  Remainder. 

IX    But  if  the  given  Quantities  cannot  be  reduced  to  lower  Terms   then  multiply 

ia.  dul  5        ^  them  Qne  -nto  another^  and  their  produa  is 

hhA-cc  x  /   bb+cc  the  Quantity  defired :  So  to  find  the  fmalleft 

,3     cc  X    JiXff  Quantity  that  can  be  divided  by  bb-\-cc  and 

ad+ff   '    ^ja-TJJ   <a+j*F  feverally  without  leaving  a  Remain- 

~~bbdd-±ccdd+bbff-\-ccff  der  5  becaufe  ^±^  cannot  be  reduced  to 

ad-YJf 
more  fimple  Terms,  I  multiply  bb+cc  by  dd+ff  and  there  is  produced  bbdd\ccdd 

H^wS^Jta^S^ntitiesaie  given,  the  fmalleft  Quantity  that  can  be 

a  •  iA  J  L  rhem  feverallv  without  leaving  aRemainder  may  be  found  out  in  this  manner  -, 
divided  by  themlevetaiiywi  6^  To  find  ^  ^  ^  ^^  tha£  can 

^t_/tWj  \  '  ««•— ah  be  divided  by  aaa — abb,  aa-\-iab-\-bb  and 
-^-rrn  X  _^:r  aa—bb  ;  I  firft  feek  (after  the  Manner  of 
gg+adWft  /x    __the  fecond  Example  in  &5.8.J  the  fmalleft 

' 77~~:     ,       I*,,/,  Quantity  that  can  be  divided  by  aaa— abb, 

aaaa—aabb+aaab—aW  ^   aa\2ah+hh  ^    f0  \   find    aaaa—aabb 

^       u    „hhk     and  becaufe  this  Quantity  may  be  alfo  divided  by  aa—bb  (the  third 
SSSTm^"1-*1*  tha?-U^+^^-^  istheQuanuty 

f0Tghi^P  n^nnpr   if  there  be  given  thefe  four  Quantities,  aaaa—bbbb-aa\ab  ; 
In  hke  f  ann^i,therFeirge  1glfi„d  out  ras  before)  the  fmalleft  Quantity  aaaaa 

aaaa—bbbb_     \/  aaa—aab-^b—Ub 


aa+a^ 


aranr — abbbb 

Then  becaufe  the  laid  <wm-MM  cannot  be  divided  by  the  third  Quantity  <a» 
■55iT!  feek  the  Mleft  Quantity  to  can  headed  by  -£*£-- 

_-*  x  ^   si-^ra^ty^feu! 

«a«a+*a/>P  « to  wit,  by  <*+£  (hall  be  the  Quantity  fought  ^ 

— TTTT  viz.  a6—aab±  is  the  fmalleft  Quantity  that 

aaaaaa—aabWD  can  be  divided  by  every  one  of  thefe  four 

Quantities,  a<-h;  aa+ab;  a*+aabbh  and  a+*.    And  fo  of  others. 


/fop  »  r»fef  Algebraical  Fractions  which  have  differed  Denominators,  into  other 
Fractions  of  the  fame  value  that  may  have  a  common  Denominator. 

XI  When  two  Fraftions  having  different  Denominators  are  to  be  reduced  into  two 
othe  FnSffiof  the  fame  Value  that  (hall  fane  a  common  Denominator  y^Pg 
SieNumetator  of  the  firft  Fraction  by  the  Denominatoi .of the  fecond  ^™™ 
(hall  be  anewNumeratorcorrefpondenttotheNumeratorof  thatfirittraction^ , 


rX 


aab 

? 

bdc 

ac 

ac 
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Multiply  the  Numerator  of  the  fecondFra&ionby  the  Denominator  of  thefirft,  and 
the  Produ£t  is  a  new  Numerator  correfpondent  to  the  Numerator  of  the  fecond 
Fraction  ;  laftly,  multiply  the  Denominators  one  by  the  other,  and  the  Produa  fhall 
be  a  common  Denominator  to  both  the  new  Numerators. 

As,for  Example,  to  reduce  —  and  —   (whole  Denominators  c  and  a  are  unlike,) 

into  two  other  Fraaions  that  may  be  of  the  fame  value  with  thofe  given,  and  have  a 
common  Denominator  5  Firft,I  multiply  crofs-wife,™*z.  the 
Numerator  abby  the  Denominator  a,  and  the  Product  is 
ab   \y   bl  aab  for  a  new  Numerator  inftead  of  ab  h  likewife  I  multi- 

ply the  Numerator  bl  by  the  Denominator  c,  and  the 
Product  is  bdc,  for  a  new  Numerator  inftead  ofW; 
laftly,  the  Denominators  c  and  a  multiply ed  one  by  theo- 
ther  produce  ac  for  a  Denominator  to  each  of  thole  new 

Numerators  aab  and  blc  :    So  the  Fractions  —  and 

ac 

~c  are  found  out  which  have  a  common  Denominator  ac,  and  are  equal  in  value  to 
ac 

the  Fractions  firft  given,  viz.  -L  is  equal  to  — ,  and  —  is  equal  to  ~,  as  was 

ac  c  ac  a 

acquired. 

In  like  manner  --   and  2~    (which  have  unlike  Denominators)  will  be  redu- 
ced into    4—  and  — i-_f  which  have  a  common  Denominator. 
%%bcl        k  35k! 

Alfo,  I2  and  A  will  be  reduced  into  thefe  1°   and  fe 
*  ■..         $  •  \  5a  5<* 

Again,  to  reduce  "~~-  and  ^=^  to  a  common  Denominator,  I  multiply 

crofs-wife  (as  before,)  viz.  aa\ibb  by  ffy  and  icc—11  by  c+lh  fo  the 
Produasareaa/jT+2Wi/f;  and  ^ccc  —  cdd-\-  ^ccd—  111  for  New  Numerators  ;  then 
multiplying  the  Denominators  c+^and^ one  into  the  other,  the  Produa  is  cff+dff 

for    a    common  Denominator,   and  the  Fractions  fought  are  f^t2^f  and 

cff-t-dff 
7,ccc —  cid\  iced — ddl 

XII.  When  three  or  more  Fraaions  having  unlike  Denominators  are  to  be  redu- 
ced into  as  many  other  Fraaions  that  may  be  of  the  fame  value,  and  have  a  common 
Denominator  5  multiply  the  Numerator  of  each  Fraftion  into  all  the  Denominators 
except  its  own,  fo  the  Produfts  made  by  that  continual  Multiplication  mall  be  new 
Numerators-,  multiply  alfo  all  the  Denominators  one  into  another,  and  the  Product 
lhall  be  a  Denominator  to  every  one  of  the  new  Numerators. 

As,  for  Example,  To  reduce  thefe  three  Fraaions  t,  -  and  ^l  into  three 

others  that  may  be  of  the  fame  value  and  have  a  common  Denominator  5  I  mul- 
tiply the  Numerator  a  into  the  Denomi- 
9a              c              2ef  nators  d  and  A  fo  the  Produa  adg  is  a 
T  '        7  »         —             new  Numerator  inftead  of«  5  again,  I  mulr 
£__          ripiy  the  Numerator  c  into  the  Denomina- 

ad*  rh*  nU*f  l°Trs  *  and  *>    and  the  Pf0dua  cbg  is  a 

-5*  ,       J,       ™W  Numerator  inftead  of  C;   likewife,  multi- 

M<?  ««  &fe  plying  the  Numerator  ief  into  the  Denomi- 

XT  .  a    ,    _      „  nators  A   and  <7,   the  Produa    2W  is  a 

Numerator  inftead  of  zefi  laftly,  the  Denominators  £,  landg  multiplied  one  into 

another  produce  bdg  for  a  common  Denominator  to  thofe  three  new  Numerators,  and 

the  three  Fraaions  fought  are  -*,  CM.  and  lHeL 

bdg    bdg  bdg' 

E  In 
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In  like  manner  thefe  three  Fraaions  ff±*,  — -^-,  and  *L  will  be  reduced  to 

to  thefe  three,  to  wit,    7-—^,   —bS^j^  and    --^^   which 

have  for  a  common  Denominator  7«« W—  5^. 

XIII  But  if  the  Denominators  of  the  given  Fractions  can  be  reduced  to  lower 
Terms  '  then  thofe  Fraaions  may  oftentimes  be  reduced  more  compendioufly  rhan  by 
the  Rules  in  the  two  laft  preceding  SeSions,  into  others  in  the  fmalleft  Terms  that 
have  a  common  Denominator,  in  this  manner  -,  viz..  Seek  (by  the  Rules  in  SeQ  8.  and 
10  of  this  Chap.)  the  fmalleft  quantity  that  can  be  divided  by  every  one  of  the  De- 
nominators without  a  Remainder,  which  quantity  referve  for  a  common  Denominator  5 
then  for  the  Numerators  divide  the  common  Denominator  by  the  Denominator  of 
the  firft  Fraaion  and  multiply  the  Quotient  by  the  Numerator  of  the  firft  Fraaion, 
fo  (hall  the  Produa  be  a  new  Numerator  inftead  of  that  firft  Numerator  ;  work  in 
like  manner  to  find  out  the  other  Numerators,  and  fee  every  one  of  them  over  the 
common  Denominator  before  found  out. 

As,  for  Example,  to  reduce  thefe  Fraaions  —  and  ^  to  a  common  Deno- 
minator •  I  feek  firft  of  all  the  fmalleft  quantity  that  can  be  divided  by  the  Denomina- 
tors aac\xAcL  and  I  find  that  quantity  to  be  aacd,  which  (hall  be  the  common 
Denominator  •  then  I  divide  the  faid  aacd  by  each  of  the  given  Denominators aac  and 
cd  and  multiply  the  Quotients  d  and  aa  by  the  given  Numerators  bbbd  and  ***,  fo  the 
Produces  bbbddznd  aaa'aafhsXl  be  the  new  Numerators,  which  being  feverally  let  over 
the  common  Denominator****,  there  will  arife  ^  and  *g?  for  the  Fractions 

fought.  ... 

Likewife,  to  reduce  -M*       and  ^±*^  to  a  common  Denominator,  having 
aac  —  aad  cd —  aa 

firft  found  the  common  Denominator  aacd-aadd,  to  wit,  the  leaft  quantity  that  can 
be  divided  by  the  given  Denominators  aac— aad  and  cd—ddli livide  the  laid  com- 
mon Denominator  by  the  faid  given  Denominators  feverally,  and  the  Quotients  **  and** 
I  multiply  by  the  Numerators  bbbb  an&aaa+bbb,  and  then  letting  the  p«^9 
feverally  over  the  common  Denominator,  the  Fraaions  fought  will  be  _ ^_^ 

,  aaaaa-\-aabbb 

aacd — aadd  ,  ,, 

Again,    to  reduce  thefe  three  Fraaions,    to  wit,    ^^,  w+a^ 

and  aa~~ab  to  a  common  Denominator ;  Firft  (as  in  the  firft  Example  in  Sett.  10. 

of  this  Chap)  I  feek  the  fmalleft  quantity  thatcanbejuft  divided  by  every  one  of  the 
three  given  Denominators,  and  I  find  aaaa+aaab  — aabb— abbb,  for  a  common 
Denominator-,  then  dividing  this  quantity  found  by  every  oneof  the  three  given  Deno- 
minators (according  to  the  general  Method  in  SeB  9.  Chap  5->  the  Quotients  will  be 
a+b  aa-ab  and  aa+  ab  ,  that  done,  I  multiply  thehrft  of  thofe  Quotients  by 
the  Numerator  of  the  firft  Fraaion ;  alfo  the  fecond  Quotient  by  the  fecond  Numerator 
and  the  third  Quotient  by  the  third  Numerator  jlo  theProduas aa  —  bb,aabb— abbb 
and  aaaa— aabb  (hall  be  new  Numerators,  which  being  feverally  let  over  the  com- 
mon Denominator  firft  found,  will  give  the  Fraaions  fought,  to  wit,  thefe  : 


■hb 


aaaa  -\-  aaab  —  aabb — abbb 
aabb  —  abbb 


aaaa  -Y  aaab  —  aabb  —  abbb      * 
aaaa  —  aabb 


aaaa  -J-  aaab  —  aabb—  abbb      ' 


C  H  A  P.   6.  Algebraical  Fraftions. 


■  inn      n  m    ■      *» 


35 


Nor  will  the  Operation  be  otherwife  to  reduce  theft  four  Fractions  to  wit       g5 

«q^T'  iM^^and  -^-?  int°  thefefour  folIowinS  Fraaions  having  a 
common  Denominator; 

a.7 


a6 — a-fr  ' 

a6  —  q-b*  ' 

q7-\-qSbz  —  g4&;  —  «*£? 
«6 — q*~b* 


For  firft  by  the  help  of  the  given  Denominators,  the  fmalleft  common  Denomi- 
nator q6  —  aafa  is  found  out  by  the  Operation  in  the  laft  Example  of  the  preceding 
SeS.  10.  (of  this  Chap.)  then  the  laid  common  Denominator  being  divided  feverally 
by  the  given  Denominators  a*  —  b\  da-\-ab,  a*-\-qqbb^  and  a-\-b-,  the  Quotients  are 
aa,  a* —  a~>b-\-aabb —  ab\  qa  —  bb,  and  a*  —  a^b-\-a>bb  —  aah  ;  which  multiplied 
fefpe&ively  by  the  given  Numerators a*,  a?  — qqb,  a^—b\  and  aa+qb-\- bb\  will 
produce  thofe  new  Numerators  which  are  before  let  over  the  common  Denomi- 
nator q6  —  aab*. 


Addition  of  Algebraical  Fraftiovs. 

XIV.  If  two  or  more  Fractions  to  be  added  have  one  common  Denominator,  add 
the  Numerators  together,  and  let  their  Sum  as  a  new  Numerator  over  the  common  De- 
nominator, fo  (hall  this  new  Fra£Hon  be  the  Sum  of  the  Fractions  given  to  be  added. 

As,  for  Example,  to  add  f?  to  bl  the  Sum  will  be  ^±i# 

So  alfo,  J*  added  to  Jk  makes  ^±^. 
c-\-d  c+  d  c  +  d 

LikewifetheSumof^^jL  and  %^\-  will  be  found  ~LZf.  (For  the  eiven 
c+d  c-\-d  c  +  d'  K  B 

Numerators  5  a  —  3^  and  2b  —  3  a  added  together  make  2a — b.) 

Again,  the  Sum  of  "Z±+H   **£p±  and   3*     wffi  be  found  -*L  \ 
c+5  c+5  c+5  c+5 

And  if  thefe  be  added,  to  wit,   ~ 3- h—n    a+  .     ^c  and         ***    - 

b  +  c  +  d>  b  +  c  +  d>  b  +  c  +  d" 

the    Sum    will   be   «+  &-*&*i<l ■    that  is,    4*    (  For    by    Divifton, 

~~T+7+i         3  ' 

XV.  But  if  the  Fractions  propos'd  to  be  added  together  have  unlike  Denomina- 
tors, firft  reduce  them  to  a  common  Denominator,  and  then  add  them  as  before  ;  as 

to  add  —  to—   firft  I  reduce  them  to  —  and  _  which  have  the  lame  Denomi- 

c        q  ac  qc 

nator  ac  ;  then  fetting  the  Sum  of  the  Numerators  aab  and  bdc  over  the  common 

Denominator  ae,  there  will  beffi   -     -  for  the  Sum  required. 

ac 

E  2  So 
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So  alfo  to  add  --    fy and  22;  their  Sum  will  be  found  a  g^L,V  2J""j 

tikewife,  to  add  thefe  three  Fractions  — ^TT.        ^ii_    and  ---    -firlt 

I  reduce  them  to  three  others  of  the  fame  value  under  a  common  Denominator,  (as 

in  the  third  Example  of  the  preceding  13.&S.  )  and  thenfetting  the  Sum  of  the 

three  new  Numerators  over  the  common  Denominator,  I  find  the  Sum  of  the  given 

_    n.  ,     aaaa\  aa  — abbb —  bb 

Fractions  to  be -. .-, — ~nu. 

aaaa-\-  aaab  —  aavv  —  aw1' 

XVI.  When  mixed  quantities  are  to  be  added  together,  colle£t  the  Fractions  into 
one  Sum,  and  the  Integers  into  another,  then  thole  two  Sums  added  together  give 
the  Sumdefired  ;  as  for  Example  : 

.  .    ,.     ■     ,  •  •        v    act  id   .   , 

To  add  thefe  mixed  quantities ...    -y-  —  <r  and  —  +  "• 


The  Sum  of  the  Fractions,  after? 

they  are  reduced  to  a  common  >        caa+Udd 

Denominator,  is 3  be 

To  which  Sum  adding  the  Inte-^  Caa+bdd 

gersinthe  mix'd  quantities  pro- 

pofed,  the  Sum  defir'dwill  be 


gersinthemix  d  quantities  pro- ^« 7 a+d. 


Or,  when  mixed  quantities  are  to  added  together,  you  may  reduce  them  to  im- 
proper Fractions,  (by  Sett.  5.  of  this  Chap.)  and  then  add  thefe  together  as  in  the 
preceding  Examples ;  as, 

To  add  thofe  mixed  quantities  in  \  aa ,  dd 

thelaft  Example,  to  wit,  . ..  j"  ~fi  c  "*-»3 

I  Firft  reduce  them  to  thefe  Fra-  \  aa — ba      ,  id\  cd 

J         b  c 


£tions w . » S   '     b 

rhich  reduced  to   a  commoi 

Denominator  produce  thele . 

Which  two  laft  Fractions  ad 


Which  reduced  to    a  common  7    caa—cba     ,  bdd+Ud 
Denominator  produce  thele. .  f   — y- — and ,- — ■ 


,  caa  —  cba-\-  bdd~{-  bed 

ded  together  give  the  Sum> - 

required,  to  wit, j  "c 

Which  is  equal  to  the  Sum  before  1  caa\bid  __  fl+^ 

found,  to  wit, »  .  j  be 


Subtraction  of  Algebraical  Frattiotts. 

XVII.  If  the  two  Fractions  given  have  the  fame  Denominator,  fubtra£lthe  Nume. 
rator  of  the  Fraction  prefcribed  to  be  fubtra&ed,  from  the  other  Numerator,  and 
let  the  Remainder  as  a  new  Numerator  over  the  common  Denominator,  fo  mall  this 
*iew  Fraction  be  the  remainder  fought. 

hb 

As.  for  Example,  If  from  -1  you  defire  to  fubtracl  _,  take  bb  from   aa,    and 
c  c 

fet  the  Remainder  aa — bb  as  a  Numerator  over  the  common  Denominator  c ;  fb 

ajlH^  fhall  be  the  Remainder  fought. 
c 

In  like  manner,  If  from  ^—~  you  would  fubtracF  -i2S-i  the  Remainder  will  be 
b—~  c  b — 0 


'•b—^i ,  that  is,  (by  Divifion)  to. 

Again,  if  from  fefcS    it  be  defired  to  fubtrad  2£±*gj£»£,  the 

Remainder 
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Remainder  will  be  found  "" — -I?  ±£4     (por  3aa-\-i2b—iS  fubtraaed  from 

$aa  —  -jb+6,  leaves  jaa  —  19^+24.) 

So  alfo,  from  <*+-,— .  fubtrafting  -J*    there  remains  **??*.    For    fbv  &ff 
/H-ff  0-i-a  £-f-i  '    v  7 

5.  of  this  Chap.)    d+JL  will  be  reduced  w&^+Jfj   from  which  fub- 
trafting  -*L-  the  Remainder  is  -^--. 
XVIII.  But  if  the  two  Fractions  given  have  different  Denominators,  firft  reduce 

them  to  a  common  Denominator,  and  then  fubtraft  as  before ;  fb  as  from  —  it 

c 

bedefired  to  fubtra£l  --,  I  reduce  them  to  -r  and  — ,c,  which  have  the  fame  De- 
o  cb  cb 

nominator  cb  ;  then  from    -°-  fubtra£ling  ^,  there  remains  "db—aac     which    is 
cb  cb  cb 

the  Remainder  fought. 

After  the  fame  manner,  If  from  a*-^—  you  would  take  away  ?-    there  will    re- 

b — c  b 

tnain^-t-frg 

M-lfc" 

Likewife  from^±^ t0  take  W#  — — ,  ,  I  firft  reduce  thefe  given  Fraft- 
cd  —  da  aac — acta 

ions  to  a  common  Denominator,  (as  in  the  fecond  Example  of  Sett.  13.  of  this 

Cbap.)  and  fb  I  find  ^+^  and       ***M_,  which  latter  Fraaion  fubtraft- 
aacd — -aadd  aacd — aadd 

ed  from  the  former  there  remains  «™™+««Wb-bbbbl^ 

aacd —  aadd 

Again,  If  from  a  it  be  defired  to  fubtracl:  ?a~~    ,  I   reduce  d  into  the  form  of 

a\b 

a  Fraaion  whofe  Denominator  fhallbea-f  3,  and  fo  inflead  of  a,  I  find  aa+a* 

a+b  ' 

from  which  fubtraaing  aa      f  ,  there  remains  —  —, - 
a+b  a+b 


Multiplication  of  Algehrakal  Fratlions. 

XIX.  When  two  Algebraic  Fraaions  are  given  to  be  multiplied  one  by  the  o- 
ther,  multiply  their  Numerators  one  into  the  other,  and  take  the  Produa  for  a  new 
Numerator  ;  likewife  multiplying  the  Denominators  one  into  the  other,  this  Product 
fhall  be  a  new  Denominator,  and  the  new  Fraaion  is  the  Produa  fought. 

As,  for  Example,  to  multiply  —  by  — ,   I  multiply  ('as  in  vulgar  Fraaions)  the 

Numerator  ia  by  the  Numerate];  £,  and  the  Produa  iab  is  a  new  Numerator  ;  like- 
wife  I  multiply  the  Denominators-,   5^  and  c  one  into  the  other,  and  the  Produa 

5 dc  fhall  be  a  new  Denominator  ;  fo~a   is  the  Produa  fought. 

In  like  manner,  a^±  multiplied  by    >ab-  gives  the  Produa  *—*-**»  -  J 
c  b-\-c  bc-\-cc 

XX.  When  either  or  both  the  given  Terms  are  mixed  Quantities,,  reduce  the 
mixt  Quantity  to  the  form  of  a  Fraaion  (by  the  Rule  in  Sett.  5.  of  this  Chap.)  and 

then  multiply  as  before :   So  to  multiply  c-\-  X  by  a+  -^—^   I  firft  Reduce 

d  c  —  d 

thofs 
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thofe  mixt  Quantities  to  thefe  Fraaions,  --j—  and  —j  then  mukiPIyinS  the 
Numerator  cd~\-bbby  the  Numerators,  the  Product  is  accd+acbb  for.a  new  Nu- 
merator v  alfo  multiplying  the  Denominators  1  and  c—dons  by  the  other,  the  Pro- 
dua is  dc—dd  for  a  new  Denominator,  and  the  Produa  fought  is  ™*±?M 

dc — dd 

XXI  When  an  Integer  is  to  be  Multiplied  by  a  Fraaion,  expfeis  the  Integer 
Fra&ion-wife  by  giving  it  unity,  (to  wit,  i)  for  a  Denominator,  (according  to  &ff. 
4.  of  this  Chap.)  and  then  multiply  as  in  the  preceding  Examples. 

As,  to  multiply  a  by  A,  that  is,  —  by  — ,  the  Produa  will  be?-,    Likewife  to 

Multiply  aa  —  bb  by  ^t~,  I  reduce  aa  —  bb  to  ——,  then  multiplying  the 

Numerator  ad+bb  by  the  Numerator  aa—bb,  the  Product  aaaa  —  bbbb  mall 
be  a  New  Numerator  5  Likewife  the  Denominator  cd+fc  multiplied  by  the 
Denominator  1  gives  cd-\-fg  for  a  New  Denominator,  and  the  New  Fraaion 
aaaa—bbbb  fa  theprociua  fought. 

cd-\-fg 

XXII.  But  oftentimes  there  may  be  this  ufeful  Contraaion  in  the  Multiplication 
of  Fraaions,  viz.  When  the  Numerator  of  the  one  and  the  Denominator  of  the  o- 
ther  may  be'feverally  divided  by  fome  common  Divifor  without  a  Remainder,  take 
the  Quotients  inftead  of  the  faid  Numerator  and  Denominator,  and  then  multiply 
as  in  the  preceding  Examples. 

i*«'i    aa+zab-\-bb  ,       dd    . 

As,  for  Example,  to  multiply  -~ddT    Y  T+b  ' 

Forafmuch  as  the  Numerator  of  the  firft  Fraaion  and  the  Denominator  of  the 
fatter  may  be  divided  feverally  by  a-\-b  without  a  Remainder,  I  fet  the  Quotients 
a\b  and  1  in  the  places  of  aa\iab-\-bb  and  a+b,  and  by  that  exchange  thefe 
Fraaions  will  arife,  to  wit ; 

_«+*  and  £ 

cd—dd         1 

In  like  manner,  becaufe  cd — dd  the  Denominator  of  the  firft  of  the  two  Fraaions 
lalt  above-written,  and  dd  the  Numerator  of  the  latter  Fraaion,  may  be  feverally 
divided  by  d  without  a  Remainder,  I  fet  the  Quotients  c—d  and  d  in  the  Places  of 
cd—dd  and  dd,  and  fo  thefe  new  Fraaions  arife,  to  wit  j 

*±*  andi, 

c—d  I 

Then  I  multiply  (as  before)  the  Numerators  a-+b  and  J,  one  by  the  other,  and 
the  Product  da-\-db  is  a  New  Numerator:  Alfo  multiplying  the  Denominator  c—d 
by  the  Denominator  1,  the  Produa  c  —  d  is  a  new  Denominator,    and  the  new 

Fraaion -^t-^-    is  the  Produa  fought  •,  being  equal  to  that  which  would  be  made 

c  —  d 
by  the  mutual  Multiplication  of  ^±^+—  and  _  the  Fraaions  firft  propofed 

to  be  Multiplied. 

So  as  alfo,  If  it  be  defired  to  Multiply  a+   by  a— 2H  — ,  that  is, 

'  a — 0  a 

aa—ab-YbJi  by  ao^abArlb  _  porafmucn  as  tiie  Numerator  aa—iab^bb  of  the 

latter  Fraaion,  and  the  Denominator  a— b  of  the  former,  being  feverally  divided 
bv  their  common  Divifor  a— twill  give  the  Quotients  a  —  &  and  1  5  therefore 
I  fet  thefe  in  the  places  of  aa—iab+bb  and  «  —  bt  whence  thefe  Fraaions  will 

arife,  to  wit,  . 

aa—ab+bb  amj  a  —  b; 

I  a    ' 

Which 
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Which  being  multiplied  one  by  the  other  will  give  «'«-*»«*+ 2«M~*M  or 

a 

aa—2ab+2bb—  St;  the  Produa  fought. 
a 

..     r    a.-         aac — aa&  —  bbc-¥bbi         ....   ,  ,      aaa — abh 
Again,   this  Fraaion    ~  ___    multiplied  by  ^£$k   will 

produce  _^Z^^-aabb^M^v  ^  ^  Numerator  of  &  fifft  J,^  and 

the  Denominator  of  the  latter  being  feverally  divided  by  their  common  Divifor  c— d 
the  Quotients  will  be  aa  —  W  and  d;  Alfo,  the  Denominator  of  the  firft  Fraaion  and 
the  Numerator  of  the  fecond  being  feverally  divided  by  their  common  Divifor  <*+£, 
the  Quotients  will  be  a-\-b  and  aa  — ab  -,  then  letting  the  two  former  Quotients  in 
the  places  of  the  r wo  firft  Dividends,  and  the  two  latter  Quotients  in  the  places  of 
the  two  latter  Dividends,  thefetwo  Fra&ions  will  arife,  to  wit ; 
aa  —  bb  j  aa  —  ab 
a-\b  2       "" 

Laftly,  multiplying  the  Numerators  aa  —  bb  and  aa—ab  one  into  the  other  ;  as  alfo 
the  Denominators  a-\-b  and  d,  (as  in  former  Examples,)  you  will  find  the  Produa 
fought,  to  wit  j 

aaaa  —  aaab  —  aabb-\~abbb 
al+b'i  ' 

XXIII.  When  a  Fraaion  is  to  be  multiplied  by  fome  Integer  that  happens  to 
be  the  fame  with  the  Denominator  of  the  Fraaion,  take  the  Numerator  for  the  Pro- 
dua required.    As,  for  Example,  to  multiply  ^±^+^  by  a+dh  I  write«a+«5 

a-t-d 
^bb  for  the  Produa  of  their  multiplication. 

Likewife,  If—  be  to  be  multiplied  by  the  Denominator  c-,  I  write  the  Numera- 

tor  b  for  the  Produa.    The  reafon  of  this  Contraaion  is  Evident ;  for  if  A  be  mul- 

c 

tiplied  by  c,  or  ~,  in  the  ordinary  way,  the  Produa  will  ftandthus,  — ,  which,  by 

c 

earring  away  the  common  Faaor  c  out  of  the  Numerator  and  Denominator,  gives  b 

t  for  the  Produa  ;  to  wit,  the  Numerator  of  the  given  Fraaion  —. 

c 
Hence  alfo,  if  an  Algebraical  Fraaion  be  to  be  multiplied  by  fome  letter  or  letters 
that  are  found  among  others  in  every  Member  of  the  Denominator,  that  multiplication 
needs  no  other  work  but  the  calling  away  fuch  letter  or  letters  out  of  the  Denominator : 
As  to  multiply  -^  by  c,  the  Produa  is  ~ ;  where  obferve,  that  becaufe  the  multi- 
plier c  is  found  in  the  given  Denominator  cd,  I  ftrike  it  quite  out. 
Likewife,  to  multiply  "    by  d,  I  write a—  for  the  Produa.-   And  to  multiply 

~ccc  _  by  3**,  I  cancel  ?aa  in  the  Denominator,  and  write  #*•—.<**  for  the 
yaa — 7gaa  '  f „       1U1  U1C 

Produa  required. 

A.  te.  The  taking  of  -f  parts  of  the  quantity  a,  imports  the  fame  thing  with  the 
multiplying  of  a  by  a,  and  the  Produa  may  be  expreft  either  thus,  £i* ;  or  thus  -^. 

Likewife  4.  of  b+c,  or  the  Produa  of  b+c  multiplied  by  f,  may  be  expreft  ei- 
fiither  thus  3t±3S,  or  thus,  -fH4c.    And  fo  of  others. 

Dhijion 
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Divifion  in  Algebraical  Frattions. 

XXIV.  When  the  two  given  Fractions,  to  wit,  the  Dividend  and  Divifbr,  have 
a  common  Denominator,  caft  away  the  Denominator,  and  divide  the  Numerator  of 
the  Dividend  by  the  Numerator  of  the  Divilbr ;  fo  that  which   arifes  fhail  be  the 

Quotient  fought.    As,  to  divide  _  by  —  j  I  caft  away  the  common  Denominator 
c,  and  divide  aab  by  bb,  fo  the  Quotient  fought  is  ™     that  is,  ~. 
In  like  manner,  i?JA  divided  by  *—  gives  — -   that  is,  ab  for  the  Quotient. 

d  d  ab 


Again    \£^Z-ttbl  be  divided  by  «f+2«W*  there    will  arife. 
°     '  c  —  d  c, — d  , 


la —  abb 


aa-\-2ab\W 
which  abbreviated  Cby  dividing  the  Numerator  and  Denominator  feverally  by  their 

common  Divifor  a-\-b)  gives  aa~~a    the  Quotient  fought. 
a-i-b 

XXV.  If  the  given  Fractions  have  not  a  common  Denominator,  then  (as  in  Di- 
vifion  of  vulgar  Fractions)  multiply  the  Numerator  of  the  Dividend  by  the  Deno- 
minator of  the  Divifor,  and  the  Product  (hall  be  a  new  Numerator;  alfo,  multiply 
the  Denominator  of  the  Dividend  by  the  Numerator  of  the  Divifor,  and  the  Product 
ihall  be  a  new  Denominator  ;  lb  the  new  Fraction  is  the  Quotient  fought. 

As   for  Example,  to  divide  _  by  —    I  multiply  ab  by  a,    and  the  Produft 
c  a 

is  aab  for  a  new   Numerator;  alfo,  multiplying  c 
dd\     ab     (aab  by  dd,  the  Product  is  ddc  for  a  new  Denominator  -y 

a)     c      \ddc  f0  the  Quotient  fought  is  %r. 

ddc 

Likewife,  If  ?=*>  be  divided  by    +=*     the  Quotient  will  be  ""jf, 
c-\-d  aa-fbb  cc —  da 

Yot  aa — bb  the  Numerator  of  the  Dividend  being  multiplied  by  aa-t  bb  the  De- 
nominator of  the  Divifor,  the  Product  aaaa — bbbb  is  the  new  Numerator :  and  c-\-d 
the  Denominator  of  the  Dividend  being  multiplied  by  c — d  the  Numerator  of  the 
Divifor  produces  cc — dd  for  a  new  Denominator  ;  whence  the  Quotient  fought  is 
aaaa  —  bbbb 

cc  —  dd 

XXVI.  But  oftentimes  there  may  be  this  uieful  Contraction  in  the  Divifion  of 
Fractions,  viz,  when  either  the  two  Numerators,  or  the  two  Denominators  may  be 
divided  by  fome  common  Divifor  without  a  Remainder,  fet  the  Quotients  arifing  out  of 
fuch  Divifion  (or  imagine  them  to  be  fet)  in  the  places  of  the  faid  Numerators  or 
Denominators  that  were  divided,  and  then  divide  as  in  the  former  Examples. 

As,  to  divide  aa~~ab  by  a~ b  j    Forafmuch  as    the    Numerators  aa  —  ab  and 
cc  cd 

a — b  may  be  reduced  to  more  fimple  Terms,  to  wit,  a  and  i,  (foraa — ab  and 
a  —  b  being  feverally  divided  by  their  common Meafure  a — b  give*  and  i.  And, 
becaufe  the  Denominators  cc  and  cd  may  likewife  be  reduced  to  more  fimple  Terms 
candi,  (by  dividing  the  faid  cc  and  cd  by  their  common  Divifor  c,)  therefore  in  the 
places  of  the  two  given  Numerators  aa—abania—b  I  fetthe  two  former  Quotients 
aand  i,  and  in  the  places  of  the  two  given  Denominators  ccand  cd  I  fet  the  two 

latter   Quotients  c    and   d ;   fo    there   will    be  JL 


I  \      «_      (da 
l)      c       Vc 


and  -1  for  a  new  Dividend  and  Divifor  •,  then   (as 
a 
before)  I  multiply  a  by  d,  and  the  ProduQ  is  ad  or  da  for  a  new  Numerator  ; 

Alfo,  c  multiplied  by  i  gives  c  for  a  new  Denominator,  and  the  new  Fraction  J.  is 

the 
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the  Quotient  fought-,  which  is  equal  to  that  which  would  arife  by  dividing  aa~al} 

by   ?"~ "- ,  to  wit,  the  Fra&ions  fitft  propofed. 
cd 

Again,  ifitbedefiredtodivide  J^r**W       by    «*£&  Forafmuch  as  the 

Numerators  aaaa — MM  and  aa-\-ab  may  be  reduced  to  aaa — aab-\-abb — bbb  and  a 
by  their  common  Divifor  a-\-b  -,  and  the  Denominators  aa — 2ab-\-bb  and  a — b  may 
be  reduced  to  a — h  and  1,  by  the  common  Divifor  a — b  }  therefore  inftead  of  mul- 
tiplying adaa — bbbb  by  a — 3,  I  multiply  the  faid  aaa — aab\abb — bbb  by  1,  and  the 
Product  is  aaa — aab-\-abb — bbb  for  a  new  Numerator  ;  and  inftead  of  multiplying 
aa — iab-fbb  by  aa-\-ab,  I  multiply  a— b  by  a;  fo  the  Producl  aa — ab  fhall  be  a 
new  Denominator,  whence  the  Quotient  fought  is  acta— aab+ abb— bbb ^ 

aa—ab 
In  like  manner,  If  .aaaa-~6^     be  divided  by  ^±5^    the  Quotient  will   be 
aa— ;-io«-l-2j  a — 5 

aaa— •;gg-f2?a— •  12;  ,  For  aaaa__^  zrdaa-\-^a  may  be  reduced  to  aaa—$aa-{- 
.  aa —  Jtf 

25a — 12?,  and  «  by  the  common  Divifor  a-\- 5  •,  Alfb,  aa — ioa+25  and  a — 5 
may  be  reduced  to  a — 5  and  1  by  the  common  Divifor  a — 5  and  1  j  whence  inftead 
of  the  Fractions  given  we  may  divide 

aaa — %aa-\-i*a — 12?   ,       a 

'- 1 by  _, 

a —  5  1 

and  the  Quotient  fought  will  be  ggzggjggjja^ 

aa — j« 

Again,  to  divide  aaa — 2aab-\-abb  by  aa    a  -,  I  fet  i  for  a  Denominator  under 

a-\-b 

the  Dividend  aaa—xabb\abb,  and  it  ftands  thus  aaa~~  2a^+^.  then  forafmuch 

as  the  Numerators  aaa — 2aab-\-abb  and  aa — ab  may  be  reduced  to  a — b  and  1,  ((by 
the  common  Divifor  aa — ab  )  therefore  inftead  of  the  given  Dividend  and  Divifor 

we  may  take  —  and  -a  whence  the  Quotient  fought  will  be  found  aa — bb. 

1  a-\-b 

Soalfo,  If  a+   *$*   be  to  be  divided  by  a+b,  that  is,  ^+4^+1^  by 
a-f^b  a-\-^b 

S^  the  Quotient  will  be  found  ??±li*:  And  !*±2*  divided  by  **+5*,  gives 
the  Quotient  -J —  :  Laftly,  **+?*  divided  by  *+$  gives  the  Quotient  — i 


chap: 
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CHAT.    VII. 
The  Rule  of  Three  in  Quantities  reprefented  by  Letters. 

I.   A  S  in  Vulgar  Arithmetic  fo  here  in  Algebraical,  if  three  Quantities  be  given  to 
f\.  find  out  a  fourth  in  a  dirett  Proportion,  that  is,  when  the  Nature  of  the 
Queftion  is  fuch  •,  that  as  the  firlt  Term  is  in  proportion  to  the  fecond,  fo  is  the 
third  to  the  fourth  fought  •,  then  (  refpeft  being  had  to  the  preceding  Rules  of  Alge- 
braical Multiplication  and  Divifion  )  multiply  the  fecond  and  third  Terms  one  into 
another,  and  divide  the  Produft  by  the  firft  Term;  fo  the  Quotient  fhall  be  thefourch 
Proportional  fought. 
As  for  Example,  If  the  Quantity  a  give  b,  what  fhall  c  give,  in  a  direft  Propor* 
tion  ?  Or,  to  the  fame  EfFecf ,  find  out  a  Quantity  which  fhall  have 
,  be     the   fame  proportion   to  c,  as  b  has  to  a  h  here  I  multiply   b 

a  .  b  ::c  .  — •     by  ^    and  then  dividing  the  Product  be  by  a,   the  Quotient, 

The  Proof       —  1S  tne  *ourth  Proportional  fought ;   as   will  appear  by  the 

5  a 

abc      ,  Proof  of  the  Rule  of  Three  dirett :  For  if  the  fourth  Term 

— .  —be  , 

*  _  be  multiplied   by   the  firft  Term  a  ,   the  Product    will    be 

a 

"—•>  which  (by  SeB.  5.  Chap.  5. )  is  equal  to  be,  to  wit,  the  Product  of  the  fecond 
a 
Term  multiplied  by  the  third.  m       _ " 

In  like  manner,  If  a-\-b  give  <J,  what  fhall  c\A  give,  in  a  Direct  proportion  > 

Anfwer,  *±J! 
'    a+b 

Again,  If  4  gives  3,  what  fhall  Baa  give?  Anfw.  -2-^£  that  is,  6aa. 

Moreover,  If  aaa—aab+abb—bbb  give  ast+bb ,  what  fhall  aa—bb  give  > 
Anfw.  a-f- b  :  For  the  fecond  and  third  Term  being  multiplied  one  by  the  other  will 
produce  aaaa—bbbb,  which  divided  by  the  firft  Term  aaa—aab+abb—bbb  ( according 
to  the  general  Method  of  Divifion  in  Sell.  9.  Chap.  5.;  gives  a-\-b  the  fourth  Propor- 
tional fought.  .  ...         ,,    ,     .   „    .. 

II.  When  any  one  of  the  three  given  Quantities  is  an  Algebraic  Fraftion,  fet  the 
other  two  if  they  he  Integers,  in  the  form  of  Fracfions,  by  placing  1  as  a  Denomi- 
nator under  each  Integer.  ...  .    c     .  . 

Alfo  when  any  one  of  the  three  given  Quantities  is  compos'd  ot  an  Integer  and  a 
Fraction,  let  it  be  reduced  into  the  Form  of  a  Fraction,  ( by  S&.  7.  Chap.  6.)  then 
if  the  Proportion  be  Direft,  multiply  and  divide  as  before. 

As  for  Example,  If  a+  ~  give  cd,  what  fhall  "    give  in  a  dire£r  proportion  ? 

0  J 

Anfw       abcci    :  For    firft ,    «+—   being  reduced  to  the  Form  of  a  Fraction 
acf+irtf  c 

will  ftand  thus  dE±*?5  alfo  cd  fet  Fraftion-wife  is  ^U   then  multiplying    the 
c  I 

third  Term   ab   by  the  fecond  Term   -,  the  Produa  is  "M,  which  divided  by 

the  firft  Term  *i±^    gives  — f"f, -*  for  the  fourth  Proportional  fought. 
c  acf+bbf 

In  like  manner,  If  ±  give  d,  then  "  will  give  ™£  that  is,  2.   (  for  -^ 


cb 

being  abbreviated  according  to  SeU.  5.  Chap.  5.  gives  —  • 


Alfo, 
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Alfo,  If  fl-"tc-   give  %  then..--  -will give 

III.  If  after  the  three  given  Quantities  are  ordered  or  fet  in  the  Rule  according  to 
the  ufual  manner  in  Vulgar  Arithmetic  -,  the  Proportion  flows  backwards,  vfc.  if  the 
Nature  of  the  Oueltion  be  fuch,  that  as  the  third  Term  is  in  proportion  to  the  fe- 
cond,  fo  is  thefirft  to  the  fourth  Term  fought ;  then  (as  in  the  Inverfe  or  backward 
Rule  of  Three  in  Vulgar  Arithmetic)  multiply  thefirft  and  fecond Terms  one  by  the. 
other,  and  divide  the  Product  by  the  third,  fo  the  Quotient  fhall  be  the  fourth  Pro- 
portional fought.  But  I  fhall  not  need  to  give  Examples  of  this  Rule,  nor  to  make 
application  of  Algebraical  Arithmetic  to  the  Double  Rule  of  Three,  Rules  of  Fellow- 
fhip  and  Alligation $  fince,  he  that  underftands  the  manner  of  working  thofe  Rules  in 
Vulgar  Arithmetic,  as  alfo  the  Rules  of  Algebraical  Arithmetic  before  delivered, 
cannot  mifs  of  performing  the  like  work  Algebraically  when  there  is  oecafion. 


CHAP.    VIII. 

An  Introduction  to  the  Extraction  of  RO 0 T S  out  of 
Algebraical  Quantities. 

I.TT  is  not  my  defign  in  this  Chapter  to  treat  of  the  Extraction  of  Roots  in  general, 
-i  (that  Do&rine  being  hereafter  handled  in  the  third  and  fourth  Chapter  of  the  fe- 
cond Book)  but  chiefly  to  (hew  how  to  extra£t  the  Roots  or  fides  of  Simple  Powers 
exprefs'd  by  Letters,  as  alfo  of  Squares  formed  from  Rational  Binomial  Roots,  in  or- 
der to  the  Explication  of  divers  Equations  in  the  following  Chapters:  For  I  would 
not  willingly  affright  the  Learner  with  tedious  and  intricate  Operations  until  he  has 
had  a  considerable  Tafte  of  the  praclice  of  Algebra  in  the  folving  of  Arithmetical 
Queftions. 

II.  As  in  Vulgar  Arithmetic,  the  Extraction  of  the  Square  root  of  a  given  Num- 
ber imports  nothing  elfe  but  the  finding  out  fuch  a  Number  that  being  multiplied  by 
it  felf  will  produce  the  given  Number ;  fo  the  Extracting  of  the  Square  root  of  the 
Quantity  da  implies  only  the  finding  out  fuch  a  Quantity,  which  if  it  be  multiplied 
by  it  felt  will  produce  aa  ;  and  fince  a  multiplied  by  a  produces  act,  therefore  a  is 
the  Root  or  fide  of  the  Square  aa. 

Likewife  the  fquare  Root  of  $b  is  ib  -,  for  2b  multiplied  by  ib  produces  qbb  : 

And  for  the  fame  Reafon,  the  fquare  Root  of  %M  (or  — )  is  i-a;  (or   -^)   Alfo, 

.     .•       4  2 

the  fquare  Root  of  bbaa  is  ba  •,  and  the  fquare  Root  of  aaaa  is  da. 

Moreover,  Forafmuch  as  aa,  or  the  Square  of  the  Root  a,  being  multiplied  by  the 
Root  a  produces  aaa,  or  the  Cube  of  a,  therefore  the  Cubic  Root  of  aaa  being  ex- 
tracted there  will  come  forth  again  the  Root  a.  In  like  manner,  the  Cubic  Root  of 
8aaa  is  ba ;  for  ia  multiplied  cubically,  (that  is,  firft  by  it  felf  and  then  again  by 
the  Produ£l)   produces  '%a<ta. 

III.  The  like  is  to  be  underftood  in  the  Extraction  of  the  Root  of  a  compound 
Power ;  For,  as  the  Binomial  Root  a+b,  which  may  reprefent  the  Sum  of  the  two 
parts  into  which  fome  Number  or  Right-line  is 

divided,  being  fquared  or  multiplied  by  it  felf,  a-\-b.    The  Root, 

produces  the  Square  aa-\-iab-\-bb  -,  So   the  a-\-b                           ; 

fquare  Root  of  aa-\-2ab-^bb  being  extracted,    ■ 

there  will  arife  the  Root  a-\-b.    Here  the  aa+ab 

Learner  may  obferve,  That  if  a  Number  or  -\-ab-\-bb 
Right-line  be  divided  into  any  two  parts,  (  a 


and  b)  the  Square  (aa-\-2ab-\-bb)  Which  is        aa-\-iab-\-bb.    The  Square; 
made  of  a\b  the  Sum  of  the  Parts,  is  com. 

pofed  of  (aa  and  bb)  the  Squares  of  the  Parts,  and  of  (2ab)  the  Double  Product 
made  by  the  Multiplication  of  the  Parts  (a  and  b)  one  into  the  other. 

F  2  So 


aa- 
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So  the  Square  of  8,  or  of  5  +  ?,  is  equal  to  25  +  9+50,  that  is,  64. 

Again,  As  the  Binomial,  or  (as  fome  call  it)  the  Refidual  Root  a — b,  or  b — a 

being  multiplied  by  it  felf  produces  the  Square  aa — 2ab-\-bb  •,  So  the  fquare  Root  of 

aa—2ab-\-bb   being  extracted  ,    there  will 

,     T.    r>  come  forth  the  Root  a — /;,  or  b — a  ;  (  for 

a—b.    1  ne  ivoot.  ekher  of  thefe  RoQts  wiU  produce  che  fame 

a Square.)    Here  alfo  the  Learner  may  obfervc, 

,  That  if  a  Number  or  Right-line  be  divided 

3    a,  ,  , ,  into  any  two  parts,  (a  and  b )  the  Square  (aa 

—w-r™  —2ab+bb)  which  is  made  by  the  Multipli- 

;  1  /  l     ti  a  c„„o-»  cation  of  (a— b.  or  b — a)  the  Difference  of 

aa-2ab\bb.    The  Square.  thePam  S^  ^  js  ^  tQ  ^yb)  ^ 

Sum  of  the  Squares  of  the  Parts,  lefs  by 
(lab)  the  double  Product  of  the  Multiplication  of  the  Parts  one  into  the  other :  So 
theSquareof  5 — ?,  that  is,  of  2,  is  equal  to  25  +  9 — 30,  that  is,  4. 

IV.  From  what  has  been  faid  in  the  laft  Section,  this  Theorem  may  be  inferr'd, 
viz.  If  a  compound  Quantity  confifts  of  three  fuch  Members  or  fimple  Quantities, 
that  two  of  themare  Squares,  each  of  them  having  the  fign  +  prefix'd  to  it,  and  the 
third  is  the  double  Product  made  by  the  mutual  Multiplication  of  the  Roots  of  thole 
fimple  Squares,  the  laid  double  Product  alio  having  the  fign  +  prefix'd  to  wft-,  that 
compound  Quantity  fhall  be  a  Square  whole  Root  is  the  Sum  of  the  two  Roots  of 
the  laid  two  fimple  Squares  :  But  if  the  faid  double  Product  has  the  Sign  —  prefix'd 
to  it,  then  the  difference  of  the  faid  Roots  fhall  be  the  Root  of  the  faid  compound  Square. 

Hence  <m+6<j+9  will  be  found  aSquare,  whole  Root  is  #+?  ;  for  it  is  evident 
that  aa  and  9  arc  Squares,  whofe  Roots  arc  a  and  3  ;  and  6a  is  the  double  Product 
of  the  Multiplication  ofthofe  Roots  a  and  5  one  by  the  other. 

Likewife,  <pbb->r6bc-\-cc  is  a  Square,  whofe  Root  is  ?/>+c  ;  for  gbb  and  cc  are 
Squares  whofe  Roots  are  %b  and  t,  and  6bc  is  the  double  Product  of  the  Multiplicati- 
on of  the  Roots  7,b  and  c  one  into  the  other.  Alfo,  aaaa-\-baa-\--}bb  will  be  found 
a  Square,  whofe  Root  is  aa-\-\b. 

Moreover,  (  agreeable  to  the  latter  Cafe  in  the  Theorem  J  This  compound  Quan- 
tity aa — ic.r+25  will  be  difcovered  to  be  a  Square  whofe  Root  is  a — >,  or  5 — a, 
Ani-bbaa — 2bca-\-cc  is  a  quare  whole  Root  is  ba — c,  or  c — ba;  For  from  either  of 
thefe  Roots  the  fame  Square  bbaa — ibca\.cc  will  be  produced  by  Algebraical  Mul- 
tiplication. 

If  the  Learner  be  well  vers'd  in  this  Theorem,  he  may  oftentimes  difcern  at  firft 
fight  whether  a  compound  Quantity  that  confifts  of  three  Members  or  fingle  Quanti- 
ties be  a  Square  or  not;  and  if  a  Square,  what  its  Root  is. 

•  V.  If  a  Quantity  out  of  which  a  Root  is  to  be  extracted  be  fuch,  that  the  Root  can- 
not any  manner  of  way  beexactly  exrracted ;  that  Root  is  ufually  defign'd  or  reprefented 
by  prefixing  the  radical  fign  before  the  Quantity  propofed.  So  to  extract  the  fquare 
Root  of  the  Quantity  a,  (whether  it  reprefents  a  planeNumber  or  a  Superficies )  I  write 
Va,  or  V  (2).',  which  fignifies  that  the  fquare  Root  of  a  is  extracted  or  to  be  extracted. 

So  alfo,  V  :aa-\-bb:  or,  V  (2):aa-^bb:  denotes  the  fquare  Root  of  the  Sum  of 
the  Squares  aa  and  bb. 

Likewife,  to  extract  the  Cubic  Root  of  *,  I  write  V(i)b-y  as  alfo  V(i)  aab,  to 
fignifie  the  Cubic  Root  of  aab  ;  which  kind  of  Roots  are  called  Surd  or  Irrational 
Quantities.    (  As  hereafter  in  Chap.  9.  of  the  II.  Book  will  be  more  fully  declared  J 

VI.  When  it  is  required  to  extract  the  Root  of  a  Fraction,  the  Root  of  the  Nume- 
rator and  the  Root  of  the  Denominator  fhall  give  a  new  Fraction  which  is  the  Root 

fought.  As  for  Example,  If  the  fquare  Root  of  —  be  defired  ;  forafmuch  as  the 
fquare  Root  of  aa  is  <»,  and  the  fquare  Root  of  lb  is  £>  I  write  _,  for  the  Root 
fought.       ._  ,  •    .   . 
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In  like  manner,  the  fquare  Root  of  i-~  is  ~  ;  (  for  the  fquare  Root  of  aabb 
is  ^,  and  the  Root  oYdd  is  d.) 

Again,.. the  fquare  Root  of  —£j±?  is-^ii;  For  (by  the  foregoing  Self.  4.) 
the  fquare  Root  of  the  Numerator  aa-\-ba+y  is  a+3 ;  and  the  fquare  Root  of  the 
Denominator  bb  is  k    Alfo,  the  fquare  Root  of  9*b±6bc+cc  is  3*+*  .  and  ^ 

Cubic  Root  of  2-^is2^,  or^. 
64        4 
VII.  But  if  the  Root  fought  cannot  be  extracted  out  of  the  Numerator  and  Denomi- 
nator as  before,  the  Radical  fign  is  to  be  let  before  the  given  Fraction  ;  as  to  extract 
the  fquare  Root  of  f?  I  write  V%  ;  or  becaufe  the  fquare  Root  of  the  Numerator 

is  a,  the  fquare  Root  of  %  may  be  exprefs'd  thus  ~  ■,  likewife  the  fquare  Root  of 
0  Yb  ■ 

aa-\-bb  ,  ■  ,        ,         ^.aa-i-bb  ,         Y'.aaA-bb- 

— — -  may  be  wrrten  either  thus,  v --  •,  or  thus,  v  _       v 

aabb  aajb  ab 


CHAP.    IX. 

Which  teaches  how  by  any  two  of  the  three  Members  of  a  Square 
formed  from  a  Binomial  Root}  to  find  out  the  third  Member. 

I-C'Rom  SeS.  3.  of  the  precedent  8.  Chap,  it  is  evident  that  every  Square  formed 

r  from  a  Binomial  Root,  that  is,  a  Root  of  two  Names  or  Parts,  confifts  of  three 
Members  or  diftinft  Quantities,  to  wit,  two  Affirmative  Squares,  and  the  double  of 
the  Produtt  made  by  the  mutual  Multiplication  of  the  two  Roots  of  thole  fquares  ', 
which  double  Product  is  fomethnes  Affirmative,  and  fometimes  Negative  :  So  each 
of  thefe  compound  Squares  9^+ 1 2*1+4,  and  fa& — 12^+4,  whofe  Ropts  are  ?a 
+  2,  and  %a — 2,  for  2 — ^a)  confifts  of  two  Squares,  to  wit,  yaa  and  4,  together 
with  1  2j,  the  double  Product  of  3a  multiplied  by  2  ;  which  %a  and  2  are  the  Roots 
of  the  faid  Squares  yaa  and  4  :  Now  if  any  two  of  the  three  Members  of  a  Square 
formed  from  a  Binomial  root  be  given,  we  may  find  out  the  third  Member  by  one 
of  thefe  two  following  Rules. 

II.  When  two  Affirmative  Squares  are  given  as  two  of  the  three  Members  or  Parts 
of  a  compound  Square  formed  from  a  Binomial  root  to  find  out  the  third  or  mean 
Member ;  extract  the  Square  root  out  of  each  of  thofe  given  Squares, then  the  double 
of  the  Product  made  by  the  Multiplication  of  thofe  Roots  one  into  the  other  fhall 
be  the  mean  or  middle  Member  fought,  which  if  it  be  annexed  to  the  two  given  Squares 
either  by  +  or — ,  will  make  a  compleat  compound  Square  having  a  Binomial  Root. 

As  for  Example,  If  the  Squares  $a<l  and  4  be  given,  firft  I  extracf  their  Roots' 
which  are  ^rand  2,  then  multiplying  thefe  Roots  one  by  the  other  the  Product  is  6a 
which  doubled  makes  1 2a,  the  middleMember  fought;  this  joined  by  -f  to  the  Sum 
of  the  given  Squares  yaa  and  4  makes  the  compound  Square  9^+4-+- 12*,  or 
9.7.-7+ 123+4,  whole  Root  is  3^+2  :  But  if  the  faid  double. Produ£t  12*  be  joined 
to  the  Sum  of  the  Squares  by  — ,  there  will  arife  the  compound  fquare  9^+4 — 
1 2a,  or  9<*a — 120+4  ;  whofe  Root  is  %a — 2,  or,  2 — ?#. 

In  like  manner,  If  4^  and  6bb  be  propos'd  as  two  of  the  three  Members  of  a 
compound  Square  that  has  a  Binomial  Root,  the  third  Member  will  be  found  i2ab; 
and  the  Square  fought  will  be  either  4^+12^+9/^,  whole  Root  is  2a-\-7,b  ;  or 
clfe  4^—12^+9$,  whofe  Root  is  2<i— ;£,  or  ?£—  2a. 

III.  When 
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III.  When  the  double  Product  and  either  of  the  two  Affirmative  Squares  aforefaid 
are  given  as  two  of  the  three  Members  of  a  compound  Square  having  a  Binomial  Roor, 
to  find  out  the  otherSquare  or  third  Member  -,  divide  half  the  faid  double  Producf  by 
the  Root  of  the  given  Square,  and  the  Square  of  the  Quotient  (hall  be  the  third 
Member  fought,  which  added  by  -+•  to  the  two  given  Members  will  compleat  the 
compound  Square. 

As  for  Example,  If  yaa-\-i2a  be  propofed  ;  the  half  of  12a  is  6a  ■  this  divided 
by  3<*  (the  fquare  Root  of  yaa)  gives  2  whofe  Square  is  4,  which  added  by  4-  to 
9tftf+T2tf  makes  9^4-12*4-4,  which  is  a  compleat  Compound  Square,  whofe 
Root  is  3*4-2. 

In  like  manner,  If  12*+ 4  be  given;  the  half  of  12a  is  6a,  which  divided  by  2, 
(the  fquare  Root  of  4  J  gives  3a,  whofe  Square  is  9**,  which  added  by  -f  to  12a 
■+•4,  makes  the  compound  Square  1 2^-7-4+9^,  that  is,  9**4-12*4-4,  whofe 
Root  is  3*4-  2. 

Again,  If  aa — 2ba  be  given-,  the  half  of  2ba  is  ba,  which  divided  by  a,  (the 
fquare  Root  of  aa)  gives  theQuotient  b,  whole  Square  is  bb;  which  added  to  aa— 
iba  makes  the  Square  aa — 2ba-\-bb,  whofe  Root,  becauie —  is  prefix'd  to  2/;*,  dial! 
be  a — b,  or,  b — a -,  but  if  4-  had  been  prefix'd  to  2ba,  then  the  Root  would  have 
bcena-\-b,  or  b-\-a. 

Note:  If  the  laid  Affirmative  Square  given  be  exprefs'd  by  Letters,  and  has  only  1 
(to  wit,  Unity,)  prefix'd  to  it,  then  inftead  of  the  Rule  above  delivered  in  thi-  Seff.  3. 
there  may  be  this  Compendium,  viz.  The  Square  of  half  that  Quantity  which  in  the 
double  Product  given  is  drawn  into  the  Root  of  the  given  Square  fhall  be  the  third 
Member  fought  to  compleat  the  compound  Square :  As  in  the  laft  Example,  where 
aa — 2ba  was  given,  becauie  1  is  prefix'd  (or  muft  be  imagined  to  be  prefix'd)  to**; 
I  take  the  half  of  2b  to  wit,  b,  which  multiplied  by  it  felf  gives  bb,  which  added  by 
4-  to  aa — 2ba,  will  make  (as  before^  the  compleat  Compound  Square  aa — 2ba-\-bb. 
So  alfo  to  make  **4-  6da  a  compleat  Square,  I  take  the  half  of  6d  which  is  3**,  whofe 
Square  $dd  added  by  4-  to  **4-  6da  makes  the  compound  Square  **4-  6da-\-  ydd, 
whole  Root  is  a-\-^d.    This  will  be  further  illuftrated  in  the  next  Seftion. 

IV.  If  a  compound  Quantity  confifts  of  two  fuch  Quantities  that  one  of  them  is  an 
Affirmative  Square  exprefs'd  by  Letters,  before  which  1  is  prefix'd,  (or  fuppos'd  to  be 
prefix'd)  and  the  other  istheProduft  made  by  the  Multiplication  of  the  Root  of  that 
Square  by  fome  Quantity,  which  is  ufually  called  the  Coefficient;  that  compound  Quan- 
tity may  be  made  a  compleat  Square  thus,  viz.  Add  by  the  Sign  4-  the  Square  of 
half  the  Coefficient  to  the  compound  Quantity  given,  lb  fhall  the  Sum  be  a  Square, 
whofe  Root,  when  4-  is  prefix'd  to  the  laid  Produft,  is  the  Sum  of  the  Roots  of  the 
Square  given  and  the  Square  added  :  But  when  —  is  prefix'd  to  the  faid  Product,  then 
the  Root  of  the  compound  Square  found  fhall  be  the  difference  of  thofe  two  Roots. 

As  for  Example,  If  the  compound  Quantity  aa-\-ca  be  propofed,  I  take  the  half 
of  the  Coefficient  c,  to  wit,  ~-c  ;  then  the  Square  of  \c  is  4-cc,  which  added  to  aa-\-ca 
makes  aa-\-ca-\-±cc  ;  which  is  a  Square  whofe  Root  or  Side  is  a-\-  ;-c,  to  wit,  the 
Sum  of  the  Roots  of  the  Squares  aa  and  \-cc  -,  But  if  the  faid  ±cc  be  added  to  aa — cay 
then  there  will  arife  the  Square  aa — ca  4-  ±cc,  whofe  Root  is  a — ic,  or-ic — a. 

In  like  manner,  To  make  aa-\-<>ba  a  compleat  Square,  and  to  discover  its  Root  •, 
I  take  the  half  of  5/;,  to  wit,  lb,  the  Square  whereof  is  — \bb,  which  added  to  the  given 
compound  Quantity  aa-\-<;ba  makes  aa-\-$ba-\-  *-\bb,  which  is  a  Square  whofe  Root 
is*4- -?-£,  as  will  eafily  appear  by  multiplying  the  fa-id  Root  into  it  felf 

So  alfo,  To  make  aa — 12a  a  perfeft  Square,  I  add  36  (the  Square  of  half  the  Co- 
efficient 12)  to  aa — 12a,  and  it  makes  the  compound  Square  aa — 12*4-36,  whofe 
Root  is  a — 6,  ot  6 — a. 

Again,  To  find  what  Quantity  muft  be  added  to  aaaa-\-aa,  or  aaaa+iaa,  to 
make  a  compleat  Square ;  I  take  v,  to  wit,  half  the  Coefficient  1  which  is  prefix'd 
to  aa,  (the  fquare  Root  of  aaaa)  and  then  the  Square  of  the  faid  '■  is  \  ;  this  added 
to  aaaa-\-iaa  makes  the  Square  aaaa-\-iaa-\-~,  or,  ****4-**4- 1-,  whofe  Root  ii 
<"*+:->  to  wit,  the  Sum  of  the  Roots  of  the  Squares  aaaa  and  7. 


After 


CHAP,   i  o.   Quefiions  to  exercife  Algebraical  Arithmetic, 

After  the  lame  manner,    to  make?  ib+^c 

this  Compound  Quantity   a  compleat>  aa-\- — -~-a. 
Square, . \ 

I  take  the  half  of  the  Coefficients  ib*-%c 

^+JC,  to  wit, X         .  ~W 

Then  the  Square  of  that  half  Coeffi-  ? -^ 

dWhich  We  added'  to'  the  ComO   M+^+4^±ii^, 
pound  Quantity  propoied,  makes  .  .  .  .  y  »  4<*» 

Which  laft  Compound  Quantity  is  a  >     a+~J~3E . 
Square,  whofe  Root  is 3  2d 

Likewife,  If  it  be  defired  to  make  this  compound  Quantity  a  compleat  Square,  to' 
wit,  aaaaaa-\-baaa,  I  add  to  it  the  Square  of  half  the  Coefficient  £,  to  wit,  \bb ;  €o 
there  will  be  aaaaaa-\-baaa-{-~bb  the  Square  defired,  Whofe  Root  is  aaa-\-\h,  * 
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CHAP.    X. 

A  Collection  of  eafie  Quefiions  to  exercife  the  Rules 
hitherto  delivered. 


I. T  Here  are  two  Quantities,  whereof  the  greater  is  a  (or  3,)  the  leflerise  (or  2,) 
1  What  is  their  Sum  ?  What  is  their  difference  ?  What  is  the  Produft  of  their 
Multiplication  ?  What  is  the  Quotient  of  the  greater  divided  by  the  leffer  ?  What 
is  the  Quotient  of  the  leffer  divided  by  the  greater  >  What  is  the  Sum  of  their  Squares  > 
What  is  the  difference  of  their  Squares?  What  is  the  Sum  of  the  Sum  and  differ- 
ence of  the  two  Quantities  firft  propofed  ?  What  is  the  difference  of  their  Sum  "and 
Difference  ?  What  is  theProducl:  made  by  the  Multiplication  of  the  Sum  bytheDif- 
f'erence?  What  is  the  Square  of  the  Sum  ?  What  is  the  Square  of  the  Difference  ? 
What  is  the  Sum  of  the  Squares  of  the  Sum  and  Difference  >  What  is  the  Differ- 
ence between  the  Square  of  the  Sum,  and  the  Square  of  the  Difference  ?  What  is  the 
Square  of  the  Product  of  the  Multiplication  of  the  faid  two  Quantities  ? 


/injwers 


1.  The  Sum  of  the  two  Quantities  propofed  is  ... . 

2.  Their  Difference,  or  the  excels  of  the  greater  "> 


I 


above  the  lels,  is 
3.  The  Product  of  their  Multiplication  is 

4*  TheQuotient  of  the  greater  divided  by  thelefs  is... 
5.  The  Quotient  of  the  leffer  divided  by  the  greater  is 


6.  The  Sum  of  their  Squares  is  ........;....  . 

7.  The  Difference  of  rheir  Squares  is 

8.  The  Sum  of  the  bum  and  Difference  of  the  two ") 
Quantities  firft  propofed  is  ... ' y 

9.  The  difference  of  their  Sum  and  Difference  is 

10.  The  Produft  of  the  Multiplication  of  the  Sum  ") 
by  the  Difference  is .... . j 

1 1.  The  Square  of  the  Sum  is 

12.  The  Square  of  the  Difference  is 


by  Letters^ 
tf-fe 


e 

e 

a 
aa-\-ee 
aa — ee 

2a 


act — 2aeJfte 


by  Numbers, 

$ 

I 
6 


1? 
S 

6 

4 

$ 

25 

x 
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a 


13.  The  Sum  of  the  Squares  of  the  Sum  and1) 
Difference  is y 

14.  The  difference  between  the  Square  of  the  Sum  \ 
and  the  Square  of  the  Difference  is  .........  j 

15.  TheSquare  of  the  Product  of  the  Multiplica-  7 


■j.aa-\-2ee 


26 


B^ 


tion  of  the  two  Quantities  is 

In  like  manner,  If  the  greater  of  two  Quantities  be  c,  for  4J  and  the  leffer  be 
^—■,  ( Which  we  may  fuppofe  to  reprefent  2Q     * 2,  that  is,  2  ;  by  putting  b  for' 

C  A 

20,  and  rf  for  12 5)  then 

1.  The  Sum  of  thole  two  Quantities  will  be, 

2.  Their  Difference  is 

9.  The  Produtt  of  their  Multiplication  is  .  . 


c+*=* 


4.  The  Quotient  of  the  greater  divided  by  the  lefs  is 

5.  The  Quotient  of  the  leffer  divided  by  the  greater  is 

6.  The  Sum  of  their  Squares  is 

7.  The  Difference  of  their  Squares  is 

8.  The  Sum  of  the  Sum  and  Diffetence  of  the  two  1 
Quantities  is ,  3 

9.  The  Difference  between  the  Sum  and  Difference  is 

10.  The  ProduO:  of  the  Sum  multiplied  by  the  Dif- 1 
ference  is 3 


c-  *=± 

c 

b—1 


b—i 
b—i 


cc 
bb—2b£-\-dd 


2C 

lb — 2d 

c 
bb—iba.\M 


20 

12 

8 

4 

12 


H.  There  ate  two  Quantities  whole  Sum  is  Z>,  (or  20 J  and  the  greater  of  them 
is  put  «,  (or  12  ;)  What  is  the  Leffer  ?  What  is  their  Difference  >  What  is  the 
Product  of  their  Multiplication  ?  What  is  the  Sum  of  their  Squares  ?  What  is  the 
Difference  of  their  Squares  ? 


If  from  the  Sum  of  two  Quantities  the  greater  1 
be  fubtrafted,  the  Remainder  fhall  be  the  leffer ;  > 
therefore  the  leffer  Quantity  fought  is  ......  ^ 

If  from  the  greater  Quantity  <r,the  leffer  b— a  be  ") 
fubtra&ed.the  Remainder  or  Difference  will  be. .  \ 
The  Produtt  of  the  Multiplication  of  the  two  } 

Quantities  is y 

The  Sum  of  their  Squares  is  . 2aa\bb — iba 

The  Difference  of  their  Squares  is |         iba—bb 


I— a 


ta — b 
ba-—aa 


96 

208 
80 


But  if  the  Sum  of  two  Quantities  be  reprelented  by 

And  for  the  leffer  of  them  there  be  put 

The  greater  Quantity  (hall  be 

Their  Difference  fhall  be 

The  Produtt  of  their  Multiplication 

G.  The  Sum  of  their  Squares 

7.  The  Difference  of  their  Squares , .  . 


b 

e 

b — e 

b — 2£ 

be — ee 

2ee-\-bb — 2be 

bb-—2be 


20 

8 

12 

4 

96 

208 

80 

III.  Thefe 
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III.  There  are  two  Quantities  whofe  Difference  is</,  for  4,)  and  if  for  the  Greater 
Quantity  there  be  put  a,  (or  12  ;  )  What  is  the  Lefler  ?  What  is  their  Sum?  What 
is  the  Product  of  their  Multiplication  ?  What  is  the  Sum  of  their  Squares?  What 
is  the  Difference  of  their  Squares  ? 

1 .  By  fubtracfing  the  Difference  from  the  Greater  "> 
quantity,  the  Lelfer  will  be    ...    .     .   j" 

2.  The  Sum  of  the  two  Quantities  is    .    j     . 

3.  The  Producf  of  their  Multiplication  is    .    „ 

4.  The  Sum  of  their  Squares  is 

5.  The  Difference  of  their  Squares  is.    ...    . 


1.  But  if  the  Difference  of  two  quantities  be  .  .  . 

2.  And  for  the  Lelfer  quantity  you  put    .    .    .    . 

3 .  The  Greater  fhall  be  the  fum  of  the  Difference  "> 
and  the  Lelfer,  to  wit,    .    .    ,    .    ...  3 

4.  The  Sum  of  the  two  Quantities  is    ...    . 

5.  The  Producf  of  their  Multiplication  is    .    . 

6.  The  Sum  of  their  Squares  is 

7.  The  Difference  of  their  Squares  is    ...    . 


a  —  d 

8 

2ct — d 
aa  —  da 

2aa-\-dd —  2da 
2da — dd 

20 

96 

208 

80 

d 
e 

1          4 
8 

i-\e 

12 

d-\-2e 

de-i-  ee 

dd-\-2de-\-2ee 

dd-\-  2de 

20 

96 

208 

80 

IV.  There  are  two  Quantities,  whereof  the  Greater  has  fuch  Proportion  to  the 
Lelfer  as  r  (3)  to*,  (2,)  now  if  for  the  greater  quantity  there  be  put  a,  (15,) 
What  is  the  Lelfer  ?  What  is  their  Sum  ?  What  is  their  Difference  ?  What  is  the 
Producf  of  their  Multiplication  ?  What  is  the  Sum  of  their  Squares  ?  What  is  the 
Difference  of  their  Squares  ? 


1 .  Firft,  fay  by  the  Rule  of  Three,  If  r  give  s± ' 

what  will  a  give  ?  Anfw — ,  which    is  the  ] 
r  ' 

Lelfer  quantity  fought    .    . :    .    .    .  - 

2.  Then  the  Sum  of  the  two  quantities  will  be  . 

3.  Their  Difference  is    ......    '.    .    . 

4.  The  Producf  of  their  Multiplication  is  .  .  , 

5.  The  Sum  of  their  Squares  is   .    .-    ;    .    . 

6.  The  Difference  of  their  Squares  is    .    .    . 


*+ 


r 

sua 


'  ■ ,    ssaa 
aa-\-  . — . 

rr 

ssaa 
aa—  — 

rr 


10 
25 

y 

I  JO 

32; 

12? 


re    , 


But  if  the  Leffer  of  two  Quantities  be  e  (10,)  and  has  fuch  Proportion  to  the 
Greater  as  s  (2,)  tor  (3  -,  )    Then 

1.  The  Greater  Quantity  will  by  the  Rule  of) 
Three  be  found j 

2.  And  the  Sum  of  the  two  Quantities  will  be .  . 

3.  Their  Difference  is    :;.;:;;;, 

4.  The  Producf  of  their  Multiplication  is    ]    .    . 

5.  The  Sum  of  their  Squares  is    ...;:: 

6.  The  Difference  of  their  Squares  is    ".    ".    '.    . 


re 


wee   i_„„ 
—  -f-ee 

ss 
tree 


15 

2J 

5 
150 
325 

125 

V.  There 
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•V.  There  are  two  Quantities,  the  Produft  of  whofe  Multiplication  is  b  (20  -J  and 
if  for  the  Greater  quantity  there  be  put  a  fj,)  What  is  the  Lefler  ?  What  is  their 
Sum  ?  What  is  their  Difference  >  What  is  the  Sum  of  their  Squares  >  What  is  the 
Difference  of  their  Squares  > 


1 .  The  Product  b  divided  by  the  Greater  quantity  \ 
a  gives  the  Lefler,  to  wit, ) 

2.  The  Sum  of  the  two  Quantities  is    .    .    . 

3.  Their  Difference  is    .    .     .  -: 

4.  Then  the  Sum  of  their  Squares  is    .    .   .<   . 

5.  The  Difference  of  their  Squares  is   .... 


«+ 


aa-^ 


bh 


act  — , 


4 
9 
l 

4i 
9 


But  if  the  Product  of  the  multiplication  of  two  Quantities  be  b  (20J  and  for  the 
Lefler  there  be  put  e  (4.) 

1.  The  Greater  quantity  will  be 


2.  The  Sum  of  the  two  quantities  is    . 

3.  The  Difference  is 

4.  The  Sum  of  their  Squares  is    .    .     . 

5.  The  difference  of  their  Squares  is    . 


e 


e 

bb 
ee 
bb 


-{■ee 


5 

9 

1 

4i 
9 


VL    The  extraction  of  Roots  may  beexercifed  by  thefe  following  Queftions,  re- 
fpe£t  being  had  to  Sett.  28.  Cbap.  i.as  alio  Chap.  8. 

1.  What  is  the  Square  Root  of  144^?    Anfw:  12a. 

2.  What  is  the  Square  Root  of  -^aabb*    Anfw.-\ab. 

3.  What  is  the  Square  Root  of  $aa — 6ab-\-bb>    Anfw.  3« — £,  or,  b  —  3*. 

4.  What  is  the  Square  Root  of  4"H-ifr*-H6M  ?  ^  2^ 

5.  What  is  the  Cubic  Root  of  \2$aaabbb  ?    Anfw.   jab. 

6.  IfZ>be  put  for  6  J,  and  c  for  8.  what  number  is  fignified  by  V:b-\-±cc: — \c> 
Anfw.  5. 

7.  The  fame  things  being  put  as  in  che  laft  Queftion,  what  number  is  fignified  by 
V:b-\-~cc:-\r  \c  ?    Anfw.  1 3. 

8.  If  d  be  put  for  8,  and  /for  48,  what  number  is  fignified  by  V^j-\-^aa~\ij: 
Anfw.  2. 

9.  Butthe  lame  things  being  put  as  in  the  laft  Queftion,  thisquantity  V:Vf-\-±dd-+±d- 
fignifies/12,  or,  3.  464,^.  that  is  3  ,±£±,  &c.  * 

10.  If£  be  put  for  4,and  b  for  8?7,whatNumber  is  fignified  by  V(i):Vb-\-±gg sg; 

Anfw.  3- 

1 1    But    the   fame  things  being  put  as  in  the  laft  Queftion,    this   Quantity 
'/(3):VPR^-rv(g:  fignifies  V(i)  31,  or,  3.  141,  &c. 

VII.  The  Rules  of  the  ninth  Qiap.  may  be  exercifed  by  thefe  following  Queftions. 

1.  What  Quantity  is  that  whichif  it  be  added  to  aa  +  25,  will  make  the  Sum 
a  Square?   Anfw.  The  Quantity  to  be  added  may  be  either  ■+•  10a,   or  —  10a -, 

and 
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and  the  Square  fought  is  either _aa+ 10^+25,  whofe  Root  or  iide  is  a-fc$  ,  or  elie 
the  Square  is  aa  —  10*+ 25,  whofe  Root  is  a  —  5,  or  5  —  a. 

2.  What  Quantity  is  that  which  if  it  be  added  to  -I  afsk^bh  will  make  the  Styn 
a  Square?  Anfw.  The  Quantity  to  be  added  may  be  either  -+ab,  or—ab^  and  the 
Square  is  either  -^aa^ab+^bb^  whole  Root  is  %a-\-+b  :  Or  die  the  Square  iz-^aa 
— ab-\-*-!>!>,  whole  Root  is  |*i— 4/2*  or  {&.-7r|flf. 

3.  What  Quantity  is  that  which  if  it  be  added  to  aa-\-  7,a  will  make  theSum  a 
Square  ?  Anfw.  The  Quantity  to  be  added  is ■£  ^.and  the  Square  is  ««+3«-f  4  whofe 

Root  iS  «+-!■•  : 

'4.  What  Quantity  is  that  which  together  with  aaaa  —  abbaa  will  make  a  perfeS 
Square  ?  Anfw.  The  Quantity  to  be  added  is  bbbb  h  and  the  Square  is  aaaa  —  ibbaa 
yfbbbt7  whofe  Root  is  aa  —  bb,  or  bb—aa. 

5.  What  Quantity  is  that  which  if  it  be  added  to  aa+  —a   will    make    the 

Sum  a  Square  >  Anfw.  The  Quantity  to-  be  added  is  -'  -  5    and    the  Square  is  aa 

4-  &-f  bM,  whofe  Root  is  *+  £ 
c  4tc  2c 

6.  What  Quantity  is  that  which  together  with  ija^rt — aSawill  make  a  compleat 
Square  ?  ^w/»\  The  Quantity  to  be  added  is- 5  and  the  Square  fought  is aaaaaa — aaa 
-j-  J-,  whofe  Root  is  aaa  —  4-,  or  4- —  aaa. 
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Concerning  an  Equation,  and  the  Reduction  of  Equations. 


LAN  Equation  in  the  Algebraical  Art  is  a  mutual  Comparing  of  two  Equal  quart- 
l\  tides  or  things  of  different  "Denominations  :  as,  If  the  value  of  three  Shil- 
lings be  compared  to  thirty  fix  pence  of  Englif]  Money,  that  companion  imports  in 
Equation,  which  may  be  Symbolically  expreft  thus,  ,3  s  ==  36  <?,.  that  is,  three  Shil- 
lings are  equal  to  thirty  fix  pence.  Likewife, ,  forafmuch  as  nine  Crowns  are  of  equal 
value  with  the  Sum  of  two  Pounds  and  five  Shillings  of  Englif)  Money  ;  the  compa- 
ring of  thefe  t»  0  Sums  to  one  another  is  nothing  elie  but  an  Equation  which  may  be 
briefly  expreft  thus,  9c=2/-f  <>s.  In  each  of  which  Equations  the  Moneys  compared 
are  of  different  kinds  •,  for  Fquations  between  equal  things  of  one  and  the  fame 
name,  as  2j=2j,  or  5  =  5,  and  fuch  like,  are  fruitlefs. 

After  the  lame  manner,  this  Equation  a=-b-\-c  may  fignifie  that  fome  Number  or 
line  repreientedby  a  is  equal  to  ttvo  otherNumbers  or  Lines  b  and  c  taken  together  as 
one  ;  or,  if  the  number  or  Line  a  be  divided  into  two  parts  b  and  c,  then  alio 
a=b-\-c  ;  for  the  whole  is  equal  to  all  its  parts. 

II.  Every  Equation  confifts  of  two  Parts,  which  are  ufually  feparated  one  from 
another  by  this  Character  — ;  foin  the  fifft  Equation  in  the  preceding  Se8.  is  is  the 
firft  Part,  and  3  6d  the  latter  ;  alfo  in  the  fecond  Equation,  9c  is  the  firft  fart,  and 
il-\-  55  is  the  latter ;  likewife  in  the  laft  Equation  of  the  fame  Sc&io?!,  q  is  the  firft 
Part,  and  b-*-c  the  latter. 

III.  The  fingle  Quantities  or  things,  whereof  each  part  of  an  Equation  is  compofed, 
are  called  the  Terms  of  an  Equation  ;  as  in  this  Equation,  a=b-\-c,  the  Terms  are 
a,  b  and  c  j 

IV.  How  Equations  are  found  but,  the  Refolutionof  Queftions  will  hereafter  fhew  ■„ 
but  when  known  quantities  are  intermingled  with  unknown  in  an  Equation,  the  firft 
Scope  is  to  clear  the  Equation  from  all  fuperfluous  quantities,  and  to  ieparate  the 
known  quantities  from  the  unknown,that  at  length  an  Equation  may  remain  in  trie 
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feweft  and  fimplefc  Terms,  fo  difpofed,  that  the  unknow.i  quantity  or  quantities 
may  poflefs  one  part  of  the  Equation,  and  the  known  the  other  ,  this  work  is  called 
Redu8iony  and  how 'tis  perform'd  the  Examples  in  the  following  Setfions  will  make 
maniieft. 


Reduction  ly  Addition. 

V.  Reduction  by  Addition  is  grounded  upon  this  Axiom,  (or  common  Notion,) 
f»as.  If  equal  quantities,  or  one  ard  the  far  2  quantity,  be  added  to  equal  quantities, 
the  wholes  or  totals  Ihali  be  equal.    As,  for  Examples; 

If  the  letter  a  reprefent  fome  number  un-"7 

known,  and  it  Le  granted  or  found  out>    .    .    .     a — 3  =  12 

that j 

Then   by  adding-f  3  to  each  part  of  that  ">  a— ~  +  ->=:T24-2 

Equation,    this    arifes,   to  wit,  ...   V    *  *  i_r:>  "*"* 

That   is,   (becaufe  —  3  and  +  3   added  f  c  =  1  ^ 

together  make  o,,) 3 

In  like  manner,  to  reduce  this  Equation 3a  —  4=    6 — a 

I  add  4- 4  to  each  part,  and  there  arifes     .  .      3a  —  44-4=    6  —  a 4- 4 

Which  Equation  contra&ed  makes 30  =  10  —  a 

Then  by  adding  +  a  to  each  part  of  the  >     _   #    &        +a  =  I0_a+a 

lafc  Equation,  this  unles,      ...         3  ' 

That  is,  after  each  pare  is  contracted, 4^  =  10 

Again,  If  this  Equation  be  propos'd  to  be  >  aa ^  _  ^  ,  ^ 

reduced 3     ' 

By  adding  4-*  to  each  part,  this  Equation  V    ;  .    m_hj(.i  -  <7_j.£+£ 

Which  laft  Equation,  after  due  contraction  7     .    .  ac=zd+2b 

gives 3 

So  alio,  If a— 1>  =  o 

By  adding  4-  b  to  each  Part,  there  arifes     ...  a  =  b 

Likewife,  If ; b  —  a  =  o 

By  adding  a  to  each  part  there  arifes    :...-.  b  —  a 

Moreover,  If cia—hl—cc—.: 

Then  by  adding  bb+cc  to  each  part  of  >     .    ^  ^  _  ^.^j. 

this   Equation  comes  forth, 3 

Laftly,  If aa — bb—cc—cU 

By  adding  -\-bb  toeachpart,  this  Equation  \     ■  aa  __  cc_^a  ,  ^ 

arifes,     j 

And  by  adding  +^  to  each  part  of  the  7     ■    .        M^  _  fC+w 
lad  Equation,  this  arifes,  to  wit,  .  .    3 

From  the  premifes  it  is  evident,  That  if  in  any  Equation  any  Quantity  which  has 
thefgn  —  prefixed  to  it,  betransfer'd  to  the  other  part  of  tl  i  Eq  ttion  ivirh  thiiign 
4-,  that  work  effects  the  fametking  as  the  adding  of  that  Quantity  to  each  part  of 
the  Equation,  and  is  called  Tranfyojition. 
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Reduction  by  Subtraction. 

V.  If  from  equal  Quantities  you  take  away  equal  Quantities,  or  one  and  the  lame 
Quantity,  the  Quantities  remaining  will  be  equal ;  therefore, 

If  it  be  taken  for  granted  that    .....-::        a\i  =  i2 
Then  by  fubtra&ing  +  3  from  each  part,7        -  a  <__ 

there  arifes :    3  '       * 

In  like  manner,  If b\a  =  4^ 

I  Subtract  +b  from  each  Part,  and  there")      -      -  _    , 

arifes >,  *"*  ""  * 

Again,  If «  .  bb-\-zaa  =  aa-\-cc 

Firft,  I  fubtract  bb  from  each  part,  and")  „  ~'_  ,, 

there  remains     .....;..   S  '  '  2™=aa+cc-bb 

Then  da  Subtracted  from  each  part  of  the  1  -  ,  ,, 


there  remains 
hen  aa  Subtra 
lafc  Equation,  leaves  this,  to  wit, 


So  alfo,  If act^b+c  =  2m+ df 

By  iubtrafting   -*M-e   from  each  part,")      .  -  .  _ 

there   arifes .  .  £     '   '  '  ™  =  *«+#-* 

And  by  fubtntling  2ca  from  each  part  of  the")     .    ,        „->••  „.  ,r     , 

lit  Equation,  this  arifes,  to  wit,  .  .  .  Jj   '   <       <M-2"r  =  <?/-■*-* 


Lift 


Hence  it  is  evident,  That  if  in  any  Equation  any  Quantity  which  has  the  fign-f 
prefixed  to  it  be  transferr'd  to  the  other  part  of  the  Equation  with  the  fign  — ,  that 
work  Efre£ts  the  fame  thing  as  the  iubtra&ing  of  that  Quantity  from  each  part  of 
the  Equation,  and  is  alfo  calle&TranfpoJitioti. 


Reduction  by  Multiplication. 

VII.  If  equal  Quantities  be  multiplied  by  equal  Quantities,  or  by  one  and  the 
fame  Quantity,  the  Produces  fhall  be  equal:  Hence  Equations  expreft  by  Algebraical 
Fracf ions  are  reduced  toother  Equations  confiiting  altogether  of  Integers. 

As,  for  Example,  If   j    ;    .'    '.   '.   ',    .    j    :    :    :  —  =    6 

5 
Then  by  multiplying  each  part  by  j,  this  V  :  .  _ 

Equation  is  produced    ...:...    f    '   '   *    '  ' 


Again,  to  reduce  this  Equation  to  another  >  ■     m       .  ,  _    dd 

in  Integers,  viz.    s y     ''    :  ■  *  .         a~ZT{, 

I  multiply   each  part  by  a — b  and  there  7j  ,   .  „        „        »       »» 

comesforth    ..........   j"  J  '  •        «-«*="« 

Likewife,  to  reduce  this  Equation  to  ano-  Y  -  -  -          3<w  _  di 

ther  in  Integers, 1     y  "  *   *  '          ~<T  ~1> 

Firft,  I  multiply  each  part  by  the  Denomi-  7  .       -            laab 

■    nator  3,  and  there  will  be  produced   .  .    y,  '    '  '            ~JT 

Then  Multiplying   each  part  of  the  laft7 

Equation  by  the  Denominator  c,  Ifind>':  i    '.            ^aab  —  cid 

this  Equation 3 

Hence  it  is  manifeft,  That  an  Equation  whereof  each  part  is  a  Fraction,  may  be 
reduced  to  another  Equation  in  Integers,  by  multiplying  crois-wiie,  as  in  the  Reduction 

of 
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■in  *  '  -  , 

of  Fra&ions  to  a  common  Denominator,  and  then  omitting  the  common  Denomina- 
tor, a  new  Equation  may  be  inftituted  between  the  new  Numerators  only. 


When  either  pare  of  an  Equation  is  compos'd  of  Integers  and  Fractions,  firft  re- 
duce that  part  into  a  Fra&ion,  (after  the  manner  of  the  latter  Example  in  Se3.  16. 
Chap.  6.)  and  then  multiply  as  in  the' preceding  Examples :  as, 


If  this  Equation  Be  ptopofed,     .    .     .    *         ?i  -+-  c  +  d  =  bc+  J~ 


«l+c+d  =  bc+H 
b  a 

Firft,  I  reduce  that  Equation  to  this.     .    .'    ?  ******& '&*«&& 

b  ■  a    . 

Which  "laft  Equation  reduced  by  Multipli-  7  ~~  ,  „.    ■  „u  __  »V     ,  ,  ,7 
cation  as  in  thepreceding  Examples,  gives  SaM  +  a^aU  7*  ^+ hU 


But  here  is  to  be  noted,  that  in  reducing  Equations  which  confift  of  Fractions  into 
other  Eqaations  in  Integers,  the  Operation  may  oftentimes  be  facilitated  by  the  fame 
compendium  that  has  before  been  (hewn  in  the  Divifion  of  Fractions  (in  Se8.  26. 
Chip.  6.). viz.  When  either  the  Numerators  or  Denominators  can  be  reduced  to  more 
iimple  Tetms  by  fome  common  Diviior,  fet  the  Quotients  in  the  Places  ofthofe  Nu- 
merators or  Denominators  ;  and  then  reduce  theft  new  Fra&ions  into  an  Equation  in 
Integers,  by  multiplying  crofs-wife  as  before:  As  for  Example, 

To  reduce  this  Equation  to  another  in  7  a<*<*    -  __  ba—bb 

Integers,     .     . J  aa — bb          a+b 

Firff,  after  the  Denominators^ —  bband-y 

.*-!-£. are  reduced  to  a  —  b   and  J,    by  (  aaa        ba  —  bb 

the  common  Divifor   a-\-by    this  New  C"  *    •    •   a~zzy  —  — - — 

Equation  arifes, ■*  ■ 

Whence   by  multiplying  crofs- wife,  (as  in  7 

the  preceding  Examples;  this  Equation  >  :    .    .      aaa  =  baa—2bba'-{-bbb' 

in  Integers  is  produced,    .....     3 

Again,  to  reduce  this  Equation  to  another  7.  bba — cca  _  bbb  —  bec 

in  Integers, 5  '  ^jT£        "         ^ 

Firft,    the  Numerators   reduced  to  a  and 7 

bhy  the  common  Divifor,  bb  —  ccwillv  \  '-■    ;       _f_   _  f_ 

give j  a-\-b        a 

Whence   by;  Multiplying  crofs-wife,   this  1    \t  -  ^  _  ya,,y 

Equation  is  produced 5  '             ■" 

Jn like  manner,  to  reduce  this  Equation,   .    .  ' . '  -a^-~^t  —  bb—bc 

cc  —  ca  c 

Firft,  I  reduce  the  Numerators  to  aa  and  b,~) 

by    the    common  Divifor  £ — c  ;  alibi 

the  Denominators  toe —  a  and  1 ,  by  the  'v  aa ^ 

common  Divifor c-,  which  new  Nume- j      *  I — a .—-  j 

ra tors  and  Denominators  conftitute  this 

Equation,     ..........  J 

Whence    by  multiplying  crofs-wife,    this  7      -    -    -       aa==bc  —  ba 

Equation  is  produced    ......    j 

So  alfo  to  reduce  this. Equation    ....       ' . —  r^flh,'e=  fa — cc 

aa  —  ba-\-bb 
Firft,  I   fet  1  for  a  Denominator  under  the?         fai—cai         1  — 

Integer  bc—cc,  fo  the  Equation  propo->       — '      c      -—  £f — -- 
.   ied  will ftand  thus,    ......      S      *a~ ba+bb  l 

Th^r* 
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Then,  after  the  Numerators  ta* —  ca>  and^ 

be — cc  are  reduced  to  a 3  and  c,)  by  the/         a^_ c 

common  Divifor  b  —  c,    this  Equation r*     aa—ba+bb       T 

arifes J 

Which  laft  Equation,  by  multiplying  crofs-  f 

wife,  gives  this  in  Integers,    .     .    .    .     J    '     '    ■   •  aaa  ~  "*-cba+cbb 

When  one  part  of  an  Equation  is  a  Surd  quantity,  (that  is,  fuch  which  has  a  Radical 
fign  prefixt  to  it,  as,  ■/,  ovV(i),  &c.)  and  the  other  part  is  a  rational  Quantity  •,  that 
Equation  may  be  reduced  to  another  which  (hall  be  free  from  any  Surd  quantity,  by 
carting  away  the  Radical  fign,  and  multiplying  the  rational  part  of  thegiven  Equation 
either  quadraticaly  or  cubicaly,  ©V.  according  to  the  import  of  the  Radical  fign ;  as, 

If  there  be  propofed Ya  —  6 

Forafmuch  as  the  Squares  of  equal  Roots  1 

or  Sides    are  alio    equal,   therefore  by^  _ 

<•    fquaring  each  part  of  that  Equation,  this  r     "■•"•*         a  ~  %° 

is  produced,  to  wit,    .    ; J 

Likewife,  If    .    .    . .;    .     .    .  Ya  =  be 

By  multiplying  each  part  into  it  IeJ£  this  \  _  , , 

Equation  is  produced,     ...     .     .     j"     '     *  *         a  —  obec 

Again,  If Ya  =  Y$ 

By  fquaring  each  part,  there  comes  forth  .   ,    .    .  .         a  =  5 

And,  If Va  =  Y\kc~^b'. 

By  fquaring  each  part,  which  is  done  by  ~>          .  __,    , 

calling  away  ■/,  there  will  arife    .    .    .  y    '   '    '  a  —    cc 

So  alfo  if  this  Equation  be  propo(ed, Yea  —  b  —  d 

By _  multiplying  each  part  into  it  felf,  this  \  bb-2bd+dd 

Equation  is  produced, j  "       r1^* 

And,  If /(3>  =  8, 

By  multiplying  each  part  into  it  felf  cubi-  >         .  _ 

cally,  there  arifes }     '    '  & '  ~~  *12' 

Alfo,  If   .    ,    . .    :  ;  /(3>  =  -/(3):M^T 

By    calling   away  Y(i)  from  each  part}  _  ,  , 

it  gives >     '    ' 


Reduction  by  Divifion. 

VIII.  If  equal  Quantities  be  divided  by  equal  Quantities,  or  by  one  and  the  feme 
Quantity,  there  will  come  forth  equal  Quotients.  Hence  Equations  are  reduced  to 
others  of  lower  Degrees  :  As,  for  example  j 

If  it  be  granted  or  found  out  that aa  =  j« 

Then  by  dividing  each  part  by  a,  you  will  find   .   .  a  —  5 

Again,  If    ....    , aaa-\-baa  =  bba 

By  dividing  each  part  by  a,  this  Equation  ">  ,  ,         , , 

arifes    .      .     .    .     ......     j"    '    *     aa+ba  =  bb' 

Alfo,  If $a  =  15 

By  dividing  each  part  by  ?,  there  arifes a  =    3 

Likewife,  If ba  —  be 

By  dividing  each  part  by  £,  this  Equation  \  __ 

arifes, y .    *    •    •        a  —  c 

Again,  If .  ■..     .   1     .  .    ba—ca  -  cc 

By  dividing  each  part  by  b—-ct  there  arifes    .    .    .-        a  =  ~^i- 

b—c 

Alfo,  If ;    ;    baa\caa  =  bd-\-cJ 

By  dividing  each  part  by  b+c,  there  arifes    ....       aa  =  d 

More- 


$6  Reduftionof  Equations.  BOOK  I. 

Moreover,  If  ....   . ?<*«+ 4«  =  ?9 

By  dividing  each  part  by  ?,  there  arifes     .     .     .         aa-\-±a  =  13 
Likewife,  If • caa — ba  —  cdd 

By  dividing  each  part  by  c, .  there  arifes    .    .    .      aa — _  a  —  dd 


Reduction  by  Extraction  of  ROOTS. 

IX.  Forafmuch  as  the  Sides  or  Roots  of  equal  Squares  and  Cubes,  &V.  are  alfo 
equal  between  themfelves ;  therefore, 

If  there  be  propofed aa  =  36 

By  extracting  the  Square  Root  of  each  part,  ">  a  —    6 

there  aiifes j" 

In  like  manner,  If    .... aa  =  bb-\-  2bc-\-cc 

By  extracting  the  Square  Root  of  each  part,  ">  a  =  bA- 

there  comes  forth j" 

Again,  If aa  =  29 

By  extracting  the  Square  Root  of  each  part, ")  __    , 

there  will  arife >     '    '  ° 

Likewife,  If aa  —  bb  —  d£ 

Then,  by  extracting  the  Square  Root  out  of)  fl  __  y.Tf_^Tr 

each  part,  there  arifes }     '    '     ' 

Again,  If    .............     .  aaa  =  27 

Then,  the  Cubic  Root  being  extracted  out  7  a  __ 

of  each  part  there  comes  forth    .     .     .  j"    '    '    ' 

Alfo,    If     .      .................  aaa  =  12 

By  extracting  the  Cubic  Root  out  of  each  \  a  _   ,,  V 

part,  this  Equation  will  arife      .     .      .  j*  -  ■ ." 

Likewife,  If aaa  —  bbc+cdd 

Then,   the  Cubic  Root  extracted  out  of"?  a  __  j(7\.uC277T. 

each  part,  gives 5  •'-' 

X.  By  the  help  of  fome  of  the  foregoing  Reductions,  I  fhall  here  fhew  (after  the 
manner  of  Fran  van  Scooten  in  his  Priticipza  Mathef.  Uviverjal.)  the  certainty  of  the 
Rule  before  given  concerning  +  and  —  in  the  Algebraical  Multiplication  of  Compound 
Quantities :  viz.  That  -\-  multiplied  by  — ,  or  —  by  +  makes  —  ;  alfo,  That  — 
multiplied  by  —  makes  +. 

Firtt,  let  a  —  fcbeto  bemultiplied  by  c,  then  the  Product  according  to  Algebraical 
Multiplication  is  ac  —  be:  now  it  muft  be  proved  that  — -^  multiplied  by  +c  makes 
—  be-,  to  which  end,  let/be  put  equal  to  a — b,  and  then  if  it  be  proved  that  ac  — 
be  =  /c,  it  is  evident  that  ac  —  be  is  the  true  Product  fought  5  and  confequently,  —  b 
multiplied  by  +c  makes  —  be :  But  that  ac —  be  =fc  may  be  proved  thus, 

Forafmuch  as  by  fuppofition,  '  .'    ....  ...     a  —  b  =/ 

Therefore  by  adding  b  to  each  part,  it  makes  .    .    .  a  —  f-\-b 

And  by  multiplying  each  part  of  the  laft  \  \  ac  _  r,y 

Equation  by  c,  there  will  be  produced  .   j  J  "r 

Wherefore,    by   fubtrafting  be    from  each  >  ac-—bc  =  fc 

part  of  the  laft  Equation  there  remains    .)  J 

Which  was  to  be  proved. 

After  the  fame  manner  it  may  be  proved  that  —  multiplied  by  —  makes  +  :  For, 
If  a  —  b  be  to  be  multiplied  by  c —  d,  and  there  be  put  (as  before)  f—a — b,  it  may 
be  fhewnthatac — be  —  ad\bd  is  equal  toa — bxc  —  d  the  Product  fought ;  and 
therefore—  b  multiplied  by  —  d  produces  +  bd.    For,-     • 

By 
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By  fuppofition    .    .    : /  =  a — b 

Therefore,  by  multiplying  each  part  into  c— d  .    .    .       fkc— d  =  a— b  xc—d 

That  is,    . ........     fc—fd  =  a— b  xc^5 

But  it  has  been  proved  in  the  former  Ex-  \         .  ^,    _  , 

ample,  that ...._) 

Therefore  inftead  of  ft  in  the  third  Equa-7 

'    tion  of  this  latter  Example,  takings— be  >    ;    -     ac—bc—fd  =  a—bxi^£ 

(equal  to  fc)  there  arifes    .    .  '.    .    .3 
Again,  If  each  part  of  the  firft  Equation  be  )  f.  _     , 

multiplied  by  d,  this  will  be  produced,    j"    '    *    '  /«  -  "«— w 

Wherefore,  If  from  «c— fe   in  the'  fifth  ~\ 

Equation    there  be   fubtra£ted    ad—bdf 

initead  of  ft  equal  to  ad—bd    there  >      crc+-bc— ad\bd  =~^b  %c^d 

will  remain  according  to  the  Rule  of  V 

Algebraical  Subtraction J 

Which  was  to  be  proved. 


CHAP.    XII. 

Which  jhews  in  what  Order  the  Reductions  in  the  foregoing 
Chap-  11.  are  to  be  ufed  to  refohe  Equations,  or  at  leafi  to 
■prepare  them  for  Refolution. 

I,DY  the  help  of  the  precedent  Reductions,  either  the  value  of  the  unknown  Root 
jD  or  Quantity  fought  in  an  Equation  will  be  found  equal  to  fbme  known  Quan- 
tity or  Quantities,  and  confequently  the  Quantity  fought  is  then  known  alfo  -y  or  elfe 
a  new  Equation  will  be  difcovered,  from  whence  the  fame  Quantity  fought  may  be 
made  known  by  fome  other  Rule  or  Rules  hereafter  delivered  :  But  in  the  ufe  of 
thofe  Reductions,  the  work  may  oftentimes  be  facilitated  by  an  orderly  procefs,  which 
is  the  Scope  of  the  five  following  Se&iom  ;  where  I  afTume  the  Vowel  a  to  ftand  for 
the  unknown  Root  or  Quantity  fought,  and  Confbnants  for  known  Quantities. 

II  If  in  any  Equation  the  Quantity  fought,  or  any  Power  or  Degree  of  it  be  found 
in  a  Fraction,  reduce  that  Equation  to  another  that  may  be  exprefs'd  altogether  by 
Integers,  (by  Sett.  7.  Chap.  11.)  As  for  Example  $ 

If  this  Equation  be  propofed,    ......  ,-*.  =  d-\-f—g 

c 
By  multiplying  each  part  thereof  by  the 7 
Denominator  c,  this  Equation  arifes  in>    '.    ",         b — a  =  cd-\-cf—cg 
Integers, \ 

After  the  fame  manner,  this  Equation  multi- ")  aa  .  . 

Plied  by  4, I    '    '       ~+6  =  *?• 

Will  be  reduced  into 1*0+24=  60. 

Likewife  this  Equation  •.    ......  f^t^+^-f-c  =  a— c 

d  > 

Will  be  reduced  to    .    . aa+bb+db+dc  =  da— dc. 


III.  When  Quantities  given  or  known  be  intermingled  with  thofe  that  are  fought 
in  an  Equation,  let  Quantities  be  transfer'd  from  one  part  of  the  Equation  to  the  other 
under  a  contrary  Sign,  (according  to  Se8. 5.  and  6.  of  Chap.u.)  until  at  length  the 

H  unknown 
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unknown  Quantity  may  make  one  part  of  an  Equation,  and  all  the  known  Quantities 
the  other  :  As  for  Example  ; 

If  there  be  propofed ia — 26  =  8 

By  tranfpofition  of  — 26  to  the  other  part  7 

of  the  Equation,  under  the  contrary  fign  >.  ..."  ia  =.  8+26  =  34. 

-*-,  there  will  arife     ^ 

. *■ 1 * 

In  like  manner,  If aa-\-i\  =  60 

By  tranfpofition  of  4-Z4,  under  the  contra-  > 

ry  fign -it  gives i         '    '         aa  =  6o~24- 

That  is, aa  =  36 

Again,  If ;    •   .   .  6a — 4  =  20 — a 

Firft,  by  tranfpofition  of  —  4,  this  Equation  >  ' 

arifes,     .  .  .  . .  .......  j"     •    •  6a        =  2°-«+4 

Then  by  tranfpofition  of—  a,  I  find     ......  6a-\-a  =  20+4 

Which  lalt  Equation  beiug  contracfed  by")  __ 

Addition,  gives .3      '    '  71  —  24 

Likewife,  If     b — a  =  ci — cf 

After  due  Tranfpofition,  this  Equation  will  \  ,      ~      ,  _ 

arife, j  ~^"    c    —  a 

Or, '  • a  =  b-t  cf—cd 

IV.  When  fome  Power  or  Degree  of  the  Quantity  fought  happens  to  be  multiplied 
into  every  Term  or  Member  of  an  Equation,  divide  every  Term  by  that  Degree,  fo 
will  that  Degree  or  Power  quite  vanifh,  and  confequently  the  Equation  will  be  de- 
preffed,  that  is,  reduced  to  lower  Degrees  or  more  limple  Terras  :  As  for  Example, 

If  there  be  propofed .  .  .  .  1  aa-\-  3*  =  20a 

Forafmuch  as  a  is  drawn  into  every  Term  7 

of  that  Equation,  I  divide  every  Term  by  >     .    .-         a+3  =  20 

a,  and   there  arifes ^ 

Whence  by  equal  fubtra&ion  of  3  I  find    .     .    .    .     :  a  =  17 

In  like  manner,  If aaci  —  iaa 

By  catting  away  ««,    that  is,  by  dividing  \  .         g  _ 

each  part  by  aa,  there  will  arife    .    .    .  ) 

Again,  If aaaa\baaa  =  ddax 

By  expunging  aa  out  of  every  Term,  there  \     •  m\ha  =  dl 

arifes S 

V.  When  fome  known  Quantity  is  multiplied  into  the  higheft  Power  or  Degree  of 
the  Quantity  unknown  or  lbught  in  an  Equation  ;  divide  each  part  of  the  Equation 
by  that  known  Quantity,  to  the  end  the  laid  higheft  unknown  Power  may  have  no 
Co-efficient  or  Fellow-multiplier  but  1,  (of  Unity-,  As  for  Example, 

If  there  be  propofed     ........  $a  =  60 

Becaufe  the  unknown  Quantity  a  is  multipli-7 

ed  by  5,  I  divide  each  part  of  the  Equa->    .    2    ;    .    a  =  12 
tion.by  j,   and  there  arifes       .    ,    .    .3 

Again,  If    .;....    : ca  =  cc\il 

Becaufe  c  is  drawn  into  a  the  Root  fought,  7  ,, 

I  divide  every  Term   of  the  Equation  >     ..."         a  =  c  +— 
by  c,  and  there  arifes j  ° 

»  -  '   ■'  »\      ■  >        1  '        ■         — ~— -».— — — — — .        —I  •  * 

Like. 
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Likewife,  If 2ba+?ca  =  2ddb+^cdd 

Becaufe   2b+  ?c  is  drawn  into  the  un -^ 
known  Root  *,  I  divide  each  part  by  S-     .    '.    .  a  =    dd 

2/>+3c,  and  there  arifes       .    .    .J 

So  alfo,  If    ...     . 40*  =  60 

By  dividing  each  part  by  4  which  is  >  __ 

drawn  into  aa,   there  ariles      .  .  .  j  '    '    '    '  / 


Again,  If ?aa — j«  ==  24 

Becaufe  3  is  drawn  into" aa  which  isthe-^ 

higheft  unknown  Power  in  the  Equa-/  ,    _    ft 

tion,  I  divide  every  Term  by  3,  andC  "    '  -T5  ..."" 

there  arifes       -^ 


Likewife,  If 2ccaa — 4^  =3  j^cc 

Becaufe  2  re  is  drawn  into  aa  which  is  ~ 

the  higheft  unknown  Power  in  the/  2<W    _  5,, 

Equation,  I  divide  every  Term  by  2cc,r  ~~^ca       ■**?• 

and  there  arifes       J 

Again,  If 'm  2bbaa\icdaa — dda  —  cedd 

Becaufe  ibb+icJ  is  drawn  into  aa  the" 

higheft  unknown  Degree  in  the  Equa-7        id         _       cedd 

tion,  I  divide  each  part  by  2bb+  3af>    aa     ^bb^d  *  ""  IbJ+id 
and  there  arifes       \ 


Alfo,  If    ...    . %aaa-\-24aa — 6a  ==  1200 

Becaufe  3  is  drawn  into  aaa  the  higheft^ 

unknown  Power  intheEquation,Idi-C        aaa\  %aa 2a  —    400 

vide  each  part  by  3,  and  there  arifes   \ 

VI.  Ir  there  be  a  furd  Quantity  in  an  Equation,  that  is,  if  a  Radical  fign  as  V  5 
or  /(?)  be  prefixed  before  fome  Quantity  h  firft  by  Tranfpofition  (  according  to 
Se3.  5.  or  6.  ofCbap.  u.J  make  the  furd  Quantity  fole  poflefiorof  one  part  of  an 
Equation,  then  caft  away  the  Radical  fign,  and  exalt  the  other  part  of  the  Equation 
to  the  fame  Degree  or  Power  which  is  denoted  by  the  Radical  fign,  by  multiplying 
Quadratically  or  Cubically,  &c.  fo  at  length  an  Equation  will  be  found  exprefs'd  al- 
together by  rational  Quantities :  As  for  Example  ; 

If  this  Equation  be  propofed    ........    ■/«  =  3 

By  fquaring  each  part,  there  will  be  produced     ...       a  —  o 

In  like  manner,  If "  ,       yga  =  ~oc 

By  multiplying  each  part  into  it  felf  > 

quadraticaly,  there  comes  forth  ...  5  •    .     .      ba  —  ybbec 

Then   dividing  each  part  of  the  laft  > 

Equation  by  b,  there  arifes     .    .     .  j"  •    •    •         a  —  ybec 

Again,  If ;        b-\-Vba  =  c 

Firft  by  tranfpofition  of  b  there  arifes       .."...      Vba  =  c b 

Then  by  fquaring  each  part  of  the  laft  > 

Equation,  there  will  be  produced  ..  3      *    •    '•'.'•        ba  <=  cc—2cb~\-bb. 
Whence,  by  dividing  each  part  by  b,  \  cc 

there  arifes y «  —  -r — 2c-\-b 


H  2  Like- 


6c 


ReduRion  of  Equations-  BOOK  I. 

Likewife,  If — £-tV:ba-\-Ja  —  b 

Firft  by  tranfpofition  of  — J,  this  Equation  ")      .   V:ba+da  =  b-\-d 

arifes    , 3 

Then  by  fquaring  each  part,  there  will  be  >     .      ba-\-da  =  bb+2bd+dd 

produced     3 

Laftly,  by  dividing  each   part  of  the  laft  ")  fl  _    u  ^ 

Equation  by  M-<Z,  there  arifes      ...  3 

Again,   If ......  VdJ^a  =    j 

By  multiplying  each  part  Cubically,  there  \  _ 

will  be  produced .    .y     '  9a  —  27 

And,  by  dividing  each  part  of  the  lait  Equa-  \  __ 

tion  by  9  there  arifes y    '  % 

Likewife,   If V(%):ba — ca:-\-c  =  b 

Firft,  by  tranfpofition  of  +c  this  Equation  "),,  ■.,    ~         _  / 

arifes  ,      . .  3*   ^''        ca'     ~         c 

Then  multiplying  each  part  of  the  laft  Equation  cubically,  this  Equation  will  be  pro- 
duced, to  wit,. 

ba — ca = bbb — ibbc  +  3  bcc — ccc : 
Whence,  by  dividing  each  part  by  b — c,  the  value  of  a  will  be  difcovered,  viz.. 
a=bb — 2bc-\-cc. 


VII.  When  afcer  the  ufing  of  all,  or  any  of  the  foregoing  Rules  of  this  Chapter  an 
Equation  ariies  between  a"  perfect  Square,  Cubetir  other  higher  Power  of  the  Quan- 
tity fought,  and  fome  known  Quantity  -,  then  e'xtfacl  fuch  a  Root  out  of  each  part 
of  the  laid  Equation  as  the  Index  of  the  faid  unknown  Power  denotes,  fb  will  the 
value  of  the  unknown  Root  or  Quantity  foughc  be  made  known :  As,  for  Example  5 

If  this  Equation  be  propofed,   to  wit,        «    —  +  8  =  128 

Firft  by  fubtracting  8  from  each  part,  this  >     .     6aa_       =  I20 

Equation  arifes, 3  5 

Then  each  part  of  the  laft  Equation  being  >  6aa      _  6qq 

multiplied  by  ?,  gives 3 

And  by  dividing  each  part  of  the  laft  Equa-  7  aa      —  100 

tion  by  6,  this  atifes, 3 

Laftly,  the  iquareRoot  of  each  part  of  the  7 

laft  Equation  being  extracted,  the  valued     .  a      —    10 

of  a  will  be  difcovered,  to  wit,.   ...     .3  .     . 

Again,   If — 8«=iJ4* 

5  4 

Then  by  tranfpofition  of  —  Sa   there  arifes        ?aaaa         —162a 

4 
And  by  multiplying  each  part  of  the  laft  7     ^aMa         _  6  Sa 

Equation  by  4,   this  will  be  ptoduced,      3     " 
And  by  dividing  each  part  of  the  laft  Equa-  \      "  _.  6  8 

tion  by  a  this  ariies,  to  wit,    ....  3 
Likewife  each  patt  of  the  laft  Equation  di- 1       Ma  _  7l6 

vided  by  3  gives    •    1    •    ■ 4 

Laftly,  by  extracting  the  Cubic  Root  out/ 

of  each  part  of  the  laft  Equation,  the  va->        a  —6 

lueof  a 'will  be  difcovered,  to  wit,       J 


Like- 
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Likewife,  If   .    .    :    •    •     ......        aa-\-2&a+bb  =  cc 

The  fquare  Root  extracted  out  of  each  part,  V  ,  , 

gives 3 

And  then  by  tranfpofition  of  b,  the  value  ") 

of  a  is  difcovered,  to  wit,    .....  5    '  '        fl         ^  *— * 


CHAP.    XIII. 

Which  fhews  how  to  convert  Analogies  into  Equations^ 
and  Equations  into  Analogies. 

I.TF  four  right-lines  or  numbers  be  Proportionals,  theProdua  made  by  theMulripli- 
X  cation  of  the  two  Extreams  is  equal  to  the  ProducT  of  the  two  means.  And  if 
three  right-lines  or  numbers  be  Proportionals,  the  ProducT:  of  the  Extreams  is  equal 
to  the  Square  of  the  mean,  (by  Prop.  16.  and  17.  of  6.  Ekm.  and  by  19  and  20  of 
7.  Ekm.  Euclid)  Hence  Analogies  may  be  converted  into  Equations,  as  in  the  follow- 
ing Examples;  where  for  the  greater  evidence  let  areprefent  2  ;  b,6  ;  c,  12  hzn&d,  3  • 
Then 

1.  Let  there  be  four  Proportionals,  flip-")  d    .    b::d—a    .    a 
pofe  thefe,    ,....:....  3  3.6::      1       .2 

Then  by  the  Theorem  above  exprefs'd,  this  V  , '        , .    , 

Equation  will  follow, T  •'     *  da  =  bd-ba 

Now  to  find  the  value  of  a  in  that  Equation,  ?  ,      .  ' 

firft  by  tranfpofition  of  —ha  this  Eqoa-V  :      da+ba  ~  bd 

tion  arifes, 3 

Then  each  part  divided  by  d-\-b  gives    ....  a  —     bd .. 

d-\-b 

2.  If  there  be  three  continual  proportio-  *>         4a      ■      c      ,      9a      •£ 
nals,  fuppofe  thefe, .  j*  8       ,      12     ,      18      M 

That  is,   If   ...  . 4a    .  c      : :    c  .    9a 

1  hen,   by  the  latter  part  of  the  faid  Theo-  V  .  _ 

rem,  this  Equation  will  follow,   ....  3    *  '   *      ^aa  ~  cc 
Now  to  find  the  value  of  a  in  that  Equation,  7 

extract  the  fquare  Root  out  of  each  part,>  ...         6a  =  c 

and  there  arifes •   •  O 

Laltly,  each  part  of  the  laft  Equation  dh'i-  \     '      ;  a  =z  —   or  ic 

ded  by  6  gives J  5"'       "*  * 

II.  If  the  ProducT  of  the  multiplication  of  two  Quantities  be  found  equal  to  the 
ProducT  of  two  other  Quantities,  that  Equation  may  be  refolved  into  Proportionals ;  for 
as  either  of  the  Fa&ors  in  either  of  the  two  equal  Products  is  to  a  Faftor  of  the  fame 
kind  in  the  other  ProducT:,  fo  is  the  remaining  Factor  in  this  latter  Product  to  the  other 
Fa£tor  in  the  forrrter.Hence  Equations  may  oftentimes  be  refolved  into  Proportionals^,- 

If  there  be  propofed  ..-..; 3^  —  cl 

From  that  Equation  this  Analogy  may  be ")  ,  .       , 

infer'd,    viz.    As j"  •  •     3*  •  c    : :   ?  •  a 

Again,  If  ...  , t U  =  da+ba 

That  Equation  may  be  refolved  into  thefe  1  .     ,     ,        , 

Porportionals,  viz.  As   .....  e  ...  j~         d+b  •  b  : :  d  •  a 

Likewife,  If bda  —  bb 

Thenitfhall  be,  As 6d  .  b  ::    b  .  a 

III.  When 
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III.  When  there  happens  to  be  an  Equation  between  an  Algebraical  Fraction  and 
an  Integer,and  the  Numerator  of  the  Fraction  can  be  refolved  into  two  fuch  Quantities 
that  being  mutually  multiplied  will  produce  the  faid  Numerator,  then  that  Equation 
may  berelblved  into  Proportionals  in  this  manner,  viz.  Let  the  Denominator  of  the 
Fraction,  and  the  Integer  to  which  the  Fraction  is  equal,  be  made  the  extream  Terms 
of  an  Analogy  ;  and  let  the  two  Quantities  which  being  mutually  multiplied  will 
conftitute  the  Numerator  be  made  the  mean  Terms  ;  but  with  this  caution  in  Geo. 
metrical  Queftions,  that  the  firit  and  fecond  Terms  be  of  one  and  the  fame  kind  that 
is,  either  both  Lines,  or  both  Planes,  or  both  Solids.    As  for  Example  ; 

If  this  Equation  be  propofed, -=« 

lb 
It  may  be  refolved  into  thefe  Proportionals,    .  $b    .    c  :-.  d  .  a 

But  that  they  are  Proportionals,  I  prove  thus  j 
Firft,  It  is  evident  that  thefe  are  Proportio-  -\ 
nals,  ( becaufe  the  Produft  of  the  ex-  /      .      ,  .     cd 

treams  is  equal  to  the  Product  of  the  r  '    *!{  S 

means) ) 

And  by  the  Equation  propofed a=     £* 

Therefore...... %b    .    c::    d.a.A 

lb 

Again,  If -,T  =« 

D-f-C 

That  Equation  may  be  refolved  into'  thefe  7  t,        h  ■  ■  h 

Proportionals, j"         ' 

Likewife  this  Equation -j— —    —  a 

Sb+ic 

may  be  refolved  into  this  Analogy,  .  .     $b+2c  .  c-\-b    : :  c — b  .  a 

And  this  Equation — — — c"t^-  =  a 

may  be  converted  into  thefe  Proportionals,      54^  .  b\c  r :  b-\-c  .  a 

Alfo,  this  Equation ~Z]~aa 

may  be  refolved  into  thefe  Proportionals,  ...      ?6d  .  b  : :  be  .  aa 
Or  into  thefe, %6d  .  c  ii  bb  .act 

But  this  Equation —  =  <* 

c 

cannot  be  refolved  into  Proportionals ")  c    Vb  ■  ■  Vb 

any  otherwife  than  thus,    j" 

Nor  can  this  Equation  . — ifL  =  a 

S      ■         

be  converted  into  Proportionals,unlefsthus,^.V,:^-fci:  :;  V-.bb+cd: .  a 
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CHAP.    XIV. 

Various  Arithmetical  Queftions  Algebraically  refolded \  whereby 
moft  of  the  Rules  hitherto  delivered  are  exercisd^  in  the  In- 
vention and  Refolution  of  pure  or  fimple  Equations. 

,1h  Quations  may  be  divided  into  two  kinds,  viz.  -[  lm   .  "rre  ° r  Simple, 

*-V  ,*,■■*        .      .  '    „  ■        1  2.  Adfefted  or  Compounded. 

II.  A  pure  or  fimple  Equation  is  of  two  kinds,  viz.  Firft,  when  the  Quantity 
foughc  is  exprefs'd  by  a  fimple  Root  only,  as  a  -,  as  in  this  Equation,  60=12  :  Se- 
condly, when  theQuantity  lought  is  exprefs'd  by  a  fimplePower  only,  as  aa  or  acta, 
&c.  as  in  this  Equation,  3 aaa— 245  likewife  in  this,  zaaaa—i.2,  W fuch  like. 

III.  An  adfeQed  or  compounded  Equation  is  that,  wherein  there  are  two  or  more 
different  Degrees  or  Powers  of  the  Quantity  fought  •  as  in  this  Equation,  aa+6a 
=  27,  where  aa  and  a  exprefs  two  diflerent  Degrees  or  Powers  of  the  Quantity  foughr  •' 
the  one  fignifying  a  Square,  and  the  other  its  Root  or  Side :  alfo  in  this  Equation' 
aaa-\-  6aa— ia— 28,  there  are  three  unlike  Powers  or  Degrees  of  the  Quantity  foughr 
to  wit,  aaa,  aa,  and  a.  ' 

IV.  The  Invention  and  Refolution  of  pure  or  fimple  Equations  is  copioufly  Mu- 
ftrated  by  Arithmetical  Queftions  in  this  Chapter,  as  alfo  in  the  fecond  and  third 
Books  of  my  Algebraical  Elements ;  and  the  Refolution  of  Adfefted  or  Compound 
Equations  in  Numbers  is  handled  in  the.15,  16,  and  17.  Chapters  of  this  Book  as 
alio  in  the  10,  and  n.  Chapters  of  the  Second  Book.  But  how  Algebraical  Operati- 
ons are  applicable  to  the  folving  of  Geometrical  Problems,  I  fhall  fhew  in  my  fourth 
Book  of  Algebraical  Elements. 

V  When  an  Arithmetical  Queftion  Is  propofed,  the  number  fought  muft  firft  of 
all  be  allumed  or  fuppofed  to  be  known ;  and  you  may  reprefent  it  by  the  Letter  a 
or  any  other  Vowel :  You  may  likewife  reprefent  the  given  Numbers  by  Confonants' 
as,  b,  c  d,  &c.  Senates  des  Cartes  puts  for  given  Quantities  the  fotmer  Letters  of  the 
Alphabet,  as,  a,b,c,d,  &c.  but  for  Quantities  fought  the  latter  Letters  z  y  x  &c 
Then  with  the  Letters  reprefenting  the  Numbers  given  and  fought,  an  orderly  pr'ocefi 
mutt  be  made,  bv  adding,  fubtrading,  multiplying  or  dividing,  &c.  according  to 
the  Import  of  the  Queftion,  until  at  length  an  Equation  be  found  out  between  the 
Number  fought  or  fome  Power  or  Powers  of  it,  and  fome  Number  or  Numbers  given  - 
Laftly,  when  the  Equation  fo  found  out  is  a  pure  or  fimple  Equation   the  Number 

^•  (fought  may  be  dilcovered  by  fome  of  the  Reductions  in  the  foregoing  ifa  and  12  '' 
Chapters  ;  but  when  the  Equation  is  Adfefted  or  Compounded,  the  Refolution 
thereof  belongs  either  to  the  15.  Chapter  of  this  firftBook,  or  the  10  and  11  Chan, 
ters  of  the  fecond  Book  .  '       ^ 

VI.  In  the  Refolution  of  every  Queftion,  I  proceed  from  the  Beginning  to  the  End 
by  iteps  numbred  in  the  Margin  by  1,  2, 3, 4,  j,  @Cm  And  becaufe  Numeral  Algebra 
is  more  eafie  for  .Learners  than  the  Literal,  ( though  not  fo  ufefuLfor  the  Reafons  be- 
lore  given  in  SeB .  &  Chap.  1.  )  1  have  in  many  Queftions  exprefs'd  the  Operation  be- 
longing to  every  ftep  in  both  kmd^Algeba,  that  the  one  may  explain  the  other  : 
bo  in  the  fecond  dep  of  the  Refolution  of  the  following  firft  Queftion,  the  leffer  Num- 
ber lought is  exprefs  d  by  Mmeral  Algebra  thus,  26— a-,  but  by  Literal  Algebra  thus, 
b—a.  Alfo  in  the  fourth  ftep,  the  Equation  by  numeral  Algebra  is  2a— 26= 8  •  but 
by  literal  Algebra  it  is  2a— b—c. 

VII.  When  an  Equation  is  found  out  in  any  of  the  following  Queftiorls,  I  take  it 
.or  granted  that  the  Reader  knows  how  to  reduce  it,  if  need  be.  according  to  the 
Rules  in  the  foregoing  u,  12,  and  13.  Chapters,  that  I  may  avoid  tedious  repetiti- 

Z^lol IXeSam  3keady  eXpIainU   Th6fe  thin§S  Femifed^  !  prQceed  t0  the 

^UESZ 
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HUE  ST.    i, 

There  ire  two  Numbers  whofe  Sum  is  26,  for'*,)  and  their  difference,  (to  wit, 
the  ^™  Se  gr^t  above  the  leffer)  is  8,  (or  c »)  What  are  the  Numbers  > 


RE  SOLUTION:         Numeral, 


26 — a 


la — 26 


2« — 26  =  1 


a=ij 


9,  that  is, 


Literal. 

a 

b—a 

ia — b 

la — b=c 

i-b — it*. 


'   1.  For  the  greater  Number  put     .    .     .    . 
2,  Then  fubtrafting  that  Number  a  from  the? 

given  Sum,  the  Remainder  will  be  the  leffer  V 

Number ,  to  wit ,     .     .    ■     •     *   '    -  -»3 
a    And  by  fubtrafting  the  leffer  number  from  7 

the  greater,   the  Remainder  will  be  their  ^ 

difference,   to  wit,    .    .    ••••.,  A    •  j 
a    Which  difference  found  out  in  the  lalt  hep  t 

muft  be  equal  to  the  given  difference  8,  (or  c)  > 

whence  this  Equation  arifes,  .•.-••     -5 
?.  From  which  Equation,  after  it  is  duly  re-  ") 

duced  according  to  Sett.  3.  and  ;.  of  Cbap.C 

1 2.  the  greater  number  fought  will  be  difco-  C 

vered ,    to  wit,    .     .     •     •    •     •  .  •    •    •* 

6    And  confequently  from  the  fifth  and  fecond7 

'  fteps  the  leffer  Number  is  alfo  difcovered> 

to  wit, *    *     •      -^ 

So  the  Numbers  fought  are  found  17  and  9,  whofe  Sum  is  2$,  and  their  differ 
"Moreover5,  SSSfM  ^  of  the  literal  Refolution  be  expreis'd  by  words, 
they  will  give  this  THEOREM 

HilF  the  difference  of  any  two  Numbers  added  to  half  their  Sum  gives  the  gres- 
ter  €X ^   But  half  the  difference  of  any  two  Numbers  fubtratted  rromhalf  their 

Sum  HVeSt5eP^rIlrd]fferenCeofanytwo  Numbers  being  given  fevcrally,  the 
Therefore  the  Sum  and.Jltte;e"c^v0if  LTTheorem  •  but  it  prefuppofes  that  the 

Numbers  ttemfelves >  are  alfc »  giv»by ^  ^Thec»mi  ,  ^      |      g. 

Number  given  for  the  Diftoence  mult  he  te  s  tnan  b  rf         be 

Note  here  once  for  al^ That the  Numbers  give  kl         ^  ~        > 

Ch0fe\airhPffthemoS 

ons   which  for  the  molt  pat    ^"f  d         Bu[  how  Limits  or  Determinations  are 

^^^t^Mfl^M  in  my  iecond,  third,  and  fourth 
Books  of  Algebraical  Elements. 


QUEST.    2. 

1    For  the  greater  Number  fought  put    ..    •  «  « 

2.  Then  to  find  the  leffer  Number,  fay  by  the  . , 

Rule  of  Three,  ^ 

If    3     •     2     :  :    «     .  7 ':  4« 

Or,  r    .    s    :  :    *    • 
whence  the  leffer  Number  is    .         1    •    -i  ^  There- 
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*=24 


1(5,  or 


a  + 


1  s&      f 

a=lL 
sb 


r+s 


3.  Therefore  the  Sum  of  the  two  Numbers  > 
fought  is       * 

4.  Which  Sum  found  out  in  the  laft  iiep 
mult  be  equal  to  the  given  Sum  40,  (or 
bj  whence  this  Equation 

5.  Which  Equation,  after  due  Reduction  ac- 7 
cording  to  Se8.  2.  and  $i  of  Chap,  12.  > 
gives  the  greater  Number ^ 

6.  And  from  the  fifth,  firft,  and  lecond  fteps,  > 
the  leffer  Number  is  alfo  diicovered,to  wit,  * 
So  the  Numbers  fought  are  found  24  and  iL  which  will  fatisfie  the  Conditions 

in  the  Queftion  5  for  rheir  Sum  ls  4°>  and  the  greater  has  fuch  proportion  to  the 
lefs  as  3  to  2,  as  was  prefcribed. 

Moreover,  If  the  two  laft  fteps  of  the  literal  Refolution  be  refolved  into  Proporti- 
onals, according  to  Se3.  3.  Chap.  13.  there  will  arife  this 

THEOREM. 

As  the  Sum  of  both  the  Terms  which  exprefs  the  Reafon  (or  Proportion)  of  two 
Numbers,  is  to  the  Sum  of  the  fame  two  Numbers;  fo  is  the  greater  Term  to  the 
greater  Number ;  and  fo  is  the  leffer  Term  to  the  leffer  Number. 

Therefore  the  Sum  of  two  Numbers  being  given,  as  alfo  their  Reafon,  or  Prooor 
tion ;  the  Numbers  (hall  alfo  be  given  feverally  by  the  faid  Theorem. 

QUEST.    1. 

There  are  two  Numbers  whofe  difference  is  8,  (oxdj  and  the  greater  Number  has 
fuch  proportion  to  the  leffer  as  3  to  2,  (or  as  *•  to  * ;)  what  are  the  Numbers? 

1.  For  the  greater  Number  put    .... 

2.  Then  to  find  the  leffer  Number  iay  by  the" 
Rule  of  Three, 

If  %  .  2  : :  a  .  % 

3  y  —  ** 

Or  if  r  .  s  :  :  a  I  ~    '  \  3  V 


a —  — =.<{. 
r 

r—s 

si 


whence  the  leffer  Number  is     I  '■  <1    . 
"  3.  Therefore  by  fubtracfing  the  leffer  Num-7 

ber  trota  the  greater,  the  Remainder  (hall  > 

be  their  difference,  to  wit,    *    ....  3 
(4.  Which  difference  muft  be  equal  to  the  given  > 

difference  8  (or  d,)  hence  thisEquationarifes  j 

5.  Which  Equation,  after  due  Redu£tion,dif-  > 
covers  the-greatet  Number  fought,  to  wit,  3 

6.  Andirom  thefifth,firft,and  fecond  fteps  the  *> 
leffertotimberwill  be  alfo  madeknown,towit,  * 


24 


*5 


=  16 


' 


So  the  Numbers  fought  are  found  24  and  16,  which  will  folve  theQueftion  •  for 
their  difference,  is  8,  and  they  are  in  the  proportion  of  3  to  2,  as  was  prefcribed' 

Moreover,  If  the  two  laft  fteps  of  the  literal  Refolution  be  converted  intoPropor- 
ionals  (according  to  Se8<  3.  Chap.  13.)  there  will  arife  this 


THEOREM. 


As  .the  difference  of  the  two  Terms  which  exprefs  the  Reafon  or  Proportion  of  two 
Numbers  is  to  thetlifference  of  the  fame  two  Numbers,  fo  is  the  greater  Term  to  the 
greater  Number  ;  and  fois  the  leffer  Tetm  to  the  leffer  Number. 
J  Therefore  the  Difference  and  Reafon  of  two  Numbers  being  feverally  given    the 
Numbers  themfelves  mall  be  alfo  given  by  the  faid  Theorem.  ' 


^UEST. 
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$UEST.  4. 

There  are  two  Numbers  whofe  Sum  is  7,  (or  bj  and  the  difference  of  their  Squares 
is  21,  (or  d  ;)  what  are  the  Numbers  ? 

1.  For  the  greater  Number  fought  put .....  .  a 

2.  Then  fubtracting  the  greater  Number  from  7 
the  given  Sum,  the  Remainder  is  the  leffer  S-         7 — a 
Number,  to  wit, 3 

3.  Therefore  from  thefirft  ftep  the  Square  off 
the  greater  Number  is 5  aa 

4.  And  from  the  fecond  ftep  the  Square  of  "> 
the  leffer  Number  is j"  aa~ J4"+49 

5.  Therefore  the  difference  of  the  Squares  of")  

the  two  numbers  fought  fhall  be    ...  ]"       J4a    49 

6.  Which  difference  mult  be  equal  to  the  7 
given  difference  21   (or  d,)   whence  thisS-  14a — 49=21 
Equation  ariies \ 

7.  Which  Equation,  after  due  Reduction  ac-7 
cording  to  Sett.  3,  and  5.  of  Chap.  1 2.  dif-  >         a=$ 
covers  the  greater  number  fought,  to  wit,  ^ 

8.  And  from  the  feventh  and  fecond  fteps,7 
the  leffer  number  will  be  alfo  made  known,  >  =2 
to  wit, j 


b-S 

ax 

aa — 2ba-\-bb 

iba. — bb 

iba — bb—i 

2b 

_bb—i 

2b 


'  So  the  Numbers  fought  are  found  5  and  2,  which  will  fblve  theQueftion ;  for  their 
Sum  is7,  and  the  difference  of  their  Squares  is  21,  ('to  wit,  25—4;^  as  was  prefcribed, 

Moreover,  If  the  two  laft  fteps  of  the  literal  Refblution  be  exprefs'd  by  words, 
they  will  give  this 

THEOREM. 

If  to  the  Square  of  the  Sum  of  any  two  numbers  the  difference  of  their  Squares 
be  added,  and  the  Sum  of  that  addition  be  divided  by  the  double  Sum  of  the  two 
Numbers,  the  Quotient  will  be  the  greater  Number  :  But  if  from  the  Square  of  the 
Sum  of  two  Numbers  the  difference  of  their  Squares  be  fubtra£led,  and  the  Remainder 
be  divided  by  the  double  Sum  of  the  two  Numbers,  the  Quotient  will  give  the  leffer 
Number. 

Therefore  the  Sum  of  two  numbers  being  given,  as  alio  the  difference  of  their 
Squares,  the  numbers  themfelves  fhall  be  given  leveralh/j  but  it  prefuppofes  the  fquare 
of  the  given  Sum  to  exceed  the  given  difference. 


^UE  ST.    5. 

There  are  two  numbers  whofe  difference  is  3,  (or  c,)  and  the  difference  of  their 
Squares  is  21,  (or  d-,)  what  are  the  Numbers  ? 
j.  For  the  leffer  number  fought  put    ...     .  a 

2.  To  which  adding  the  given  difference  3, 7 
(or  f,)   the   Sum  will  make  the  greater  >         a-\-% 
number,  to  wit, .   . 3 

3.  Therefore  the  fquare  of  the  greater  number  is    aa-\-6a-\-  9 

4.  And  the  fquare  of  the  leffer  number  is  ... .    cut 
<>.  Therefore  the  difference  of  thofe  Squares  is  6a-\- 9 

6.  Which  difference  mutt  be  equal  to  the? 
given  difference  of  the  lquares -,  whence  >     6a+9=2i 
this  Equation  arifes,   to  wit, \ 

7.  Which  Equation,  after  due  Reduttion  (ac- 
cording to  Sett.  3,  and  5.  of  Chap.  12.)] 
dilcovers  the  leffer  number,  to  wit, 


i 


8.  And  from  the  feventh  and  fecond  Equati-"} 
ons.  the  greater  number  will  be  found  . . .  y 


a-\-€ 
aa-\-2ca-\-cc 


2CO.A-CC 


2ca-\-cc—i 


_d—~cc 


2C 


So 
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So  rhe  Numbers  fought  are  5  and  2, which  will  folve  the  Queftion;  for  their  differ- 
ce  is  3,  and  the  difference  of  their  Squares  is  21 ;  as  was  prefcribed. 
Moreover,  the  two  lait  fteps  of  the  literal  Refolution  afford  this 

THEOREM. 


If  ts  the  difference  of  the  Squares  of  any  two  Numbers  the  Square  of  their  differ- 
ence be  added,  and  the  Sum  of  that  Addition  be  divided  by  the  double  of  the  differ- 
ence of  thofe  two  Numbers,  the  Quotient  will  give  the  greater  Number  :  But  if 
from  the  difference  of  the  Squares  of  two  Numbers  the  Square  of  their  difference  be 
fubtraaed,  and  the  Remainder  be  divided  by  the  double  of  the  difference  of  thofe  two 
Numbers,  the  Quotient  fhall  be  the  leffer  Number. 

Therefore  the  difference  of  any  two  Numbers  being  given,  as  alfb  the  difference  of 
their  Squares,  the  Numbers  themfelves  fhall  alfo  be  given  feverally  by  this  Theorem- 
but  it  prefnppofes  the  given  difference  of  the  Squares  of  the  two  Numbers  to  exceed 
the  Square  of  the  given  difference  of  the  fame  two' Numbers. 


*7 


QUE  ST.    6.  **I 

A  certain  Perfon  being  asked  what  was  the  Age  of  every  one  of  his  four  Sons,  an- 
fwered  ;  the  eldeft  was  four  Years  (or  b)  elder  than  the  fecond,  the  fecond  was  four 
Years  elder  than  the  third,  the  third  was  four  Years  elder  than  the  fourth  or  young- 
eiU„and  the.  double  of  the  youngeft  Sons  Age  was  equal  to  the  Age  of  the  eldeft  j 
what  was  the  Age  of  each  Son  ? 


1..  For  the  Age  of  the  eldeft  Son  put  .• .  .  ;  . 
'a.  Then  frorn  the  Age  of  the  eldeft  Son  fubO 

tracking  4  for  b)  there  will  remain  theC. 

•    fecond  Sons  Age,  to  wit, ^ 

•3.  Likewife  from  the  fecond  Son?s  Age  fub-^ 
-    tracking  4  (orb)  the  Remainder  will  be  C 

the  third  Son's  Age,  to  wit, ^ 

4.  Again,   from  the  third  Son's  Age  fubtra-'? 

£ting4  (or  b)  there  will  remain  the  Iburth  s. 

or  youngeft  Son's  Age,  to  wit, ^ 

$.  But  according  to  the  Queftion,  the  double  -\ 

of  the  Age  in  the  fourth  ftep  muft  be  equal  / 

to  the  Age  in  the  firft  ftep,  whence  this  f" 

Pquation  will  arife,   .  :  ,  .   .  .   ...  .J 

6.  WhiGk  Equation  duly  reduced  diftovers  "> 

the  Age  of  the  eldeft  Son,  to  wit,   .  .  .   .  j" 


*— 4 


a—S 
a — 12 

2»— 24=« 
*=24 


a 

«—b 

a — %b 
a— $b 

'  a±6b 


Wherefore  the  Ages  of  the  four  Sonsi  were  24,  26,  i<5,andi2;  for  the  firft  exceeds 
the  fecond  by  4,  which  is  alfo  the  excels  of  the  fecond  above  the  third  the  third 
above  the  fourth,  and  the  double  of  the  fourth  is  equal  to  the  firft,  as  was' prefcribed 
in  the  Queftion. 

Moreover  the  laft  ftep  of  the  literal  Refolution  fhews,  that  if  inftead  of  4,  any 
other  NiJmber  be  given  for  the  common  difference  of  the  four  Sons  Ages,  then  fix 
times  that  commondifference  will  give'  the  eldeft  Sons  Age,  which  fhall  be  equal  to 
the  double  of  the  Age  of  the  youngeft.  S 

.....    : 


- 





QUE  ST.  7. 

A  Merchant  began  to  Trade  with  a  certain  Number  of  Pounds  :  By  his  firft  Voy- 
age he  doubled  that  Stock;  by  his  fecond  he  loft  1200  Pound's  (or  b)  by  his  third 
he  doubled  his  remaining  Stock  ;  by  his  fourth  he  loft  again  1200  Pounds,  and  then 
had  no  money  left.  The  Queftion  is,  to  find  how  many  Pounds  the  Merchant  began 
toTradffwith? 

I  2  1.  For 
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.  For  the  number  of  Pounds  which  the  "> 
Merchant  began  to  trade  with  put  .  .  .  .  3 

.  Then  the  double  of  that  number  gives  the  1 
number  of  Pounds  he  had  at  the  end  of  his  > 
firft  Voyage,  to  wit, 3 

.  From  which  laft  number  fubtra&ing  1 200  "\ 
(or  b~)  the  Remainder  (hews  the  number  of/ 
Pounds  that  remained  to  the  Merchant  atr" 
the  end  of  his  fecond  Voyage,  to  wit,  .  .J 

.  Which  remaining  number  being  doubled  "J 
gives  the  number  of  Pounds  which  the( 
Merchant  had  at  the  end  of  his  third  Voy-  r 
age,  to  wit, j 

.  From  which  laft  number  fubtracting  again  "\ 
1 200  (or  b)  Pounds  loft  by  the  fourth  Voy-  r 
age,  the  Remainder  muft  be  equal  to  no-  ^ 
thing  ;  hence  this  Equation, j 

,  Which  Equation,  after  due  Reducfion,  gives, 


2a 


2a — 1 200 


4<r—  2400 


40—3600=0 


a =900 


2a 


2a— b 


4^—2* 


4a — ?i=o 
a=^k 


Whence  it  is  found  that  the  Merchant  began  to  trade  with  900  Pounds  j  which 
number  will  fatisfie  the  Conditions  in  the  Queftion. 

Moreover  the  laft  flop  of  the  literal  Refolution  (hews,  that  if  inftead  of  120a 
any  other  number  were  given,  the  Merchants  ftock  at  firft  would  be  three  Quarters 
of  that  given  number. 


QUEST.   8. 

A  Gentleman  hired  a  Servant  for  a  Year,  for  1 20  Shillings  Cor  c, )  together  with 
a  livery  Cloak  valued  at  a  certain  number  of  Shillings ;  But  when  T|.  (or  d)  parts  of 
the  Year  were  expired,  the  Matter  falling  at  variance  with  his  Servant  puts  him  away, 
and  gives  him  the  Cloak  with  50  Shillings,  (otf-J  and  fo  the  Servant  received  full 
fatisfa£tion  for  the  time  of  his  fervice.  The  Queftion  is,  to  find  how  many  Shillings 
the  Cloak  was  valued  at  ? 

1.  For  the  number  of  Shillings  which  the") 
Cloak  was  valued  at  put 3 , 

2.  Then  to  find  what  part  of  the  value  of  the*] 
Cloak  was  due  to  the  Servant  when  Tr  (or 
i)  pat ts  of  the  Year  were  expired,  fay  by 
the  Rule  of  Three, 

If  I   :   a  :  :  T?-   .    (7?  > 

12 
Or,  if  I  .    a    :  :    d     .   (da 
whence  the  defired  part  of  the  value  of  | 
the  Cloak  is  found 

3.  Find  likewife  what  part  of  the  120  (or-> 
c)  Shillings  was  due  to  the  Servant  when  I 
-, :  (or  d)  parts  of  the  Year  were  expired, 
and  fay,  > 

If  I  .  120  :  :  T!-  .  (70 
Or ,  1  .  c  : :  d  .  (cd 
whence  the  part  defired  is  found  '.'.'.'.    , 

4.  Now  fbrafmuch  as  the  Cloak  together  with  the  50  Shillings  the  Servant  recr 
ought  to  be  equal  to  the  part  of  the  Cloak,  together  with  the  part  of  the 
Shillings  that  was  due  to  him  at  the  time  he  left  his  fervice  j  therefore  from  the 
premifes  there  arifes  this  Equation : 


TL 


70 


lx 


ci 


12 


Or, 


a-^f—da^cd. 


y.  Which 
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<   Which  Equation  after  due  Reduction  according  to  SeS.2,  3,  and  5.  of  Chap.  12. 

will  give  the  defired  value  of  the  Cloak,  to  wit, 
a  =  48  —  - y 

Whence  it  is  evident  that  the  Cloak  was  valued  at  48  Shillings  j  and  the  Iaft  Equa- 
tion difcovers  this  CANON. 

Multiply  theMoney  which  the  Servant  was  to  receive  befides  the  Cloak  for  a  Years 
Wages  by  the  time  he  ferved ;  then  divide  the  difference  between  that  Product  and 
the  Money  he  received  when  he  left  his  fervice  by  the  difference  between  1  (or  unity) 
and  the  fame  time  he  ferved  ;  fo  the  Quotient  gives  the  value  of  the  Cloak. 

By  which  Canon  the  value  of  the  Cloak  will  be  found  to  be  48  s.  as  above. 

The  Proof, 

48  +  50  =  98. 

■pl  of  48,  +  ~rl  Of  120  =  98. 


QUEST.  9. 

A  certain  Man  finding  divers  poor  Perlbns  at  his  Door,  gave  every  one  of  them 
three  pence  (or  £,)  and  had  fix  pence  ("or  c)  left  -,  but  if  he  would  have  given  them 
four  pence  for/)  a  piece,  he  ftiould  have  wanted  two  pence  Cor  g.)  How  many 
poor  Perlbns  were  there  ? 

1.  For  the  number  of  poor  Perlbns  put  .......;  „  a 

2.  Then  forafmuch  as  that  number  multiplied  by  3  (or  b)  and  the  Product  increased 
with  6  for  c)  makes  the  whole  number  of  pence  that  the  giver  had :  And,  becaufe 
if  the  fame  number  of  poor  Perlbns  be  multiplyedby  4  (or  /,)  the  Product  lefs  by 
2  (org)  muft  alio  make  the  fame  number  of  pence:  hence  this  Equation  5 

3<x  4-  6  =  4«  —  2  : 
Or,      ba-\-  c  —  fa  —  g. 

3.  Which  Equation  after  due  Reduction  according_to  Seti.  3,  and  5.  of  Chaff,  12. 
difcovers  the  number  of  poor  Perfons  to  be  8 :  via. 

8____„ 


QUEST.  10. 

One  being  asked  what  a  Clock  it  was,  anfwer'd,  That  the  time  then  paft  from 
Noon  was  equal  to  44  (or,  b)  parts  of  the  time  remaining  until  midnight :  What 
was  the  prefent  Hour  ?  fuppofing  the  time  between  Noon  and  Midnight  to  be  divid- 
ed into  12  (ore)  equal  Hours. 


1.  For  the  Hour  fought  after  noOn  put  .   .  .  ;  a 

2.  Which  fubtracted  from  12  (or  c)  leaves')1  

the  time,  remaining  until  midnight,  to  wit,  3 

3.  Then  ±|  for  b)  parts  of  the  faid  remain-  5     ■» » < _jj- 

ing  time  will  be  ...',. j"     :=7t'      "' 

4.  Therefore  from  the  firft  and  third  fteps7 
(according  to  the  Queftion)  this  Equation  >  «=i-|4- — U* 
arifes,  to,  wit,  ............  .3 

5.  Which  Equation  after  due  Reduction  ac-7 
cording  to  Se8  2,  3,  and  j.  of  Chap.  I2.>       «=5f?; 
gives  the  Hour  fought,  to  wit,  .  ...  .3 
So  the  time  fought  was  5I4-  Hours  after  noon,  and  conlequently  the  remaining 

time  until  midnight  wa  s  iff  Hours,  whereof  44  is  equal  to  the  faid  jffj  as  was 
prefcribed  in'  the  Queftion. 

QUEST, 


c—a 
be— bet 

a— be— la 
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QUE  ST.    ii. 

A  General  of  an  Army  having  fet  his  Soldiers  in  a  Square  Battel,  there  happened 
to  be  fCo  for  b)  Soldiers  to  ipare  5  but  to  increafe  the  Square  fo  as  that  its  fide 
might  confift  of  i  (or  c)  Soldier  more  than  the  fide  of  the  former  Square,  there 
would  be  29  for  d)  Soldiers  wanting.  The  Queftion  is,  to  find  how  many  Soldiers 
the  General  had  in  his  Army. 


i.  For  the  Number  of  Soldiers  that  made  the  "^ 
fide  of  the  firlt  Square,  put 


aa-{-b 

a-\-c 


2.  Then  that  fide  multiplied  by  it  felf  gives  7 
the  Number  of  Soldiers  in  the  firft  fquare  >  act 
Battel,  to  wit, \ 

3.  Therefore  the  number  of  Soldiers  in  the  7       aa+ too 
whole  Army  was j"        -  "*  5 

4.  Then  to  the  end  the  fide  of  another  Square? 

-  may  exceed-  the  fide  of  the  former  by  1  >        n-\\ 
(or  t,)  let  it  be .3 

5.  Which  latter  fide  multiplied  by  it  felf> 
gives  the  Number  of  Soldiers  in  the  latter  >    m-\-  2.1-+ 1  aa-\-  2ca-\-cc 
fouare  Battel,  to  wit, .3 

.6.  But  the  number  of  Soldiers  in  the  laft  ftep  exceeded  the  number  of  Soldiers  in  the 
Generals  Army  by  29  (or  d-J  therefore  fubtra&ing  29  (or  d)  from  the  nurrber 
in  the  laft  ftep,  the  Remainder  mutt  be  equal  to  the  number  in  the  third  ftep  : 
hence  this  Equation  arifes,  to  wit, 

aa-\-2a  -{-1 — 29  =  aii-fjoo, 
Or,     aa-\-2ca-\-cc — d    =  aa-\-L 
7.  Which  Equation  after  due  Reduction   f  according  to  Sett.  3,  and  J.  of  Chop.  12.) 
makes  known  the  fide  of  the  firft  Square,  viz.. 

a  =  264  —  — —  —lc 

2C 

,8.  Laftly,  If  the  fide  or  riumber  found  out  in  the  laft  ftep  be  multiplied  by  it  felf,  and 
the  Product  be  increafed  with  500  for  bj  there  will  come  forth  the  number  of 
Soldiers  that  were  in  the  Generals  Army,  to  wit, 

70196  =  — ! ! —  ■  +  •-?<* +4^ — 44. 

4cc 

-  Whence  it  is  manifeft  that  theGeneral  had  70196  Soldiers  in  his  Army  :  Alio,  the 
fide  of  the  firft  fquare  Battel  confifted  of  264  Soldiers  ;  and  the  fide  of  the  latter 
26  j  -,  this  multiplied  by  it  felf  produces  7022?,  which  exceeds  the  fa  id  701.96  by.29: 
Moreover,  the  laid  70196  exceeds  theSquare  of  264  by  500 ;  as  the  Queftion  requires. 


QUEST.     12. 


. 


Two  Perfons,  J  and.  #,-  difcourfe  of  their  Money  in  this  manner,  viz.  A  faith,  if 
B  would  give  him  a  Crown  for  cj  then  A  fhould  have  as  many  Crowns  as  B  had  left} 
but  B  faith,  if  A  would  give  him  a  Crown,  then  B  (hould  have  twice  as  many 
Crowns  as  A  had  left.    How  many  Crowns  had  each  Perfo'n  ? 

1.  -For  the  number  of  Crowns  which  A  had,  put    .......  a 

2.  Then,  according  to  the  Queftion,  if  tharnumber  be  increafed  with? 

1  Crown  (or  c,)  the  Sum  will  be  the  number  of  CroWns  that  re- >      a\c 
mained  to  B  after  he  had  given  1  Crown  to  A,  to  wit, \ 

3.  And  consequently,  .by  adding  1  Crown  (or  c)  to  the  laid  number? 

of  Crowns  that  remained  to  B  after  he  had  given  1  Crown  to  At>     «+2c    . 
the  Sum  will  be  the  riumber  of  Crowns  which  B  had  at  firft,  to  wit,  3 

4.  Again, 
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4.  Again,  according  to  the  Queftion,  if  1  Crown  (ore)  be  added  -\ 

'  to  the  faid  a+  2c  in  the  hit  ftep,  and  fubtracled  from  a  in  the  /    , 
firft  ftep,  the  Sum  muft  be  equal  to  the  double  of  the  Remain-  >*+3£— 2«— 2c 
der  ;  hence  this  Equation,    ....«;.....     J 

5.  Which  Equation,  after  due  Reduction,  difcovers  the  number  of  7  __ 
Crowns  that  A  had  at  firft,  to  wit, y       a~">c 

6.  And  from  the  fifth  and  third  fteps,  the  number  of  Crowns  which  \    ,     _ 

B  had  at  firft  will  alfo  be  made  known,  to  wit,     .    .    .    .    .  j*a  '  2C—1C 

So  it  is  found  that  A  had  5  Crowns,  arid  B  7  Cr6wns,  as  will  be  evident  by 

The  Proof. 

5  +  i=7  —  1=6 

7+1=4+4=8 


7' 


^UE  ST.    15. 

A  Vintner  having  two  forts  of  French  Wines,  to  wit,  one  fort  worth  10  d.  for  &)  the 
Quart,  and  the  other  6  d  (or  c)  per  Quart,  would  have  a  mixed  Quantity  of  both  forts 
toconiiftof  1 00  Quarts  ("or  »0  that  might  be  worth  7  i.  for/)  per  Quart.  The  Quefti- 
on is,  to  find  what  Quantity  of  each  fort  of  Wine  muft  be  taken  to  make  that  mixture  ?i 

1.  For  the  number  of  Quarts  that  muft  be" 
taken  of  the  better  fort  of  Wine  to  make] 
the  mixture,  put ' 

2.  Which    number  fubtracled    from    100] 
(oxm)  leaves  the  number  of  Quarts  of  the  > 
worfer  fort  of  wine  in  the  mixture,  to  wit,  3 

3.  Then  find  the  worth  of  the  better  fort  off 
Wine  in  the  mixture  at  10  d.  (orb)  per  J 

Quart,  and  fay  by  the  Rule  of  Three, 

If    1     .     10    :  :    a     .    (ica,        'y  10a  ba 

Or,  if    1     .      b     :  :    -a    .    (ba. 
So  the  Quantity  of  the  better  fort  of  Wine 
in  the  mixture  is  found  worth     .    .    .    .  • 

4.  Find  likewife  the  worth  of  the  worfer  fort  ^ 
of  Wine  in  the  mixture  at  6  d.  for  c)  per  I 
Quart,  and  fay, 

If  1  .  6  : :  loo — a  .  (  600 — 6a,  \. 

Or,  1   .  c   :  :    m — a     .  (  cm — ca.  \ 

So  the  Quantity  of  the  worfer  fort  of  j 

Wine  in  the  mixture  is  found  worth    .    .J 

5.  Therefore  the  Sum  of  the  values  of  both  the  7 
Quantities  mentioned  in  thetwolaft  fteps  is  $      4a+^o°  ba-\-cm— ca, 

6.  Which  Sum  muft  be  equal  to  the  Produft  made  by  the  Mu  tiplication  of  100 
form;  the  total  mixed  Quantity,  by  7  for/;  the  prefcribed  mean  price  5  hence 
this  Equacwnariies,  to  wit, 

43+600  =  700, 

,,_,.  ,  r        .  Ur>  • ba+cm—ca  =  fin. 

■  7.  Which  Equation,  after  dueReduaion,  difcovers  the  value  of*,  to  wit,  the  num- 
ber of  Quarts  that  muft  be  taken  of  the  better  fort  of  Wine  to  make  the  mixture  vix. 

a  =  25=  fe-°". 

,   ,  b — c 

8.  And  from  the  feventh  and  fecond  fteps  the  number  of  Quarts  that  ought  to  be  t* 
ken  of  the  worfer  fort  of  Wine  to  make  the  mixture  will  alfo  be  made  known,  viz. 

7J  =   bjn^ 

9.  From  thetwolaft  fteps  it  is  evident,  That  2  5  Quarts  of  the  better  fort  of  Wine  and 
75  Quarts  of  the  worfer  fort,  mult  be  taken  to  make  the  prefcribed  mixture  •,  for  thofe 

Quantities 


60c — 6a 


cm — ca 
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quantities  at  their  refpecfive  prices  will  be  worth  in  the  whole  700  pence,  which 
is  alio  theiuft  worth  of  ico  quarts  at  7  pence  per  quart. 
Moreover,  If  the  latter  parts  of  the  two  laft  Equations  be  refolved  into  Proportionals, 
(according  to  *3Vc7. 3 .  Chap.  1  3 .)  and  be  exprefs'd  by  words,they  will  give  this  following 

THEOREM. 

As  the  difference  between  the  given  prices  of  two  forts  of  Wines  or  other  thingl 
whereof  a  mixture  is  defied,  is  to  the  total  Quantity  required  to  be  in  the  mixture; 
So  is  the  excels  by  which  fome  mean  price  prefcribed  for  the  total  Quantity  mixed 
exceeds  the  lelfer  of  the  two  given  prices,  to  the  Quantity  to  be  taken  of  the  better 
fort  of  Wine  :  And  fo  is  the  excefs  of  the  greater  of  the  two  given  prices  above  the 
mean  price,  to  the  Quantity  that  is  to  be  taken  of  the  worfer  fort  of  Wine. 

This  Theorem  contains  the  fubftance  of  the  Rule  of  Alligation-alternate  in  Vulgar 
Arithmetic.  But  how  Queftions  of  this  nature,  when  three  or  more  things  are  to 
be  mixed,  may  be  folved  more  generally  than  by  that  Rule,  I  ihall  hereafter  (hew  in 
than.  13.  of  my  fecond  Book  of  Algebraical  Elements, 


QUEST.    14. 
A  Ciftern  in  a  certain  Conduit  is  fupplied  with  Water'  by  two  Pipes,  of  fuch  capa- 
cities, that  by  both  their  Cocks  A  and  B  fet  open  at  once  the  Cittern  will  be  filled  in 
12  Cor  b)  Hours  5  but  by  the  Cock  A  alone  in  20  (or  c)  Hours:  The  Queftion  is, 
to  find  in  what  time  the  Ciftern  will  be  filled  by  the  Cock  B  alone  ? 


.1.  Suppofe  the  time  fought  to  be 

2.  Then  find  what  part  of  the  Ciftern  will  be" 
filled  by  the  Cock  B  alone  in  1 2    (or  b) 
Hours,  and  fay  by  the  Rule  of  Three, 

If    a     .     1     ::    12     .       (-, 
a 

Or,    if    a    .     I     :  :      b      ',        (— ; 

a 

whence  the  faid  part  is  found 

3.  Find  likewifewhatpattof  the  Ciftern  will 
be  filled  by  the  Cock  A  alone  in  12  (or  b) 
Hours,  and  fay, 


12 


If 

Or,  if 


c 


12 


±M-|-=i. 


a=30 


a       c 
c—b 


whence  the  faid  part  is  found 

4.  But  thofe  parts  found  out  in  the  fecond  and  7 

third  fteps  muft  be  equal  to  the  whole  Ci-  > 

ftern,  to  wit,  1  -,  hence  this  Equation  arifes,  3 
;.  Which  Equation,  after  due  Redu&ion  ac- ^ 

cording  to  Sett.  2,  3,  and  5.  of  Chap.  12  Y 

difcovers  the  value  of  a,  to  wit,  the  timeC 

fought,  viz » ) 

Whence  it  appears,  that  by  the  Cock  B  fet  open  alone  the  Ciftern  would  be  filled 
in  30  Hours  »  And,  if  the  latt  Equation  of  the  literal  Refolution  be  refolved  into  Pro- 
portionals according  to  Sett.  3.  Chap.  13.  there  will  arife  this  following 

CANON. 
As  the  difference  of  the  two  numbers  of  fpaces  of  Time  given  in  the  Queftion  is  to 
cither  ot  them,  fo  is  the  other  to  the  Time  fought,  viz. 

As     8    (20—12,)    .     12     ::     20     .     30, 

Or,  as    . .  . :      c—b         .      *    :  :     c     .  m 

The 
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The  Proof  may.  be  made  by  folving  this  Queftion   viz 

~  r*:fin ...:ii  i.„  .cn~j    :-u  tit   .        ,  .'  ' 


7B 


If  a  Gftern  will  be  filled  with  Water  by  a  Cock^in  20  hours,  and  by  another 
Cock  B  in  2o  hours ;  5  in  what  time  will  the  Cittern  be  filled  by  both  Cocks  fee  S 
at  once  >  Anfw.  1 2  hours.  ^^n 

Firft  find  what  part  or  parts  of  the  Ciftern  will  be  filled  by  each  Cock  in  one  and 
the  lame  time  5  then  it  mall  be,  As  the  Sum  of  thofe  parts  isto  that  common  time 

S/VJ'ffr   fer  (t0wlt'  r'}  t0  Retime  wherein  the  whole  Ciftern  will  be 
filled  by  both  Cocks  fet  open  at  once  •,  viz.. 

bo.  Cifi.  ho. 

Firft,  If   ....    30      .     1      : :      20    .    (  f  Ciftern. 

add      1  Ciftern. 

So  it  is  found  that  1  •  Ciftern  will  be  filled  in  20  hours  by  both  Cocks  A  and  B  fet 
open  at  once  ;  then  fay  again  by  the  Rule  of  Three 
Cifi.  ho.  Cifi.        ' 

If       •         20        ,z        i  m  (  1 2  hours 

afrSdhthis)perati0n  °f  thiS  la"er  aueftion  be  formed  AISebraically  by  Letters,  it  will 

CANON. 

As  the  Sum  of  the  two  given  numbers  exprelfing.  fpaces  of  time  in  the  latter  Oue- 
ftion,  is  to  either  of  them;  So  is  the  other  to  the  time  fought  ^ 

^UE  S  T~T~  * 

_  A  Shepherd  in  the  time  of  War  driving  a  Flock  of  Sheep,fell  into  the  hands  of  three 
Companies  of  plundering  Soldiers,  who  compell'd  him  t delive 'the  half * ?his  flock 
with  halft  Ssa°rverrfdrabove  tothefirftclpany ,  alfo  half  of  his  ?emating  flock 
w  h  SSK  s£P  uS  [eco"dComPanyi  ikewifethe  half  of  the  reft  of  theflock 
EiSSlJSS.tff"  th][tComP™yr  A11  ^ich  Divifions  the  Shepherd  exaftly 
WmS?T  ^"houtkilhngasheep,  and  then  there  remained  only  20  (or %  Sheep  fot 
himfelf.  The  queftion  is,  to  find  How  many  Sheep  the  Shepherd  had  in  his  flock  at  firft  ? 

1.  Let  the  Number  of  Sheep  which  the  Shepherd  had  in  his  Flock  7 

at  firft  be  reprefented  by     .........  .  r  a 

2*  ,Thrn^he  half  of  rhat  number  is  ±a±o  which  adding  i  /that  is'  7 
half  a  Sheep.)  the  fum  will  be  the  Number  of  Shfep  delivered  C      (  W* 
to  the  firft  Company  of  Soldiers,  to  wit,     ....  C 

3.  A,nd  by  fubrrafting  the  faid  4*4-4  from  a,  the 'remainder  will? 
be  the  number  of  Sheep  that  were  left  to  the  Shepherd  after  he  C 

had  fatisfied  the  firft  Company  of  Soldiers,  to  wit,    .  \        t*  —  - 

4.  Then  the  half  of  that  remaining  Flock  is  -fa— 4,'  to'  which  ad-  7 

ding  4.,  (that  is,  4  Sheep,)  the  fum  will  be  the  Number  of  Sheen  C       -*&  1  * 
delivered  to  the  tecond  Company  of  Soldiers,  to  wit,    .  \        4 

5.  Which  7^+ 1  being  fubtraaed  from  -fa  —  f  in  the  'third  ften  a 
the  remainder  will  be  the  number  of  Sheep  that  were  leftto  theY 
Shepherd  after  he  had  fatisfied  the  fecond  Company  of  Soldiers  r       ^  ~~^ 
to  wit, r    '  "Miicis,  1 

6.  Then  the  half  of  the  remaining  flock  in  the  l'aft'ftep  is  fa—  '  ? 

to  which  adding  f,  (to  wit,  f  Sheep)  the  Sum  will  be  the  num-  i        ,     , 
m  P  dellvered  t0  the  fhird  Company,  to  wit    .  \        ja ■+  "5" 

7.  Which  >+i  being  fubtrafted  from  fa  —  4  in  the  fifth  ftep? 

the  remainder  will  be  the  number  of  Sheep  that  were  left  to  the  C        & — S 
Shepherd  after  he  had  fatisfied  all  the  three  Companies,  to  wit    C 

8.  But  the  remainder  in  the  laft  ftep  muft  be  equal  to  20  (or  b )  the ")  , 

number  given  in  the  Queftion  ;  hence  this  Equation,     .    .    .      K«— i=*=2o, 

9.  Which  Equation,  after  due  Reduaion,  difcovers  the  Number  i      „, 
fought,  to  wit, -•  .T  .     >a=8b-\--]2=i6j 

So  it  appears  that  the  Shepherd  had  167  Sheep  in  his  Flock  at  firft. 

K  7be 
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The  Proof. 
t    Thp  ha1fofi6-MsS;-  to  which  adding  i,  the  fum  is  84,  which  was  the 
number  of  Sheep  delivered  to'the  firft  Company  of  Soldiers  3  and  then  there  remam- 

£d  28?lgh"nP  Setalfofstis  ^  which  increafed  with  ?  makes  4J,  the  number 
of  Sheep  delivered  to  the  fecond  Company  3  and  then  there  remained  4i  Sheep  to 
the^Shepherd.  f  of      .      f  which  increafed  withf  makes  21,  which  was 

the  number  of  Sheep  delivered  'to  the  third  Company  3  and  fo  there  remained  20 

'■t^.*teff2fflaetffc  roltt  ¥*£  ,ifdT 

whole  number  inftead  of  20  be  prefcribed  in  theQueftion,  that  number  multiplied  by 

8   and Tftoduft  increafed  with  7  will  give  a  number  capable  of  the  like  Divifion 

as  167  that  anfwered  the  Queftion:  So  if  there  had  been  but  one  Sheep  left  for  the 

Shepherdfthen  his  Flock  at  firft  was  15  Sheep 3  if  2  had  been  left,  his  Hock  at  firft 
onepneru,  lucu  h  d  hen  hg  firft  met  wirh  the  ^_ 

S^3Llll'faPconS 

vifion'the  Queftion  requires  may  be  orderly  found  out.  But  to  have  nothmg  left  af- 
ter fuch  Divifion  is  made,  the  Number  firft  to  be  divided  is  7- 

It  is  alfo  Evident,  that  by  continuing  the  Refolution  an  odd  Number  may  he  found 
out,  that  fhallbe  capable  of  being  divided  according  to  the  import  of  the  Queftion, 
as  many  times  as  (hall  be  defired. 

§U-EST%  16. 

t«.,«  xWJnnt*  A  and  B  were  Co-partners  in  Traffic  s  the  fum  of  their  Stocks 
JsTo™  0 S  'the  StockV  ^contiLd  in  Company  9  (or  c>  Months  and  the 
Stock  of  in  or  i)  Months;  they  gained  a  certain  fum  of  Money  which  they 
divided  equally.    The  Queftion  is,  to  find  what  each  Merchants  Stock  was  at  firft  > 

1 .  For  the  Stock  of  A  when  he  entred  Partner-  7 
Ihip,  put •    •     ■      •   k 

2.  Then  fubtrafting  that  flock  from  the  Joynt  I 
ftock  300  Z.  (orb)  the  Remainder  will  be-S 
the  Stock  of  J5,  to  wit, -J 

3.  The  firft  ftock  multiplied  by  the  time  it  7  $a 
continued  in  Company  produces    .     .     .  S 

4.  And  the  other  ftock  multiplied  by  its  time  7      g  ,00_  ,  M 

«  PNow7orafmuch  as  the  Merchants  divided  the  gain  equally,  therefore  the  Produfts 
in  the  third  and  fourth  fteps  muft  be  equal  to  one  another,  (according  to  the  na- 
ture of  the  Rule  of  Fellowfhip  with  Time.;  Hence  this  Equation  anfesi 

9a  =  3300  —  ii?, 
Or     .    •    •    ca  —    db   —  dot 

6.  Which  Equation,'  after  due  Reduftion,  according  toSefl?,  and  <?.ofC%  12. 
'  will  difcover  the  Stock  which  A  put  in,  viz. 

,  db 

c-\-d 

7.  And  from  the  6,and  2  .fteps  the  ftock  which  B  put  in  will  alfo  be  made  known,to  wit, 

cb 

135  =  -crj- 
So  it  is  found  that  the  ftock  of  A  was  165  I  and  that  of  B,  i?5  I  For,  165  x  9 

^Moreover '  If  the  latter  parts  of  the  two  Equations  in  the  forth  and  feventh  fteps  be 
refolved  into  Proportionals,  according  to  SeB  ? Chap.  13.  there  will  anfe  this 

CANON.  fc 

As  the  fum  of  both  fpaces  of  time  given  in  the  Queftion,  i^t0/h^Se,X™.0fJ 

the  two  particular  ftocks  fought ,  fo  is  the  greater  time  to  the  particular  ftock  belonging 

to  the  lefler  time  :  andip  is  the  letter,  to  to  the  ftock  belonging  tothejreatcr  nme. 


>oo— -.« 


b~*ct 

ca 

db  —  da 


_ — ' 


CHAP.    14.  which  produce  fimple  Equations, 


UEST.  i7. 


;?ri§nc 


A  certain  Man  being  asked  how  many  Years  old  he  was,  anfwered,  If_i(or£)  part 
of  the  Number  of  Years  he  had  lived,  were  multiplied  by^  (otc)  parts  of  the 
lame  number,  the  Product  would  give  his  Age.    What  was  his  Age  ? 

For  theNumber  of  the  Years  fought  put 


-r^aa  =r 


2.  Then  according  to*heQueItion,multiplying  } 
^ia  by  \a  (orba  by  ca)  theProducl  will  be  } 

3.  Which  Producf  muft  be  equal  to  the  num.  7 
ber  of  Years  fought,  viz y 

4.  Then,  by  reducing  that  Equation  according  7 
to  Se8.  4,  and  5.  of  Chap.  1 2.  the  number  >         a  =  3  2 
of  years  fought  will  be  difcovered,  viz.    .^ 

Whence  it  is  manifeft  that  the  Refpondent  was  32  Years  of  Age-  for  if  i-i  that 
^  ViofP>  bre^ultiP!ieduby  2?>  Mk  ig'ih  the  Produftwill  be  32,  to  wit 
the  Number  of  Years  fought,  t  is  alfo .evident  by  the  laft  Equation  in  the  literal 
Refolution,that  if  if  to  wit_Unity)be  divided  by  theProdud  made  by  the  multiplication 
of  the  two  numbers  given  in  the  Queftion,  the  Quotient  will  be  the  number  fought 


bean 
bcaa  =  a 


be 


QUEST.  18. 

There  are  two  Numbers  the  greater  of  which  has  fuch  proportion  to  the  Ieffer  as 
%  t0  %  (°r.  a|r  t0 s  5)  and  the  fum  of  the  faid  numbers  has  fuch  proportion  to  the 
fum  of  their  Squares,  as  1  to  1 3,  (or  as  b  to  c)  What  are  the  Numbers  > 


1.  For  the  greater  Number  fought  put  .    . 

2.  Then,  (according  to  ghieS.  2.  in  SeS.  4. 


*5 
3 


Cbap.  10.)  the  fum  of  the  two  Numbers  > 

will  be  found \ 

And  (according  to  ghtett.  5.  in  the  faid 7 
SeS. 4.  Chap.  10 )  the  fum  of  the  Squares  > 
of  the  two  Numbers  fought  will  be  .  .^ 
Again,  by  the  help  of  the  latter  Proportion"*, 
given  in  the  Queftion,  and  of  the  fum  | 
foundin  thefecond  ftep,fearchout  the  fum  1 
of  the  Squares  of  the  two  numbers  fought  s  J 
viz.  fay  by  the  Rule  of  Three, 

If  I    .    13    ::  ^ 

3  '  3 

Or,  if*,   c::  a+ fl    .   ^+f!f 
r  br 

whence  the  fum  of  the  laid  Squares  is  found 

But  the  fum  of  the  Squares  found  out  in  the  third  ftep  muft  be  equal  to  the  fum 
in  the  fourth  •,  hence  this  Equation,  viz. 
l^aa       6<}ct 


(6J* 


~9~ 


65a 


a-h— 
t 


aa-f- 

ft 


cra-\-cs* 


br 


75 


Or, 


,   tsaa  ■*    cra-\-c$a 
aci-\-  — _  =:  '       . 

br 


6.  Which  Equation,  after  due  Reduction,  will  difcover  the  greaterof  the  two  Num- 
bers fought,  viz. 

.  brr+kss 

7<  Whence  by  the  help  of  the  firft  proportion  given  in  the  Queftion,  the  Ieffer 
Number  fought  will  alfo  be  made  known,  viz. 


Tn  =  css+crs 
brr-x-bss 


K  2 


SO 


3 
T 
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So  the  Numbers  fought  are  15  and  10 ;  for  they  are  in  the  given  Reafonof  3  to  2; 
and  their  Sum  25  is  to  325  theSum  of  their  Squares,  as  1  to  13 ;  as  was  prefcribed. 

Moreover,  the  Letters  in  the  latter  pares  of  the  two  laft  Equations  give  a  Canon 
to  find  out  the  Numbers  required. 

QUEST.  i9. 

There  are  two  Numbers,  the  Greater  of  which  has  fuch  proportion  to  the  Lefler, 
as  3  to  2,  (or  as  r  to  s  5)  and  the  Sum  of  the  faid  Numbers  has  fuch  proportion  to 
the  Product  of  their  Multiplication,  as  1  to  6,  (or  as  b  to  c.)  What  are  the  numbers  ? 

j.  For  the  greater  number  fought  put    . 

2.  Then  ('according  to  ghteft.  2.  in  Sett.  4 
Chap.  10)  the  Sum  of  the  two  numbers  S*  ^  a-\- — 
will  be    ...........  ^ 

3.  And  (by  ghiett.  4.  in  Sett.  4.  Chap.  10J  "> 
the  Product  of  their  Multiplication  is  .  .  y 

4.  Again,  by  the  help  of  the  latter  proportion 
given  in  the  Queftion,  and  of  the  Sum 
found  in  the  fecond  ftep,fearch  outthePro- 

~  du£t  of  the  multiplication  of  the  two  num- 
bers fought  j  nz'z.fayby  the  Rule  of  Three,  j 

If     I    .    6    : :     i-    .     1 00, 

Or,  if    b  .   c  : :  «+  —    •    — r— 
r  br 

whence  the  Product  is  found     .     .*    . 

5.  But  the  Products  found  out  in  the  two  laft  fteps  muft  be  equal  to  one  another  -, 
hence  this  Equation,  viz. 

iaa 

=  IOtf,  1 

^  saa      cra-i-csa 

Or,    .    •    .     T=-^- 

6.  Which  Equation,  after  due  Reduction,  difcovers  the  greater  of  the  two  Numbers 
fought,  viz. 

cr-\  cs 

7.  Whence,  by  the  help  of  the  firft  Proportion  given  in  the  Queftion,  the  lefler 
number  fought  will  alfo  be  made  known,  viz. 

cr-\-cs 

l0  =  -ir-   . 

So  the  numbersfought  are  found  15  and  io;  but  that  they  will  fblve  the  Queftion 
the  Proof  will  make  manifeft  :  Fpr  the  greater  is  to  the  lefler  as  3  to  2  •,  and  their 
Sum  1 5,  is  to  1 50  the  Product  of  their  Multiplication,^  as.  1  to  6  ;  as  was  prefcribed. 

Moreover,  the  two  laft  Equations  give  a  Canon  to  find  out  the  Number  fought. 


cra-\-csa 
~br"~ 


QUEST.  20. 

There  are  two  Numbers,  the  greater  of  which  has  fuch  Proportion  to  the  lefler  as 
2  to'  1  (or  as  r  tosj  and  the  fiim  of  the 'Squares  of  the  faid  Numbers  is  125  (or 
b  0  What  are  the  Numbers  ? 

1 .  For  the  greater  number  fought  put    .     .    . 

2.  (Then  according  to  Qtefl.i.  in  iSV<f?.  4. ") 
Chap.  10.)  thelcflerNumber  will  be  found  y 

:>.  Therefore  the  Sum  of  their  Squares  (hall  be 


2 
•>aa 

~4~ 


aa-\- 


ssaA 


rr 

4.  Which 


CHAP.  [i4- 


11       "-^^"^——^^—Bfmmmmmmi^ammmm 

which  produce  fimple  Equations. 


.  Which  Sum  muftbe  equal  to  12;  for  b) 
the  given  fum  of  the  Squares  5  hence  this 
Equation,    . •     »     . 

■.  Which  Equation,  after  due  Reduction  (ac-  / 
cording  to  SeB.  2,  c,  and  7,  of  Chap.  i2.)> 
will  difcover  the  greater  number  fought.wz.  3 

i .  But  if  a  had  been  put  for  the  leffer  number,  T 
it  would  by  the  like  procefs  have  been  found  j" 


a  =  id 


-    5 


aa+^  ~ 


a=  V- 


rrb 


rr-\-ss 
rr-\-ss 


From  the  two  laft  fteps  the  numbers  fought  ate  found  10  arid  5,  which  will  fblve 
theQueftion  :  For  the  greater  is  to  the  leffer  aS2  to  1,  and  the  fum  of  their  Squares 
is  125  •,  as  was  prefcribed. 

Moreover,  to  find  out  the  Numbers  fought,  the  two  laft  fteps  of  the  literal  Refb- 
lution  give  this 

CAXON. 

Multiply  feverally  the  Squares  of  the  Terms  of  the  given  Reafon,  by  the  given 
Sum  of  the  Squares  of  the  number  fought ;  then  divide  the  Products  feverally  by  the 
Sum  of  the  Squares  of  the  faid  Terms  ;  laltly,  extra£t  the  fquare  Root  out  of  each' 
Quotient,  fo  mail  thefe  fquare  Roots  be  the  Numbers  fought. 


77 


QUEST.    21. 

There  are  two  Numbers,  the  greater  of  which  has  fuch  proportion  to  the  lefler 
as  2  to  1,  (or  asr  to  »;  )  and  the  difference  of  the  Squares  is  75,  (or  d :)  What 
are  the  Numbers  > 

1.  For  the  greater  Number  fought  put   :   .   j 

2.  Then  (according  to  gjhieft.  1.  in  SeS.q.  > 


%aa 


d 

2 

%da 

=  7? 


act — s-  d 


=    5 


a  =  Y  - 


-V- 


rrd 


ssd 


Chap.  10  )  the  lefler  number  will  be 

3.  Therefore  the  difference  of  their  Squares  is 

4.  WhichDifference  muft  be  equal  to  the  given  V 
Difference  7  5  (or  Whence  thisEquation,  viz.  y 

5.  Which   Equation,  after  due  Redu£tion,  "> 
difcovers  the  greater  Number,  viz.    .    .  y 

6.  But  if  a  had  been  put  for  the  leffer  Number  7 
it  would  have  been  found  by  the  like  procefs  j" 

So  the  Numbers  fought  are  10  and  j,  which  will  folve  the  Quefti'on :  For  the  greater 
is  to  the  lefler  as  2  to  1,  and  the  difference  of  their  Squares  is  75  ;  as  was  prefcribed. 

Moreover,  to  find  out  the  numbers  fought,  the  two  laft  fteps  of  the  literal  Re- 
folution  give  this 

CANON. 

Multiply  feverally  the  Squares  of  the  Terms  of  the  given  Reafon  by  the  given 
Differenct  of  ihe  Squares,  then  divide  the  Products  feverally  by  the  Difference  of  the 
Squates  of  the  laid  Terms ,  laft ly  extra£l  the  fquare  Root  of  each  Quotient,  to 
fliall  thefe  fquare  Roots  be  the  Numbers  fought. 


QUE  S  T.    2,2. 

There  are  two  numbers,  the  fum  of  whofe  Squates  is  125  (orb)  and  the  Diffe- 
rence of  their  Squares  is  75  for  4 ; )  what  are  the  Numbers  ? 

j.  For  the  greater  number  put d  a 

2    Then  its  Square  will  be    .......    ;  '."  act  act 

3.  Which  fubtrafted  from  125   (or  b)   the^- 

given  Sum,  leaves  the  Square  of  the  lefler  >       125  —  aa    ■  b  —  aa 

Number,  to  wit,    .    t    , .    .    .    ,     \ 


4;  And. 
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4.  And  from  the  fecond  and  third  fteps  by 
fubtraaing  the  letter  Square  from  the 
greater,  their  Difference  is    .    .    .    •.    , 

5  Which  Difference  mutt  be  equal  to  trie 
given  Difference  7  5  (or  dj  whence  this 
Equation  arifes,    .    •    •    •    •    •    •    • 

6  From  which  Equation  after  due  Reduction, 
according  to  Se8.  3,  5,  and  7.  of  Chap.  12. 
the  greater  Number  fought  will  be  made 
known,  viz. 

7.  But  if  a  had  been  put  for  the  letter  Num- 
ber fought,  it  would  by  the  like  procefs 
have  been  found 


icia — 12; 


2aa- 


■2tftf  — -  125  =  75  2tfrf — b=d 


on,^ 


a  —  10 


=s    5 


1 


-v 


■b—i 


nave  oeen  rounu -»  « 

So  the  Numbers  fought  are  found  10  and  5,  which  will  folve  the  Queftion  ;  for  the 
fum  of  their  Squares  is  1 2  5,  and  the  difference  of  their  Squares  is  7  5,  as  was  prefcribed. 
Moreover,  to  find  out  the  Numbers  fought,  the  two  latt  tteps  of  the  literal  Re- 
folution give  this  CANON. 

The  fquare  Root  of  half  the  Sum  of  the  given  fum  and  difference  of  the  Squares 
of  the  two  Numbers  fought,  is  equal  to  the  greater  Number,  and  the  fquare  Root  of 
half  the  difference  of  the  laid  given  Sum  and  Difference  gives  the  letter  Number. 

]         '  ~  &UEST.  2?. 

There  ate  two  Numbers,  the  fum  of  whofe  Squares  is  340  Cor  b  -J  and  the  Produft 
made  by  the  multiplication  of  the  two  Numbers  is  equal  to  4  (ore)  parts  of  the 
Square  of  the  greater  Number ;  what  are  the  Numbers  ? 

1.  For  the  greater  Number  put    ...... 

2.  Then  its  fquare  is - 

3<  And  4  (or  c)  parts  of  that  Square  is  ,  .  . 


act 
6aa 

T 

6aa 

T 

6a 

y 

%6aa 

4<T 
85 aa 

49 


$5aa  _ 

-i-  =  340 
49 


a  =  14 


=   12 


a 

aa 


caa 


CM. 


Gdi 


ccaa 


ccaa-l-aa 


ccaa-\-aa  =  b 


4.  Therefore alfo  (according  to  the  condition? 
in  the  Queftion)  the  Produft  of  the  multi-  > 
plication  of  the  two  numbers  fought,(hall  be  _} 

5.  Which  ProduQ:  divided  by  the  greater  num.-  \ 
ber  a  will  give  the  letter  number,  to  wit,    3 

6.  Therefore  from  the  latt  ftep  the  Square") 
of  the  letter  number  is 3 

7  And  by  adding  together  the  Squares  in  the  > 
fecond  and  fixth  fteps,  their  fum  will  be  ,  j 

8,  Which  fum  muft  be  equal  to  the  given  fum  \ 
340  (or  £,)  whence  this  Equation  arifes   .  S 

9.  From  which  Equation,  after  it  is  duly  re--j 
duced  according  to  SeS.  2,  5,  and  7.  ofY 
Chap.  12.  the  greatet  number  fought  willC 

.   be  made  known,  viz.    .    .  ,    .    .    .  . 
lo   And  from  the  ninth  and  filth  tteps  the  ? 
letter  number  will  alfo  be  difcovered,  .    .J 

So  the  two  numbers  fought  are  found  14  and  12,  which  will  folve  the  Queftion  • 
for  the  fum  of  their  Squares  196  and  144  is  340  i  alfo,  14  multiplied  by  12  makes 
168,  which  is  equal  to  4  of  the  greater  Square  196. 

'  gy EST.  24. 

A  Merchant  bought  a  certain  Number  of  Yards  of  linnen  Cloth  at  12  pencefci -b) 
per  Yard  -,  and  if  the  number  of  pence  paid  for  all  the  Cloth  be  multiplied  by  the  number 


I     a=sV 


;=  v. 


b 

CC-\-l 

bcc 


cc-\-i 
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12a 


I2JJ 


of  Yards  bought,  the  Producf  will  be  30000,   (or  c.)   TheQueftion  is   to  find  the 
number  of  Yards  bought. 

1.  For  the  number  of  Yards  bought  put    .    . 

2.  Then  the  number  of  pence  paid  for  the  } 
whole  Cloth  will  be 3 

3.  Which  Number  multiplied  by  a  (the  num-  7 
ber  of  Yards  bought,  produces    .    .    .   .  3 

4.  Which  Product  muft,  according  to  the  Que-  V 
ftion,  be  equal  to  30000  (ore 5)  therefore  j"  12aa  T  I0000 

5  From  which  Equation,  after  due  Reduction,  1 
the  number  of  'Yards  fought  will  be  difco-  >         a  —  50  a  —  /£_ 

vered,  ra'z •    ■  J  b 

So  it  is  found  that  the  Merchant  bought  50  Yards  of  Cloth,  which  at  12  d.  per 
Yard  makes  600  d  this  600  multiplied  by  <jo  (the  Number  of  Yards  bought )  pro- 
duces 30000  j  aswasprefcribedin  theQueftion. 


ba 

baa 

baa  =  c 


QUEST.  2$. 

Two  Merchants,  A  and  .B,  were  Co-partners  in  Traffic  -,  A  brought  in  a  certain 
number  of  pounds,  which  continued  in  Company  4  (ore)  Months,  B  brought  in 
100  (or*)  pounds,  which  continued  in  Company  fuch  a  time,  that  if  ir  be  multi- 
plied by  the  Stock  of  ^it  makes  50  (or  d.)  At  the  end  of  their  Partnerfhip  ther 
had  gained  do  Pounds,  whereof  A  had  40  (orr)  Pounds  for  his  (hare  and  B  thereft 
to  wit,  20  for*)  Pounds  What  was  the  Stock  which  A put  in  at  firft,  and  how' 
many  Months  did  the  Stock  of  B  continue  in  Company  ? 

1  For  the  Stock  of  A  put    .    .    t    .    .    . 

2.  Then  multiplying  that  ftock  by  the  time  it? 
continued  in  Company,  to  wit,  by  4  (or  e,)  > 
it  makes r    •  S 

3.  Then  divide  70  (or  d)  theProduft  given  in -7 
the  Q.ueftion,by  a  the  (ftock  of  A  J  and  the  / 
Quotient  will  give  the  time  that  the  ftock  C 
of  B  continued  in  Company,  to  wit,  .  .  .  J 

4.  The  ftock  of  B,  to  wit,  100  /.  for  b)  multi-7 

plied  by  its  time  5°  (or  — )  produces  .   .  C 
r  a  a  J 

5.  Then  according  to  the  Nature  of  the  Rule  of  Fellowfhip  with  Time,  this  Analogy 
win  arile,  viz.  As  the  Produ£l  made  by  the  mutual  multiplication  of  the  Stock 
and  Time  of  A,  is  to  the  Produ£t  of  the  Stock  and  Time  of  B-,  fo  is  the  gain  of 
^tothegainof  B:  viz.. 

As,    4*    •    ^    ••:    40 


4* 

a 

S-eoci 
a 


bd 


20, 


Or, 


bd 


ca     .      — 


6.  Which  Analogy  f  according  to  Se3. 

8o«  = 


VIZ. 


1  .Chap  1 3  Jmay  be  converted  into  this  Equation, 

200000 


Or, 


a 

rbd 


7.  From  which  Equation,  f  after  due  Reduction  according  to  Se3.  2,  5,  and  7.  of 
Chap.  12.)  the  Stock  of  A  will  be  difcovered,  viz, 

K 


79 


€.  And 
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8.  And  from  the  feventh  and  third  fteps,_  the  Time  that  the  Stock  of  B  continued  in 
Company  will  alfo  be  made  known,  viz. 

1°  =  i  =s  Vs--. 
jo  rb' 

9.  So  it  is  found  that  the  Stock  which  ^put  in  at  firftwasjo  /.  and  the  time  during 
which  the  Stock  of  B  continued  in  Company  was  one  Month  •,  as  will  appear  by 

The  Proof. 

50x4=  200 
100  x  1  =  100 

Thenif To^~     .    60    ::     j  J°°     '    f 

(.  100     i     20 


QUE  ST.  26. 

Certain  Noble-men  made  a  Progrefs  for  their  Pleafure^  every  noble  Man  carried 
along  with  him  the  fame  Sum  of  Pounds  ;  the  Number  of  the  Noble-men  was  equal 
to  the  number  of  Servants  which  attended  upon  each  Noble-man 5  the  number  of 
Pounds  that  each  Noble-man  had  was  the  double  of  the  number  of  all  their  .*-ervants-, 
and  thefum  of  all  their  Mony  was  34.5:6  Pounds:  the  Queftion  is,tofind  outthe  Num- 
ber of  Noble- men ;  alfo,  how  many  Pounds  and  Servants  each  Noble  man  had  ? 

1.  For  the  number  of  Noble-men  put t    .....  a 

2.  Then  ^according  to  the  Queition)  thenumber  of  Servants  that") 
attended  upon  each  Noble-Man  was  alio )      '     a 

3.  Therefore  the  Number  of  all  the  Servants  was    ......  ax 

4.  Which  laft  Number  doubled  gives  the numberoi  Pounds  that  \ 
each  Nobleman  had,  to  wit, J 

5.  And  if  the  faid  Number  of  Pounds  be  multiplied  by  thenumber  \ 

of  Noble-men,  it  produces  the  Sum  of  all  tneir  Money,  to  wit,  _>  •  '  •  2aaa 

6.  Which  fummuft  be  equal  to  the  given  fum  3*456,  therefore    .    .    2aaa  —  3456 

7.  Therefore  by  taking  the  half  of  that  Equation,  there  arifes    .        .    aaa  =  1728 

8.  Laftly,  by  extra£Hng  the  Cubic  Root  of  each  part  of  the  laft ")  _ 
Equation,  the  Number  of  Noble-men  is  dilcovered,  to  wit,  .  j 

So  it  is  found  that  there  were  12  Noble  Men;  alio  every  one  of  them  had  12  Ser- 
vants and  288  Pounds,  as  will  appear  by 

Tfje  Proof. 

12x12=  144 

144  x    2  =  288 
288  x  12  =  3456. 

QUEST.  27.    . 

A  Merchant  bought  as  many  Pounds  of  Pepper  for  one  Crown  as  was  half  the 
number  of  Crowns  he  laid  out,  then  in  felling  the  Pepper  he  received  for  every  25 
tb  of  Pepper  as  many  Crowns  as  he  paid  for  all  the  Pepper  ;  and  in  conclufion  he 
had  20  Crowns,  The  Queftion  is,  to  rind  how  many  Crowns  he  laid  out. 

1.  For  the  Number  of  Crowns  which  the  Merchant  laid  out,  let  \ 
there  be  put •    •    •  3 

2.  Then  the  Number  of  Pounds  of  Pepper  which  he  bought  for  ">  a 
one  Crown  was 3             ~% 

3.  Whence  the  whole  quantity  of  Pepper  bought  will  be  found  — , 

2    (  an 


!?■•" 


fcr/If     1    .    -i  ::  a  .  C~ 

2  2 

4.  Then 
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a.  Then  find  how  many  Crowns  the  Merchant  received  for  the  totah. 
quantity  of  Pepper  fold;  faying  by  the  Rule  of  Three, 

t  1-  cut  *  aaa  aa!t 

2              To  1  So 

whence  the  number  of  Crowns  for  which  all  the  Pepper  was  fold  ] 
is  found } 

5.  Which  number  of  Crowns  found  out  in  the  laft  ftep,  muft  beT      aaa 
equal  to  20  the  number  of  Crowns  given  in  the  Queltioh ;  hence  >•    —  —  20 
this  Equation,      .    .    ...    .    .    . .J       ^ 

6.  From  which  Equation,  after  it  is  reduced  according  to  Sett.  2,7 

and  7.  of  Chap.  12.  there  will  come  forth  the  firft  colt  of  the  >    .    a  =  10 

Pepper ,    to  wit, .  3 

So  the  number  of  Crowns  which  the  Merchant  laid  out  was  10,  as  will  appear  by 
the  Proof-,  for  firft,  the  half  of  10,  to  wit,  5,  will  be  the  number  of  Pounds  of  Pep- 
per Which  he  bought  for  1  Crown ;  then  fay, 

If    1     .     5     :  :     10    .     jo      ||     Pounds  of  Pepper  bought, 

If  25;     .10     ::     50     .     20      II     Crowns  received  for  Pepper  fold. 


QU  E  ST.    28. 

There  are  two  Numbers,  the  greater  of  which  has  fuch  proportion  to  the  leffer  as 
3  to  2,  (or  as  r  to  s  ■,)  and  the  Sum  of  the  Cubes  of  the  two  Numbers  is  4375,  (or 
b  -,)  what  are  the  numbers  I 

1.  For  the  greater  Number  put    .....  a 

2   Then  (according  to  ^itejf.i.  in  Seli.  4.  of")  ia 

Chap  10  )  the  leffer  number  will  be  found  y  ~^ 


aaa 

8aaa 


Therefore  from  the  firft  ftep,  the  Cube  of ") 

the  greater  number  is y 

,  And  from  thefecond  ftep  the  Cube  of  the  \ 

leffer  Number  is y  27 

Therefore  fromthe  third  and  fourth  fteps,  5         35 aaa 

is  3 


aaa 
sssaaa 


rrr 

sssaaa 


-{•aaa 


the  Sum  of  the  Cubes  of  both  Numbers  is  j  27 

6.  Which  Sum  muft  be  equal  to  the  given  Sum  4375,  (or  b  5)  whence  this  Equa- 
tion arifes,  viz. 

itaaa  ^     sssaaa  .  t 

Z> —  =  4375.         Or, -f  aaa  =  b. 

27  rrf 

7.  From  which  Equation,  after  due  Reduction,  (according  to  SeB.  2,  ?,  and  7.  of 
Chap.  12.)  the  greater  number  fought  will  be  made  known,  viz. 

a  =  15  =  V(,)-HlL. 

sss-\-rrr 

8.  And  from  the  feventh  and  fecond  fteps,the  leffer  number  will  alfo  be  difcovered,to  wit, 

io=/(3)-4^-. 
sss  -J-  rrr 
So  the  numbers  fought  are  found  15  and  10,  which  will  folve  the  Queftion  -,  for 
they  are  in  rhe  given  Reafon  of  3  to  2  ;  and  the  Sum  of  the  Cubes  of  the  faid  1  j 
and  10,  to  wit,  of  3375  and  1000  makes  437;  ;  as  was  prefcribed. 

Moreover,  to  find  the  Numbers  foughtj  the  latter  parts  of  the  Equations  in  the 
feventh  and  eighth  fteps  give  this 

CANON. 

Multiply  feverally  the  Cubes  of  the  Terms  of  the  given  Reafon  (or  Proportion) 
by  the  given  Sum  of  the  Cubes  of  the  Numbers  fought ;  divide  the  Produces  feverally 
by  the  Sum  of  the  Cubes  of  the  faid  Terms  •,  Iaftly,  extrdft  the  Cubic  Root  of  each 
of  the  Quotients,  fo  thefe  Roots  fhall  be  the  Numbers  fought. 

j 
L  CHAP, 
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CHAP.     XV. 

Concerning  the  Resolution  offuch  adfeSiedor  compounded  Equations 
wherein  their  are  two  different  Powers  of  the  Quantity  fought, 
and  thofe  Powers  fuchy  that  the  higher  of  them  is  a  Square 
whofe  Side  or  Square  Root  is  the  lower  Power. 

I.T^HE  Equations  treated  of  in  this  Chapter  fall  under  three  Heads  or  Forms  here* 
J.    under  fpecified,  which  I  fliall  firft  explain,  and  then  fhew  how  they  may  be 
Arithmetically  refolved. 

Equations  of  the  firjl  Form. 


aa  4-       6a  =     55. 

aaaa  -\-     %aa   =     48. 
aaaaaa  -f  qaaa   =  837. 

aa  +     ca  =  b. 

aaaa  -\-   iaa  —  f. 

aaaaaa  -\-  gaaa  =  h. 

Equations  of  the  feconi  Form, 
da  —     loa  =     24.                          aa  —  ba     =  k. 

■  aaaa  —     6aa  =     27. 

aaaa  —  paa    =  d. 

aaaaaa  —  laaa    ==     48. 

aaaaaa  —  maaa  —  g. 

Equations  ofth 

e  third  Form. 

loa  —  aa  =     24. 

ca  —  aa  =  ft. 

$aa  —  aaaa   =       4. 

raa  —  aaaa    =   s. 

yaaa  —  aaaaaa  =       8. 

daaa  —  aaaaaa    =    t. 

II.  Every  Equation  which  falls  under  any  of  the  faid  three  Forms,  confifts  of  three 
diftinft  Terms  or  Members,  whereof  two  are  unknown,  and  the  third  is  known;  of 
the  two  unknown  Terms,  one  is  a  Square,  (hy  which  in  this  place  I  mean  a  fquare 
number  J  which  is  called  the  higheft  Term  in  the  Equation  ;  and  the  other  unknown 
Term  is  the  Produ£t  made  by  the  Multiplication  of  the  fquare  Root  of  the  faid  fquare 
number  by  fome  known  number,  which  Product  is  called  the  middle  Term ;  and  the 
third  or  loweft  Term  is  a  number  purely  known :  So  in  this  Equation  aa-\-6a=  jj, 
the  higheft  Term  is  aa,  which  may  reprefent  an  unknown  fquare  number  whole  Root 
is,  a;  the  middle  term  is  6a,  which  is  the  Producl  of  the  Multiplication  of  the  faid 
unknown  Root  a  by  the  known  number  6  ;  and  the  loweft  Term  (or  known  part  of 
the  faid  Equation)  is  the  number  5  5:,  which  for  diftincf  ion  fake  is  ufually  called  the 
Abfolute  number  given. 

The  like  maybe  obferved  in  this  Equation  aa-\-ca=b,  where  we  may  fuppofe  b  and 
c  to  reprefent  two  known  numbers,  and  a  fome  number  unknown  -,  then  the  higheft 
Term  is  the  Square  aa  -.  the  middle  Term  is  ca,  ro  wit,  the  Produtt  made  by  the 
Multiplication  of  a  the  Root  of  the  faid  fquare  aa  by  the  known  number  c;  and  the 
Joweft  Term  of  the  laid  Equation  is  the  known  Abfolute  number  b. 

Again,  in  this  Equation  $aa — aaaa— 4,  the  higheft  Term  is  the  fquare  number  aaaa-, 
the  middle  term  is  5 aa,  to  wit,  the  Producf  made  by  the  Multiplication  of  aa  the 
fquare  Root  of  the  faid  fquare  Number  aaaa  into  the  known  number  5 ;  and  the  loweft 
Term  is  the  abfolute  number  4. 

III.  In  every  Equation  which  falls  under  any  of  the  three  before-mentioned  Forms, 
there  are  two  different  Powers  or  Degrees  of  the  number  fought,  and  thofe  fuch,  that  the 
IndexorExponent  of  the  higher  Power  is  the  double  of  the  Index  of  the  lower :  As  in  this 
Equation  aa-\-6a=$<;,  the  Index  or  Number  of  Dimenfions  in  aa  is  2,  which  is  the 
double  of  1  the  Index  of  a  fin  the  middleTerm  6a: )  lb  alfo  in  this  Equation  $aa — 
aaaa  —  4,  the  Index  of  the  higheft  Term  aaaa  is  4,  which  is  the  double  of  2  thelndex 
of  aa  in  the  middle  Term.  Likewife  in  this  Equation  aaaaaa-\-^aaa=S^j,  the 
Index  of  the  higheft  Term  aaaaaa  is  6,  which  is  the  double  of  *  the  Index  of  na.%  in 

the 
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the  middle  Term.  But  in  this  Equation  v<ta-\-6a=  50  the  Index  of  the  highett  Term 
aaa  is  not  the  double  of  the  Index  of  a  in  the  middle  Term,  f  for  the  Index  of  the 
former  is  3,  and  of  the  latter  1  -J  and  therefore  the  Equation  laft  propofed  cannot 
be  ranked  under  any  of  the  three  Forms  aforefaid,  and  confequently  it  is  not  relblva- 
ble  by  the  following  Rules  of  this  Chapter,  but  belongs  to  the  10  and  11  Chapters  of 
my  fecond  Book. 

IV.  Known  Numbers  which  are  drawn  into,  or  multiplied  by  fome  Degtee  or 
Power  of  the  Number  fought  are  by  Vieta  and  others  called  Coefficients,  viz.  Fellow- 
fa&ors  or  Copartners  in  Multiplication  with  unknown  Powers  :  So  in  this  Equati- 
on«+6a=SS  the  Number  6  is  called  the  Co-efficient,  to  wit,  the  Fellow-multiplier 
with  the  unknown  Number  a  to  make  the  Producf  6a.  Likewife  in  this  Equation 
aa-\-ca—b^  we  may  fuppofe  theLetters  b  and  c  to  reprefent  known  Numbers,  and  the 
Letter  a  fome  unknown  Number  whofe  Co-efficient  is  c. 

But  fometimes  the  Co-efficient  will  happen  to  be  exprefs'd  by  many  Letters,  as  in  this 

Equation  aa-\-  s™  for  —  a)  =    J — ,  where  a  only  is  fuppoied  to  be  unknown, 
*  j»  r  qrr 

and  the  known  Number  *  is  the  Co-efficient,  which  fignifies  but  one  Number,  to 

wit,  the  Quotient  that  arifes,  when  the  Producf  of  the  Number  s  multiplied  by  the 
number  c  is  divided  by  the  number  r,    viz.  if  s  =  2  5   c  —  4  -,  and  r  =  1,  then 

!i  or  8  is  the  Co-efficient,  and  confequently  —  a  is  the  fame  with  Za. 

r  r 

Likewife  in  this  Equation  ~—L^a  (or.  r-A—)  — aa—   BT  ,    the  Co-efficient  is 
*  s  s 

.  ?r~h?,  which  is  to  be  efteemed  but  as  one  number^  to  wit,  the  Quotient  that  arifes 

s 
by  dividing  the  Sum  of  tt  and  s  by  s ;  fo  that  if  we  fuppofe  7=3  and  *=2,  then  the 
Equation  laft  propofed  may  be  exprefs'd  thus,  ^a—aa—^. 

Note.  When  no  known  number  appears  to  be  drawn  into  the  middle  Term  of  the 
Equation,  then  1  Cor  Unity )  muft  in  that  cafe  be  always  taken  for  the  Co-efficient ; 
fo  in  this  Equation  aa-\- a=?o,  the  middle  Term  a  implies  la,  to  wit,  the  Product 
of  a  multiplied  by  I,  and  therefore  1  is  the  Co-efficient. 

Note  alfo.  When  the  higheft  unknown  Power  or  Degree  is  multiplied  by  any  num- 
ber greater  than  1,  then  every  Term  or  Member  of  the  Equation  muft  be  divided  by 
that  number,  to  the  end  the  faid  higheft  unknown  Power  may  be  clear'd  from  any 
Co-efficient  unlefs  it  be  1 ;  as  before  has  been  fhewn  in  Sett.  5.  Chap.  12. 

Thefe  things  being  premifed  byway  of  Explication,  I  proceed  to  the  Refolution  of 
Equations  which  fall  under  any  of  the  three  Forms  before  fpecified. 

V.  The  Arithmetical  Refolution  of  Equations  which  fall  under  the  firjl  of  the 
three  Forms  bejore  Jpecified  in  Seft.  I.  of  this  Chapter. 

^UE  ST.     1. 

1.  What  is  the  number  reprefented  by  a  in  this  Equation  ?    .    .     .    aa-\-  6a  =  5? 

2.  Which  Equation,  if  c  be  afTumed  to  fignifie  6,   and  b  *>?,  7  ,  , 
may  be  exprefs'd  thus, .      |     «+"=^ 

RESOLUTION. 

3.  To  refolve  the  faid  Equation  imports  the  fame  thing  as  to  folve  this  Queftion, 
viz.  There  is  an  unknown  number  (reprefented  by  a)  which  is  fuch,  that  if  to  its 
Square  you  add  the  Product  made  by  the  Multiplication  of  that  unknown  number 
by  6,  (ore,;  the  Sum  will  be  jj,  (or  b;)  what  is  that  unknown  number  a  ? 
Anfw.%s  found  out. thus, 

4.  Let  the  Square  of  half  the  Co-efficient  6  (or  c)  be  added  to  each  part  of  the 
Equation  propofed,  to  the  end  its  firft  part  may  be  made  a  compleat  Square, 

(according  to  SeS.  4.  Chap.  $)  whence  this  Equation  arifes, 

^+63+9=64,  0r}       aa-\-ca^-^cc=lf-\-^cc. 

L  2  ?.  Then 
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<    Then  by  extracting  the  fquare  Root  of  each  part  of  the  laft  Equation  (according. 
'  to  SeS.  4  and  5.  of  Chap.  8.)  this  Equation  arifes ; 

a  -K3    =  3, 

Or,  «  +  4«  =  V^+icc: 

6.  Wherefore   by  tranfpofition  (or  equal  fubtracf  ion)  of  3,  or  ±e,  the  number  a 

'  fought  will  be  made  known,  viz.        

a  =  5  =    V:b-\--^cc: —  ^c. 
I  fay  the  number  a  fought  is  5,  which  will  folve  the  Queftion  propofed,  as  will 

aPpeUrby'  The  Proof. 

If    ...    . «=    5, 

Then  confequently     .    .    .     .     act  =  25, 
And 6a  =  30* 

Therefore  ....       <w-f  6a  =  jj. 

Which  was  the  Equation  propofed. 

Note.  Every  Equation  which  falls  under  this  firft  Form  may  be  expounded  by  ei- 
ther of  two  Roots,  whereof  one  is  Affirmative  or  greater  than  nothing,  and  the  other 
Negative  or  lefs  than  nothing.  As  in  the  Equation  propofed,  to  wit,  aa-\-6a=^  • 
forafmuch  as  according  to  the  Rules  of  Algebraical  Multiplication,  —multiplied  by 

produces  +,  and  lb  in  thisSenfe  the  fquare  Root  of  64  may  be  —  8  as  well  as  -+- 

8  -therefore  the  fquare  Root  of  the  Equation  ^+6*1+9=64  in  the  fourth  ftep 
may  be  this,  to  wit,     .     .    .    .    .    .    •     •    ■    •    •     -  «+3  =  —    3. 

Whence,  by  tranfpohtion  of +3,  a  Negative  Root  \     _     a        =  _  IIs 
or  value  of  *  is  difcovered,  to  wit, 5 '    * 

I  fay  the  Root  a  in  the  Equation  aa-\-  60=55  may  be  expounded  by  —  11. 
f  befides  +  5,J  as  will  be  manifeft  by^ 

If •    •    •        a  =  ~~    "")Here  the  Rules  of  +  and  —  in  Al- 

Then aa  ~    2_  l}}  S     gebraical  Multiplication  and  Ad- 

And 6a  ~     .        '\     dition  are  to  be  refpecfed. 

Therefore,  as  before,       aa-\-6a  —    -t-  55- -^.  . 

Negative  Roots  are  oftentimes  of  good  ufe  to  find  out  Affirmative  Roots,  as  here- 
after will  appear  in  Chap.  1 1.  of  the  fecond  Book. 


g^UEST.  2. 

1  What  is  the  number  reprefented  by  a  in  this  Equation  ?   ?  .    aaaa+Baa  =  48, 
2.  Which  Equation,  if  d  be  put  for  8,  and /for  48,  may  be  |ww+Aj  _  £ 

exprefs'dthus,    ....    Ril  gOLui  iON. 

2  To  refolve  the  faid  Equation  imports  the  fame  thing  as  to  folve  this  Queftion, 
viz  There  is  an  unknown  number  reprefented  by  a,  which  is  fuck  that  if  to  its 
Biquadrate  or  fquared  Square  you  add  the  Produft  trade  by  the  Multiplication  of 
th?  Square  of  that  unknown  number  a  by  8,  for  J  J  .the  Sum  will  be  48,  (orA) 
what  is  the  unknown  number  a>  Anfw.  2.  found  out  in  the  fame  manner  as  before 

4  Lef'fhe  Sqnw  of  half  the  Co-efficient  8  for  d)  be  added  to  each  part  of  the 
Equation  propofed,  to  the  end  its  former  part  may  be  made  a  compleat  Squate, 
according  to  Sett.  4.  Chap.  9.  whence  this  Equation  arifes  -t 
aaaa-\-8aa-\-  16  =  64, 
Or,     aaaa+daa+^dd  =  f+?dd.    .  „  ^  ,  ,. 

c  Then  by  extrafting  the  fquare  Root  of  each  part  of  the  laft  Equation  (according 
to  SeB.  4,  and  5.  of  Chap.  8.)  this  Equation  arifes, 

aa-\-  4  =  8, 

Or,     aa^ld-   Vf+^dJ: 
6.  Whence  by  equal  fubtraftion  or  tranfpofition  of  4  (or  \d)  there  will  anic 

Or,     Z  =  }$&-&  7>Th£ra. 
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7    Therefore  by  extra&ing  the  fquare  Root  of  each  part  of  the  lait  Equation,  the 
'  number  a  fought,  will  be  made  known,  vi^, 

a  =  2  =  V(2):VfJridd—U: 
I  fay  the  number  a  fought  is  2,  which  will  folve  the  Queftion  propofed,  as  will 

aPPeafby  The  Proof. 

If    ... «=     2, 

Then  conlequently aa  =     4,  \ 

And aaaa  =   16, 

Alfo 8aa  —  32, 

Therefore    .....     .     aaaa+$aa  =  48. 

Which  was  the  Equation  propos'd  to  be  refolved. 


QUE  ST.    3. 

1   What  is  the  number  reprefented  by  a  in  )  .  0 

this  Equation  >    ....../...>•■  —H-*  =  8?7- 

2.  Which  Equation,  ifgbt :  put  for  4,  and  4  5  «««+«„.  =    * 
for  837,  maybe  exprefs'd  thus    .    .    .j     ■  w««««-r*«««  —   ». 

#$SO-£ffTIO.K 

3.  To  refolve  the  faid  Equation  imports  the  fame  thing  as  to  folve  this  Queftion,  viz. 
There  is  an  unknown  number  reprefented  by  a,  which  is  fuch,  that  if  to  its  cubed 
Cube  or  fixth  Power,  you  add  the  Product  made  by  the  Multiplication  of  theCube 
of  that  unknown  number  by  4  (oig)  the  Sum  will  be  837,  what  is  that  unknown 
number  a  ?  Anjv.  3.  found  out  in  the  fame  manner  as  before,  viz. 

4.  By  adding  the  fquare  of  half  the  Co- efficient  4  (otg)  to  each  part  of  the  Equa- 
tion propofed,  this  Equation  arifes-, 

aaaaaa-\-  ^aaa-\-  4  =   841. 
Or,    aaaaaa+gaaa+^gg  =  b+^gg, 

5.  And  by  extracting  the  fquare  Root  of  each  part  of  the  laft  Equation  this  arifes  $ 

aaa-\-  2  ==  29. 
Or,      aaa+±g  =  V:h+±gg: 
R  Whence  by  tranfpofition  of  2  (or  sg)  this  Equation  arifes ; 
aaa       27. 

7.  Therefore  by  extracting  the  Cubic  Root  of  each  part  of  the  laft  Equation  the  num- 
ber a  fought  will  be  made  known,  viz. 

«■'==  3  =  V(l):Vh+±gg— ±g: 
I  fay  the  number  a  fought  is  3,  which  will  folve  the  Queftion  propofed,  as  will 
appear  by 

The  Proof. 

If :.,..*=     3, 

Then  confequently     .    .    .     aaa  =     27, 


And 


aaaaaa  =  729, 


Alfo qaaa  =   108, 

Therefore    ,  ,    .      aaaaaa-\-  <\aaa  =  837. 
Which  was  the  Equation  propos'd  to  be  refolved. 

VI.  From  the  Refolution  of  the  three  laft  Queftions  the  following  Canon  is  deduced 
for  the  refolving  of  all  Equations  which  fall  under  the  firft  of  the  three  Forms  before 
fpecifiedin  SeS.  1.  of  this  Chapter. 

CANON. 
Add  the  fquare  of  half  the  Co-efficient,  or  (which  is  the  fame  thing)  a  quarter 
rthe  *iuare  of  thewhoIe  Co-efficient,  to  the  given  abfolute  number. 
Extract  the  fquare  Root  of  that  Sum. 

From 
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From  the  faid  Square  Root  fubtratt  half  the  Co-efficient,  and  relerve  the  Remainder. 

Laftly,  when  the  unknown  number  which  is  multiplied  by  the  Co-efficient  in  the 
middle  Term  of  the  Equation  is  exprefs'd  by  a  fingle  Letter  only,  as  a,  then  the  Re- 
mainder before  referved  is  the  number  fought  -,  but  if  the  faid  unknown  number  in  rhe 
middle  Term  be  a  Square,  as  aa,  then  the  Square  Root  of  the  Remainder  referved  is 
the  number  fought ;  if  a  Cube,  as  aaa,  then  the  Cubic  Root  of  the  faid  Remainder 
(hall  be  the  number  fought;  if  any  higher  Power,  then  the  Root  for  the  kind  mult  be 
extracted  out  of  the  faid  Remainder,  which  Root  mall  be  the  number  foughr. 

An  Example  of  the  Canon. 
i.  Let  the  preceding  guefi.  i.  be  here  re- 7 
peated,  viz.  What  is  the  number  repre-  >■     .    . 
fented  by  a  in  this  Equation  ?    ...    .  } 

2.  Or,  what  is  the  value  of  a  in  this  Equation,    .    . 

RESOLUTION. 

3.  To  the  given  abfolute  number 5j 

4.  Add  the  Square  of  half  the  Co-efficient  6,  \ 
to  wit,  the  Square  of  3,  which  is    :    .    .}     9 

5.  The  Sum  is     64 

6.  The  Square  Root  of  that  Sum  is 8 

7.  From  that  Square  Root  fubtra£t  half  the  I 
Co-efficient  6,  to  wit , J 

8.  The  Remainder  is  the  number  a  fought,to  wit,     5  V:b  -\-  ~cc:— ^c. 
Whence  it  is  manif'eft  that  the  Anfwer  is  the  fame  as  was  before  found  to  §heft.  i. 

A  fecond  Example  of  the  Canon. 

Let  the  preceding  Queft.  2.  be  here  re- 


aa-\-6a=z^ 
aa-\-ca—  b 

±cc. 


peated,  viz.  What  is  the  number  repre-  >    .    : 
iented  by  a  in  this  Equation  ? j 

2.  Or  what  is  the  value  of  a  in  this  Equation,    .    . 

RESOLUTION. 

3.  To  the  given  abfolute  number     .    .    .    .48 

4.  Add  the  Square  of  half  the  Co-efficient  8,")    j6 
to  wit,  the  Square  of  4,  which  is    ...  > 

5.  The  Sum  is ^4 

6.  The  fquare  root  of  that  Sum  is 8 

7.  From  which  fquare  root  fubtratt  half  the ") 
Co-efficient  8,  to  wit, J  S 

8.  The  Remainder  is  the  value  of  <w,  to  wit  .    4 

9.  Laftly,  the  fquare  Root  of  the  faid  Re-  ">      2 
mainder  gives  rhe  number  a,    ....  3 
Whence  it  is  evident  that  the  Anfwer  is  the  fame  as 


aaaa-\-8aa—^8 
aaaa-\- daa=f 


f. 

idd 
f+~dd. 


V-.j-Y  ±dd: 
id. 


Sf+JLdd—±J 


V(2):Vf  -t-  ±dd—U: 
was  before  found  to  @{ueft,  2. 


A  third  Example  of  the  Canon. 


1.  Let  the  preceding  0>ueft.  3.  be  here  re- 7 
peated,  viz.  What  is  the  number  repre-  > 
fented  by  a  in  this  Equation?      .     .     .3 

2.  Or  what  is  the  value  of  a  in  this  Equation, 


aaaaaa-\- fyxaa^  837. 
aaaaaa-\-  gaaa—h. 


RESOLUTION. 

To  the  abfolute  Number 837 

Add  theSquareof  half  theCoefficient4,to  wit,      4 

The  Sum  is     .    .    .    • 

The  fquare  Root  whereof  is 

From  that  fquare  Root  fubtrad  half  the  7 
Co-efficient  4,  to  wit,    .    .    • .  •    •    -5 


841 

29 


8.  The 
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8.  The  Remainder  is  the  value  of  aaa,  to  wit,         27      I      +/7~L — ' 

9.  Therefore  the  Cubic  Root  of  that  Remain-  >"  V    ^JSgZZJff 

der  fliall  be  the  number  a  fought,    ...  J       5       I      V^iyTt-f -^—i*. 
Whereby  it  is  manifeft  that  the  Anfwer  is  the  fame  as  was  before  found  to  gulft<3i 

Example  4. 
If    ...    .     «+ a  =  b  (or_3jJ  what  is  a  =  ? 

'  MW *    =    •/:&+'— J.   -     y.    417.        # 

For  the  Co-erhcient  drawn  into  the  middle  Term  a  fiP;nc»  r^Lif"  -r   ^  o 

Square  Root  of  the  fad  35*,  you  may  approach  infinitelf  near  the  eS  dumber  , 

Example  5;. 
If    .     .     :     .    da+^a  =  -LJj.,  what  is  a  =  > 

■dnfa .     a  =  •/.•iAi-^-iLix. ii!  __  iV 

The  Learner  muft  remember  to  reduce  a  Fraftion'to  its  leaft  Terms   before  he 
goes  about  to  extraQ  any  Root  out  of  it.  ' 


If  i    , 

And  if 


Example  6: 

5r  ~  ** 

I'  =  4' 
,    .      M+*a  =I5^C 

What  is    .    .    ."  .    .    /  a  =  fr 

M*.    i     -...;...    a  =  Iff  =  I2 

W"    •    ■:    aaria+J-laa  =  -L24 5 


*VTj. 


what  is  «  =  ? 


VI1'  7fllfr!lhTtal  Yt^d  fa1**  M  f*11  •**'  the  frond 
of  the  three  Form  before  exprefed  in  Se&.  1.  of  this  Chapter. 

^UE  ST.    i. 

1.  What  is  the  number  reprefented  by  a  in  V 
this  Equation  ? .  r     •    ■•     •    «S — lo«  =  •>* 


2.  Which  Equation,  by  afTuming  b  torepre-J 
fent  10,  and  k  tofignifie  24,  may  be  ex-> 
prefs'd  thus, C 


aa—ba    =  £. 


i^M!f^^^0MSJtfM  *  «*J«  of  .he 
cordbg  ,oP^.  <:CV.  9.)tt&%S&%g.a*>k"  S^  W 
tf& — loa+  25  =  40  * 

0  "-5=7, 1 

5.  Whereforeby  equal  addition  of  ?  TZtt  ^/:*+.^fc  . 

»«        aam™  of  5,  or  T&,  the  number  a  fought  will  be  made  known 

6t  But  forafmuch  as  the  Square  rL~ /*  +  **+ *M:    , 

the 
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the  fame  Square  <wr— 103+25,)  therefore  let  $—a  be  fet  initead  of  a— 5   in  the 

fourth  itep  -,  whence  this  Equation  arifes,  vfc. 

5~a  =  7> 

Or,       'rb— a  =  V:k+^bb: 
7   Therefore  by  tranfpofition,  another  value  of  a  arifes,  to  wit, 
a  =  —  2  =  ±b—V:k+-\-t?b: 

Which  latter  value  of  a  is  lefs  than  nothing,  and  fuch  it  will  always  be,  as  may 
eafily  be  proved  from  the  laft  Equation.  For  k+±bb  is  manifeftly  grearer  than  ±bby 
and  consequently  the  Square  Root  of  the  former  will  be  greater  than  the  Square  Root 
of  the  latter,  viz.  V:h+ibb:  is  greater  than  4-fr,  therefore  U—V-.k+^bb:  (that  is  a) 
will  be  lefs  than  nothing,  for  if  a  greater  Quantity  be  fubtra&ed  from  a  lefs,  the  Re- 
mainder will  be  a  negative  Quantity,  that  is  lefs  than  nothing,  as  before  has  been 
ftiewn  in  Algebraical  Subtraction.  From  the  premifes  it  is  evident  that  the  Equation 
propounded,  to  wit,  aa — 103  ==  24  (and  likewife  every  Equation  which  fills  under 
the  fecond  form  of  Equations  before-mentioned)  is  explicable  by  two  Roots,  where- 
of one  is  real  or  affirmative,  whofe  value  is  before  exprefs'd  in  the  fifth  ftep-,  and  the 
other  negative  or  lefs  than  nothing,  the  value  whereof  is  exprefs'd  in  thefeventh  ifep. 

I  fay  the  real  or  true  number  a  fought  in  the  Queftion  propofed  is  1 2,  as  will  appear  by 

The  Proof. 

If    ...:....:•    a  =    12, 
Then  confequently     .    ...    .   aa  =  144, 

And 10a  =  120, 

Therefore     ....       aa—  10a  =    24. 

Which  was  the  Equation  propofed. 
Moreover  according  to  the  Rules  of  Algebraical  Multiplication  and  Subtraft  ion,  the 
negative  value  of  a,  to  wit  — 2  before  found,  will  conftitute  the  Equation  firft  propofed : 
For  if    ......    .  a  =  —   2, 

Then  coniequently    .    ,    .       aa  =  -f    4, 

And 10*  =  —  20, 

Therefore    ....       aa—ioa  =  +  243 


QUEST.  2. 

1.  What  is  the  number  reprefented  by  a  in  7     ^     _    ^    aaaa—6aa  =  27 
this  Equation  ? 5 

2.  Which  Equation,  if  p  be  put  for  6,  and  I         _    aaaa-paa  =  d 
d  for  27,  may  beexprefsd  thus,    .    .    .  5 

RESOLUTION. 

3.  Let  the  Square  of  half  the  Co-efficient  6  (or  p)  be  added  to  each  part  of  the 
Equation  propofed,  to  the  end  its  firft  part  may  be  made  a  compleat  Square  (accord- 
ing ro  Sccl.  4.  Chop.  9.)  whence  this  Equation  arifes ; 

aaaa — 6aa-\-   9   =  36, 
Or,        aaaa—paa-\-~pp  ==  d+^pp. 

4.  Then  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation  (according 
to  ScS.  4.  and  5.  of  Chap.  8.)  this  Equation  arifes,  viz. 

aa  —  3   =  6,  

aa — -lp  —  V:l-\-\-pp: 

5.  Whence,  by  equal  Addition  of  3  (or  #)  there  will  arife 

aa   ==   9,_ 

Or,     aa  =  V-.d+'dp-.+^p. 

6.  Wherefore  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation,  the 
number  a  fought  will  be  made  known,  vrz^ 

a  —  3  =  V(2).V</-K/>p  -f  lp: 
I  fay  the  number  a  fought  is  3,  which  will  folve  the  Queftion  propofed,  as  will 
appear  by  ^''s 


CHAP.   15.  Rejolution  of  Quadratic  Equations. 

The  Proof. 

If     . .     a  ~     ?, 

•     Then  confequently aa  =    9, 

And aaaa  =  81, 

Alfo     .....      ......      6aa  =  54, 

Therefore    .....    aaaa  —  6aa  =  27. 

Which  was  the  Equation  propofed  to  be  refolved. 

■ — — : — ■ 1 — 

QUEST.  3. 

1.  What  is  the  number  reprefented  by  ami    .  JLSL.      —.  —  .0 
,  .    r-        .»                 *                            1*    .    .  ■  aaaaaa  —  20tftf  =:  48 

this  Equation  ?.........>  ^" 

2.  Which  Equation,  if  m  be  put  for  2,  and ")  lUl^j.      „,„„„  —  - 
5  for  48,  maybeexpreftthus,    .    .    .    J    '    •    «**««-««"-* 

RESOLUTION, 

3.  Let  the  Square  of  half  the  Co-efficient  2  (or  m )  be  added  to  each  part  of  the 
Equation  propofed,  to  the  end  its  former  part  may  be  made  a  compleat  Square 
(according  to  Sett.  4.  Chap.  9.)  whence  this  Equation  arifes ; 

aaaa  a  a  —  laaa  -\-    r  =  49, 
Or,  aaaaaa  —  maaa-\-±mm=z  g-{-±mm. 

4.  Then  by  extracting  the  Square  Root:  of  each  part  of  the  laft  Equation  (according 
to  SeB.  4,  and  5  of  Chap.  8.)  this  Equation  arifes ; 

aaa  —  1=7, 

Or,  aaa  —  lm  =  </:g+~mm: 

5.  Whence  by  equal  Addition  of  1  (ori-w)  there  arifes 

aaa  =   8, 
Or,         aaa  =  V:g-\-±mm:-\-±m. 

6.  Wherefore  by  extracting  the  Cubic  Root  of  each  part  of  the  laft  Equation,  the 
number  a  fought  wili  be  made  known,  viz. 

a  =  2  =  V  (3) :  Vg-\-^mm.  -+■  \m  \ 
I  fay  the  number  a  fought  is  2,  which  will  folve  the  Queftion  propofed  j  as  will 
appear  by 

The  Proof. 
If    »    .    •     .    3iQ     .     .     .    ".    .    a  =v  2,  , 

Then  confequently    .      .    .     .     aaa  ='    8, 

And  ......      ,    ...    .     .     ■     aaaaaa  =  64, 

Alfo      .      .     .     ......     iaaa  ~.i-6r 

Therefore    .     .    1  \    aaaaaa,—  iaaa  —  48. 
Which  was  the  Equation  propofed  to  be  refolved. 

VIII.  From  the  Refolution  ofthe  three  laft  Queftions  the  following  Canon  is  de* 
duced,  for  the  refolving  of  all  Equations  which  fall  under  the  fecond  of  the  three 
Forms  before  fpecified,  in  SeB.  1.  of  this  Chap. 

CANON. 

Add  the  Square  of  half-the  Co-efficient,  pr^  .(which  is  the  fame  thing)  a  quarter 
of  the  Square  of  the  whole  Co-efficient,  to  the  given  Abfolute  Number. 

Extract  the  Square  Root  of  that  Sura. 

To  the  laid  Square  Root  add  half  the  Co-efficient,  and  referve  this  Sum. 

Laftly,  when  the  unknown  nurnber  which  is  drawn  into  the  Co-efficient  in  the  mid- 
dle term  of  the  Equation  is  expreft  by  a  fingle  Letter  only,  as  a,  then  the  Sum  be- 
fore referred  is  the  Number  fought  -,  but  if  the  laid  unknown  number  in  the  middle 
term  be  a  Square,  as  aa,  then  the  Square  Root  of  the  Sum  referred  is  the  number 
fought ;  if  a  Cube,  as.aaa,  then  the  Cubic  Root  of  the  faid  Sum  fhall  be  the  num- 
ber fought  ;  if  any  higher  Power,  then  the  Root  for  the  kind  muft  be  extracted  out 
of  the  faM  Sum,  which  Root  fhall  be  the  number  fought. 

M  An 
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An  Example  of  the  f aid  Canon. 
i.  Let  the  preceding  i£z<ff?.  i.  mSeB.  7.  of  this  ~) 

Chap,  be  here  repeated,  viz.   What  is  the>     .    .    aa —  roa  —  24 

number  reprefented  by  a  in  this  Equation  ?  3 
2.  Or,  what  is  the  value  of  a  in  this  Equation  ?  >-     .    .    aa—  ba  ~  k 

RESOLUTION. 

?  To  the  given  abfolute  number    .    .     .      >■ 

4.  Add  the  Square  of  half  the  Co-efficient  10,  \ 
to  wit,  the  Square  of  5,  which  is    ...  j" 

5.  The  Sum  is >■ 

6.  The  Square  Root  of  that  Sum  is  .    .     .  .  > 

7.  To  which  Square  Root  add  half  the  Co-  "> 
efficient  10,  to  wit, S 

8.  The  Sum  is  the  number  a  fought,  to  wit,    >■ 
Whence  it  is  manifeit  that  the  Anfwcr  is  the  lame  as  was  before  found  to  Quell  1 

in  Sett.  7. 

A  Second  Example  of  the  Canon  in  Sect.  8. 

1.  Let  the  preceding  QiieR.  2.  in  Sell.  7.  of? 


V:k+±bbi+±b. 


this  Chap,  be  here  repeated,  viz.  What  is  the  >     .    . 
number  reprefented  by  a  in  this  Equation  ?  j 
2.  Or,  What  is  the  value  of  a  in  this  Equation  ?  >•     .    . 

RESOLUTION. 

•i.  To  the  given  abfolute  number    .    .     .      > 

4.  Add  the  Square  of  half  the  Co-efficient  6,  I 
to  wit,  the  Square  of  3,  which  is    .    .   ■> 

5.  The  Sum  is '•    •      >• 

6.  The  Square  Foot  of  that  Sum  is    .    .     .   > 

7.  To  which  Square  Root  add  half  the  Co-  ) 
efficient  6,  to  wit, j* 

8.  The  Sum  is  the  value  of  aa,  to  wit,    .      ► 
■<?.  Therefore  theSquare  Root  of  the  faid  Sum  7 

fliall  be  the  number  fought,  to  wit,    .    .    y 


27 
9 

6 

3 
9 
3 


aaaa  —  6aa  =•  27 
aaaa  —-  paa  =  d. 

d. 

■\pp. 
d-¥-\pp. 


Vid+typs 


V(2):Vd-\-  \pp-\-lp: 

Whence  it  is  manifeft  that  the  Anfwer  is  the'fame  as  was  before  found  to  Quell,  2. 
in  Sell.  7. 

A  Third  Example  cf  the  Canon  in  Se&.  8. 

1.  Let  the  Preceding  QiteR.  3.  inScll.  7.  of  this  7 

Chap,  be  here  repeated,   viz.  What  is  the  >     .    .    aaaaaa —  2^3  =  48, 
number  reprefented  by  a  in  this  Equation  ?  3 

2.  Or,  What  is  the  value  of  a  in  this  Equation?  >     .    .    aaaaaa  —  maaa  =  g. 

RESOLUTION. 

3.  To  the  given  abfolute  number    ...      >. 

4.  Add  the  Square  of  half  the  Co-efficient  2,  "> 
to  wit,  the  Square  of  1,  which  is    .    .    3* 

<j.  The  Sum  is    .     .    t >• 

6.  The  Square  Root  of  that  Sum  is    .     .      >• 

7.  To  which  Square  Root  add  half  the  Co- 7 
efficient  2,  to  wit, J 

5.  The  Sum  is  the  value  of  aaa,  to  wit,    .    .  v 
Therefore  the  Cubic  Root  of  the  laid  Sum  "> 


48 
1 

49 
7 


(lull  be  the  number  a  fought,  to  wit, 


I 


g- 

finm. 
g-Y^mrn. 
Vig+^mm : 
■l-nt. 


V:g+±mm:+  [i 


V(l):Vg+-\inm+.im 


Whereby  it  is  manifeft  that  the  Anfwer  is  the  fame  as  was  before  found  to  Quell.  3. 
in  Sell.  7. 

Example 
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Example  4. 
If   .     .    act—  a—  g  Cor  1 122,)  what  is  a  =  > 
Anfv.    .    .    .    a  =  V:g+±:  +  f  =  34. 

Example  j. 
If    .    .    .    .    aa  —  if*  =  373  if,  what  is  a  ==  ? 
^jr/ip a  =    20  -f . 

Example  6*. 


If 


Andif «-  **  =  I2f« 

r  4?r 

What  is a  =  > 

Anfw ..  . •     .    a  =  i_.  =  20. 

2r 

IX.  J#g   Arithmetical  Refolution  of  Equations  which  fall  under  the  lafl  of  the 
three  Forms  before  exprejl  in  Sect.  I.  of  this  Chapter. 

^UEST.    1. 

1.  What  is  the  Number  reprefented  by  a  in  this  Equation  >  .   .     >.  10a aa  =  24 

2.  Which  Equation,if  c  be  affumed  to  fignifie  10,  andwput  for  24,  T 

may  be  expreft  thus, y   ca  —  M  7-* 

RE  SO  L  UT  10  N. 

3.  Let  the  Equation  propofed,  by  tranfpoGtion  of  its  Terms,  be  reduced  to  an  Equa- 
tion of  the  fecond  of  the  three  Forms  before  expreft  in  Se8.  1.  viz.  Firft  by  tran* 
ipoGtion  of —  aa,  this  Equation  arifes  ; 

loa  =  24  -\-  a  a, 
Or,  ca    =   n    -\-  aa. 

4.  Likewife  by  tranfpoGtion  of  24  (or  n)  this  Equation  arifes  j 

IQfl  —  24  =  aa, 
Or,  ca  —  «  =  aa. 

5.  And  from  the  laft  Equation  by  TranfpoGtion  of  10a  (or  ca)  there  will  arife 

—  24  =  aa —  10a, 
Or,  —  n    =  aa  —  ca. 

6.  Which  laft  Equation,  by  tranfpofing  each  part  of  it  to  the  contrary  Coaft,  may 
be  expreft  thus ; 

aa —  10a  =  — ;  24^ 
Or,  aa  —   ca   =  —  «. 

7.  Now  let  the  following  procefs  be  made  as  before  in  the  Refolution  of  Equations  of 
the  fecond  Form  (in  SeS.  7  J  viz..  Let  the  Square  of  half  the  Co-efficient  10  (otc) 
be  added  to  each  part  of  the  laft  Equation,  to  the  end  its  former  part  may  be  made 
a  compleat  Square  ( according  to  Se&.  4.  Chap.  9.)  whence  this  Equation  arifes  j 

aa— ■-  iofl+25  =  25  —  24  =  j, 
Or,   aa  —  ca  -\-  fee  =  j-cc  — ■  n. 

8.  Then  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation,  (according 
to  Sett.  4,  and  5.  of  Chap.  $.)  this  Equation  arifes,  viz. 

«  —  5   =   1, 

.  Or,     .     .     .     .     a  —  -~c  =  V:fcc  —  n  : 

9.  Whence  by  equal  addition  of  5  for  ~c)  one  value  of  a  will  be  made  known,  viz. 

a  —  6  =  fc-\-V :fcc  —  n  : 

10.  But  forafmuch  as  the  Square  Root  of  aa  —  ioj+  2  J  in  the  feventh  ftep  may  be 
5  — a  as  well  as  a — 5,  (for  either  of  thole  Roots  being  multiplied  into  it  felfj,  will 

M  2  produce 
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produce  aa  —  i  oa + 2  5 , )  therefore  let  5  —  a  be  fet  inftead  of  a  —  5  in  the  eighth 
itep,  whence  this  Equation  will  arife,  viz. 
")  —  «-  h 
Or,  fc —  a  =  ^m^-  —  n : 

1 1.  Whence  by  due  Tranfpofition  another  value  of  ajsdifcovered,  to  wit, 

a  =  4  =  f c  —  V:^cc  —  ft : 

12.  I  lay  the  Number  a  fought  may  beeither  6  or  4,  for  either  ofthele  numbers  will 
conftitute  the  Equation  propofed,  as  will  appear  by 

The  Proof. 

If a   =     6, 

Then  conlequently aa  =  36, 

And    ....:....       100  =  60, 
Therefore 10a  —  aa  =  24. 

Which  was  the  Equation  propos'd  to  be  refolved. 

Again, 

If    ....     • *  =     4, 

Then  conlequently aa  =  16, 

And 10a  =  40, 

Therefore    .     .     .    .     .      10a — aa  =  24;  as  before. 

1 3.  But  to  the  end  that  both  the  values  of  a  before  expreft  in  the  ninth  and  eleventh 
Equations  may  be  real  or  Affirmative  Numbers,  (that  is,  each  greater  than  nothing^) 
the  given  Numbers  in  the  Equation  propofed,  and  likewife  in  every  Equation  of 
the  Third  Form  aforefaid  muft  be  fubie£t  to  this  following 

DETERMINATION. 

The  Abfolute  number  given  muft  not  exceed  the  Square  of  half  the  Co-efficient. 

TheReafonof  this  Determination  is  Evident  by  the  laid  ninth  aud  eleventh  Equati- 
ons •,  for  the  latter  part  of  each  of  them  fhews,  that  the  given  Abfolute  Number  is 
to  be  fubtra£ted  from  the  Square  of  half  the  Co-efficient,  and  thereforeit  ought  to  be 
•  lefs,  or  equal  to  the  faid  Square  :  Therefore  when  in  any  Equation  of  the  third  Form, 
the  given  Abfolute  number  exceeds  the  Square  of  half  the  Co-efficient  that  Equation 
is  impoflible,  and  likewife  the  Cuelt ion  that  produced  it. 

It  is  alfo  evident  by  the  faid  ninth  and  eleventh  Equations,  That  when  it  happens 
that  n  =  ^cc^  then  ^cc —  n  =  o,  and  conlequently  each  value  of  a  is  equal  tofc-, 
viz.  When  the  Abfolute  number  happens  to  be  equal  to  the  Square  of  half  the 
Co-efficient,  then  the  two  values  of  a  will  be  equal  to  one  another,  each  value  in  that 
cafe  being  equal  to  half  the  C  o-efficient :  But  when  it  happens  that  the  Abfolute  num- 
ber is  lefs  than  the  Square  of  half  the  Co-efficient,  then  thole  two  Roots  or  values 
of  a  will  be  unequal.  But  here  is  to  be  noted,  that  although  in  this  latter  caie  the 
Equation  be  always  explicable  by  either  of  thole  two  unequal  Roots  or  Numbers, 
yet  the  QuefUon  that  produced  the  Equation  will  fometimes  be  anlwered  only  by 
oi.e  of  thole  Roots  or  Numbers,  (as  hereafter  will  appear  in  0hie8.  10.  Chap.  16.  and 
by  the  latter  way  of  refolving  the  16.  ^i\efl.  of  the  fame  Chap) 

QU  E  S  T.~T" 

1.  What  is  the  Number  reprefented  by  a  in  ") 

. .  r        .      .,                 r                J  >     .   .    .        <;aa  —  aaaa  =  ^ 

this  Equation  > 3 

2    Which  Equation,   if  r  be  putfor  5,  and s\ 

for  4,  may  be  expreft  thus 3 

RESOLUTION. 

3.  Let  the  Equation  propos'd,  by  Tranfpofition  of  its  Terms  (after  the  fame  manner 
as  in  the  third,  fourth,  fifth,  and  fixth  fteps  of  the  preceding  ghiett.  i.Se8.$.) 
be  reduced  to  an  Equation  of  the  lecond  of  the  three  Forms  before  expreft  in  SeS.i. 
fo  this  Equation  will  arife,  viz. 

aaaa  —  %aa  =  —  4, 
Or,  aaaa  —  raa  =  —  s. 

4.  Then 
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4.  Then  by  adding  fas  in  the  former  Examples;  the  Square  of  half  the  Co-efficient  s 
(orr)  to  each  part  of  the  laft  Equation,  there  arifes 

aaaa  —  $aa+L%  =  24—  4  =  4 
Or,  aaaa  —  raa-\-^rr  =  jpr  —  s, 

5.  And  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation  this  arifes  j 

aa  —  i.  =  4, 
Or,  aa  —  ± r  =■  Y:~rr  —  s : 

6.  Whence  by  equal  Addition  of  4  (or  jr.)  this  Equation  arifes,  viz. 

aa  =  I  or  4, 

Or,  aa  =  ~r  -f-  V:±rr  —  5  ; 

7.  Therefore  by  extra&ing  the  Square  Root  of  each  part  of  the  laft  Equation,  one 
value  of  a  will  be  made  known,  viz. 

a  =   2   =  V  (2):\r-\-Vjrr — s: 
8:  Butforafmuch  as  the  Square  Root  of  aaaa  —  <$aa-\-^  in  the  fourth  ftep  may  be 
4 —  aa,  as  weil  as  aa  —  4,  (for  either  of  thofe  Roots  being  multiplied  by  it  felf 
produce  aaaa —  <$aa-+2-%  5  )  therefore  let  4-  —  aa  be  let  inftead  of  aa  —  4-  in  the 
fifth  ftep,  whence  this  Equation  willarife  ; 
4  —  aa  —  4, 

Or,  ~r  —  aa  =  Y:  ^rr  —  s  : 

9.  Whence  by  due  Tranfpofition  this  Equation  arifes  5 
aa  =  4  or  I, 
Or,               aa  =  ir — Y:±rr  —  s  : 
io.  Wherefore  by  extra&ing  the  Square  Root  of  each  part  of  the  laft  Equation,  ano- 
ther value  of  a  is  difcovered,  to  wit,        

a  =  1    =  Y(2):±r  —  Y~rr — s: 
I  fay  the  Number  a  fought  may  be  either  2  or  1,  for  either  of  thefe  numbers  will 
conftitute  the  Equation  propofed,  as  will  appear  by 

The  Proof. 
If      ...     : :     .     a  =     2, 

Then  confequently aa  =  4, 

And aaaa  =  16, 

Alfo     ..........     $aa  =  20, 

Therefore $aa  —-aaaa  =  4. 

Which  was  the  Equation  propos'd  to  be  refolv'd. 

Again,  If a  —  1, 

Then     4 m  e  ;'r, 

And    .,..;....      aaaa  =  1, 

Alfo $aa  =  5, 

Therefore,    .    ,    .    .    .    jaa  —  aaaa  =  4 ;  as  before. 

QUE  ST.  3. 

1.  What  is  the  number  reprefented  by  a  in  this  Equation  ?    y  9«a«  —  aaaaaa  =  8.- 

2.  Which  Equation,   if  d  be  put   for  9,   and  t  for  8  t   j 

may  beexpreft  thus $  iaaa  -  aaaaaa  =  t. 

RESOLUTION. 

■3.  Let  the  Equation  propos'd,  by  tranfpofition  of  its  Termsf  after  the  fame  manner  as 
in  the  third,  fourth,  fifth  andfixth  lteps  of  the  preceding  §h\ett.  i.Sett.  9.)  be  re- 
duced to  an  Equation  of  the  fecond  of  the  three  forms  before  expreft  in  Sett.  1.  lb 
this  Equation  will  arife,  viz. 

aaaaaa  —  $aaa  =  —  8, 
Or,  aaaaaa  —  daaa  =  —  t. 

4.  Then  by  adding  the  Square  of  half  the  Co-efficient  9  (or  d)  to  each  part  of  the  laft 
Equation,  there  arifes. 

aaaaaa —  gaaa-\-  Li  =  JLi  —  8  =4^-3 
Or,  aaaaaa  —  daaa  +  \dd  =  %ii  —  r. 

5.  And 
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5.  And  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation  thisaiifes, 

aaa  —  -?■  =  £> 

Or,  aaa  —  ±d  —  V:  \dd  —  t : 

6.  Whence  by  equal  addition  of  4  (or  fi)  this  Equation  arifes ; 

aaa  =  —?-  or  8? 

Or,  ««*  =  i^+^'-t^ — t- 

7.  Therefore  by  extracting  the  Cubic  Root  of  each  part  of  the  Equation,  one  value 
of  a  will  be  made  known,  viz.  ' 

a  =   2  =  V(l):"-MV~Ad  —  t: 

8.  But  forafmuch  as  the  Square  Root  of  aaaaaa  —  $aaa  +  -*-;-  in  the  fourth  ftep  may 
be  l,  — aaa  as  well  as  aaa—?,,  (for  either  of  thefe  Roots  being  multiplied  by  itfelf, 
will  produce  the  fame  Square  aaaaaa  —  $aaa-\-*^,)  therefore  let  4 — aaa  be  fet 
inftead  of  aaa —  ?  in  the  fifth  ftep,  whence  this  Equation  will  be  made,  viz. 

L  — «  aaa   =  ^, 
Of,               fi  —  aaa  =  Y:^dd —  t: 
f?.  Whence  by  due  tranfpofition  this  Equation  arifes,  viz. 
aaa  =  ■§.  =   '» 
Or,                        aaa   =  70" — V:^dd  —  t : 
10.  Wherefore  by'extracting  the  Cubic  Root  of  each  part  of  the  laft  Equation,  ano- 
ther value  of  a  is  made  known,  viz. 

a   —  \  —  V  {l)  :\d  —  Yidd  —  t: 
I  fay  the  Number  a  fought  is  either  2  or  1,  for  either  of  thefe  numbers  will  con- 
ftitute  the  Equation  propoled  ;  as  will  appear  by 

The  Proof. 

If    ....      . «=r.    2, 

Then  confequently aaa  =     8, 

And aaaaaa  =  64, 

Alfo 9£<i<i  =  72, 

Therefore     ...    .    .    .    gpaa  —  aaaaaa  =     8. 

Which  was  the  Equation  piopofed  to  be  refolved. 

Again, ' 

If    .    .     .    .    .    .     ,    .     ./.     .     .     a  =  I, 

Then  confequently     .....     aaa  =  1, 

And     .      .      .......     aaaaaa  =  I, 

Alfo •  -•  .      9aaa   —  9, 

Therefore     .     .   v    .  .     <)aaa~— aaaaaa  =  8;  as  before. 

X.  From  the  Refolution  of  the -three  laft  Queftions  the  following  Canon  is  dedu- 
ced for  the  refolving  all  Equations  which  fall  under  the  laft  of  the  three  Forms  be- 
fore fpecihed  in  Sell.  1.  of  this  Chap. 

CANON. 

From  the  Square  of  half  the  Co-efficient,  or  ( which  is  the  fame  thing)from  a  quarter 
of  the  Square  of  the  whole  Co-efficient,  fubtraO:  the  Abfolute  number  given. 

Extract  the  Square  Root  of  that  Remainder. 

Add  the  laid  Square  Root  to  half  the  Co-efficient,  and  alfo  fubtratt  it  from  half 
the  Co-efficient,  referring  the  Sum  and  Remainder. 

Laftly,  when  the  unknown  number  which  is  multiplied  by  the  Co-efficient  in  the 
middle  term  of  the  Equation  is  exprelt  by  a  fingle letter  only,  as<r,  then  the  Sum  and 
Remainder  before  referved  are  the  two  Numbers  fought,  each  of  which  will  confti- 
tute  the  Equation  propofed  ;  but  if  the  faid  unknown  number  in  the  middle  term  be 
a  Square,  as  aa,  then  the  isquare  Root  feverally  extracted  out  of  the  Sum  and  Remain- 
der referved  fhall  be  the  two  Numbers  fought ;  if  a  Cube,  as  aaa,  then  the  Cubic 
Roor  feverally  extracted  out  of  the  faidSumand  Remainder  mall  be  the  twoNi'mbers 
fought ;  if'any  higher  Power,  then  the  Root  for  the  kind  muft  be  extracted  feverally 
out  of  the  laid  Sum  and  Remainder,  which  Roots  fhall  be  the  two  Numbers  fought. 

An 
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25 

1 
1 


An  Example  of  the  J  aid  Canon. 

1.  Let  the  preceding ghidl.i.  in  &5.9.of  this  CW>.be  here  repeated,  "> 

m'z,  What  is  the  number  reprefented  by  a  in  this  Equation  ?    .    'j"1 0^—^=24, 

2.  Or,  What  is  the  value  of  a  in  this  Equation  >    .     .    t    .    .    ,   >  Cl, ffJ  __  fJ 

RESOLUTION. 

3.  From  the  Square  of  half  the  Co-efficient  10,7 
to  wit,  the  Square  of  5,  which  is    .    .    .  y 

4.  Subtract  the  given  abfolute  number  .  .   .  > 

5.  The  remainder  is >• 

6.  The  Square  Root  of  that  remainder  is    .    >• 

7.  To  which  Square  Root  add  half  the  Co-  "> 
efficient  10,  to  wit,    .......    3 

8.  The  Sum  is  the  greater  value  of  a  fought,  "> 
to  wit, y 

9.  But  iubtrafting  the  faid  Square  Root  from  7 
half  the  Co-efficient,  the  remainder  is  the> 

leffer  value  of  a,  to  wit 3 

Either  of  which  Numbers  6  and  4  found  out  in  the 'two  laftlteps  will  conftitute 

the  Equation  propoled,  as  before  has  been  proved  in  the  Anfwer  to^wei?.  i.in 
Sett.  9.  of  this  Chap. 

A  Second  Example  of  the  Canon  in  SecTr. 

1.  Let  the  preceding  QueU.  2.  in  SeS.  9.  of  this  Chap,  be  here" 
repeated,  viz.  What  is  the  number  reprefented  by  a  in  ] 
this  Equation  > .   .    .j 

2.  Or,'  What  is  the  value  of  a  in  this  Equation  >    .  .  .  .     >■  raa  —  aaaa  =  s. 

RESOLUTION. 

3.  From  the  Square  of  half  the  Co-efficient  J,  1    ^ 
to  wit,  the  Square  of  4-,  which  is    *;  3"    -  * 

4.  Subtrafr  the   given  ablblute  number    .      >■      4 

5.  The  remainder  is     .    .     .......>     .'£ 

6.  The  Square  Root  of  that  remainder  is    .  .  >.      |    .     Y^rr —  s 

7.  To  which  Square  Root  add  half  the  Co-  \ 
efficient  5,  to  wit,    .    .     .     .     .     .    .3 

8.  The  Sum  is  the  greater  value  of  a«,to  wit,  > 

9.  But  fubtrafting  the  faid  Square  Root  from  7 
half  the  Co-efficient,  the  remainder  is  the> 
leffer  value  of  aa,  to  wit,    .    .    ....  3 

10.  Therefore  the  Square  Root  of  the  Sum  in  7 


ice. 
n. 

jCC  —  71. 
V:^cc  —  «; 

4-c. 

tC  -f  V-.-^cc -^n\ 


10. 


jaa  —  aaaa  =  4 


!jr-\r  V:\rr  —  s 


ir — Y-.^rr  —  s 


■/(2)"^+V>T— i; 


Y(2)-Ar— Y^rr—> 


the  $th  ftep  is  the  greater  value  of  a,  to  wit, 
1 1 .  And  the  fquare  root  of  the  remainder  in  the ") 

ninth  ftep  is  the  leffer  value  of  a,  to  wit,     j 

Either  of '  which  numbers  2  and  1  found  out  in  the  two  laft  ftepswill  conftitute  the 
Equation  propofed,  as  before  has  been  proved  in  the  Avfwer  to  giiett,  2.  in  Sett.  0 
of  this  Chap. 

A  Third  Example  of  the  Canon  in  Se£t.  10. 

1.  Let  the  preceding  QueB.  5.  in  Seff.^.  of  this  Chap.  be  7 

here  repeated,  viz.  What  is  the  number  reprefented  >  yaaa  —  aaaaaa  =  8 
by  a  in  this  Equation  >.....' •    •  S 

2.  Or,  What  is  the  value  of  a  in  this  Equation  >    .  .     .  >■  daaa  —  aaaaaa  =  t        '] 

RESOLUTION. 

3 .  From  the  Square  of  half  the  Co-efficient  9,  ">      , ,    I    u, 
to  wit,  the  Square  of  1,  which  is,    .    .     J     ~~4        4       * 

4.  Subtiaft  the  given  abfolute  number    .    .    >      8   J    t. 

5.  The 
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^d—Y^dd—F: 
Y^J+Y^dd—t: 
^(3):  'rd—Y^dd  —  t: 


5.  The  remainder  is >.     - 

6.  The  Square  Root  of  that  remainder  is  .  .  >. 

7.  To  which  Square  Root  add  half  the  Co-  \ 
efficient  9,  to  wit, j" 

8.  The  fum  is  the  greater  value  ofaaa,  to  wit,  >► 

9.  But  fubtra&ing  the  faid  Square  Root  from(7 
half  the  Co-efficient,  the  remainder  is  the  > 
lefler  value  of  aaa^  to  wit, \ 

10.  Therefore  the  Cubic  Root  of  the  fum  in  the  ) 
eight  ftep  is  the  greater  vplueof  a,  to  wit,  5 

11.  And  the  Cubic  Root  of  the  remainder  in  > 
the  ninth  ftep  is  the  lefler: value  of  a,  to  wit,  3 
Either  of  which  numbers  2  and  1  found  out  in  the  two  laft  fteps  will  conftitute 

the  Equation  propofed,    as  before  has  been  proved  in  the  Anfwer  to  £%hie3.  3.  in 
Sett.  9.  of  this  Chap. 

Example  4. 
1.  If  A,  «*,/,£  reprefent  filch,  known  Numbers  that  bf  is  greater  than  dg  ;  and, 

2.!f  h^bf^df  ■  bf-dg.     , 

\+dg+bf+df         «"  bg+k+bf+df* 
What  is  a  equal  to  ? 

Anfw.   a  is  equal  to  1,  and  alfo  to  — -*- —  §■ — » 

bg+dg+bf+df: , 

Which  values  of  a  are  alio  found  out  by  the  Canon  in  the  Tenth  Se&ionof  this 

Chap,  but  I  mall  leave  the  Operation  as  an  exercife  for  the  induftrious  Learner,  and 

in  the  next  place  fhew  the  uie  of  the  Rules  before  delivered  iu  this  fifteenth  Chap,  in 

the  Refolution  of  various  Arithmetical  Queftions. 


CHAP.    XVI. 

. 
Various    Arithmetical  Qiiefiions*  producing   Equations  that  fall 
tinder   fome  of  the  thrte  Forms  in  Sect.  1  •  cf  the  foregoing 
Chap.  15.   and  are  rejolvable   by  their   refpefl&e  Canons  in 
Sect.  6,  8,  and  1  o,  of  thejame  Chap, 

^U  E  ST.    1. 

THerc  are  two  Numbers  whole  difference  \s  j6  for  c,)  and  the  Producl  of  their 
Multiplication  is  ?6  (or  b-y )  what  are  the  Numbers  ? 

RE  SOLUTION.  Numeral.  Literal 

1.  For  the  lefler  of  the  two  numbers  fought  put  v  a  \  a 

2.  Then  by  adding  to  the  faid  lefler  number  7  / 

the  given  difference  16  (ore,)  the  greater  >         a-\-i6  •a-^c 

number  fought  will  be ,3 

3.  Therefore  from  the  two  la  ft  fteps  the  Pro-  ) 
duel  made  by  the  mutual  Multiplication  df  >       aa-\-  16a 
the  two  Numbers  fought  will  be     .    .    .3 

4.  Which  Product  mult  be  equal  to  the  given  Product  36  (or  b)  "whence  this  Equa- 
tion ariles,  viz.  "  aa  -\-  16a  =  36, 

Or,         .  aq  -f    cax  =f .  b. 

5.  Which  Equation  being  relblved  by  the  Canon  in  Sell.  6.  ofCbap.  1 5,  the  value  of  ^ 
or  the  lefler  number  fought  by  this  Queftion  will  be  difcovered,  viz. 

a  =  2  =  ■/;*+■£«;  —  {c. 

6.  To 


«a+at 
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6  To  which  leffer  number  adding  the  given  difference  16  (ore)  the  greater  number 

fought  will  alfo  be  made  known,  to.  

2  -f  1 6  =  1 8  =  V:b+ icc:+±<:. 

Otherwife  thus, 

i.  For  the  greater  of  the  two  numbers  fought  put  a 

2.  Then  by  fubtrafting  from  the  laid  greater  ? 
'  number  the  given  difference  16,  (or  c)  theS-         a—i6 

leffer  number  fought  will  be      .    .     .    A 

3 .  Therefore  from  the  two  lait  fteps,  the  Pro-  7 
"du£t  made  by  the  mutual  Multiplication  >       aa — i6a 

of  the  two  numbers  fought  will  be    .    .  y 

4.  Which  ProduO:  mull  be  equal  to  the  given  Product  36,  (or  b$  whence  thisEqua« 
tion  arifes,  viz. 

aa  —  1 6a  —  3  6,  or,      aa  —  ca  =  b. 

5.  Which  Equation  being  refolved  by  the  Canon  in  Se3.  8.  oFCbap.  15.  the  value  of 
a,  to  wit,  the  greater  number  fought  will  be  difcovered,  to. 

a  =  iQ  =  V:b-\--^cc:  -\-  Lc. 
6s.  And  by  fubtrafting'  from  the  faid  greater  number  the  given  difference'  1 6  (or  c,) 
the  leffer  number  fought  will  alfo  be  difcovered,  viz. 

18  —  16  =  2  •=  V:b-\-^cc:  —  \c; 
From  either  of  thofe  ways  of  Refolution,  the  numbers  fought  are  found  18  and  2, 
which  will  folve  the  Queftion  propofed ;  for  their  difference  is  16,  and  rhe  Produft 
of  their  Multiplication  is  36,  as  was  prefcribed. 

Moreover,  the  two  laft  fteps  of  each  Refolution  by  Literal  Algebra  give  one  and 
the  fame  Canon  to  folve  the  Queftion  propofed; 

CANON. 
'  To  the  given  Product  add  the  fquare  of  half  the  given  difference,  and  extra£t  the- 
iquare  Root  of  that  fum  ;  then  to  the  faid  fquare  Root  adding  half  the  given  differ- 
ence, and  from  the  faid  fquare  Root  fubtra£ting  the  faid  half  difference,  the  fum  and 
Remainder  fhall  be  the  two  numbers  fought.    ' 

Therefore  the  difference  and  the  Reclangle  (or  Produ£l  of  the  Multiplication)  of 
any  two  numbers  being  feverally  given,  the  numbers  themfelves  fhall  alfo  be  given 
by  the  faid  Canon. 

QUEST.   2. 

There  are  three  numbers  in  Geometrical  proportion  continued ;  the  difference  of 
the  extremes,  that  is,  of  the  firft  and  third  is  16  (ot  c.)  and  the  mean  is  6  (or  m  5) 
what  are  the  extreme  Proportionals  ?. , 

RESOLUTION 

j.  For  the  leffer  of  the  two  extreme  Propor- "] 
tionals  fought  put     .     .     .     ...    .J 

2.  Then  by  adding  to  the  faid  leffer  extreme^ 
the  given  difference  of  the  extremes,  to  [ 
wit,  r6(orc,)  the  greater  extreme  will  be  j 

3.  Therefore  the  Rectangle  contained   un- 
der the  extreme  Proportionals.)  to  wit,  1 
the  Product  made  by  their  mutual  Multi- 1 
plication)  fhall  be    .    .    .    ......._ 

4.  Which  Re&angle  (or  Product)  muft  (by  Se3.  1.  Cbap.ii.)  be  equal  to  the 
fquare  of  the  given  mean  Proportional  6  (or  in),  hence  this  Equation  -, 

aa-\-  16a  =  36,  or,         aa-\-ca  =  mm. 

5.  Which  Equation  being  relolved  by  rhe  Canon  in  Sett.  6.  Chap.  15.  the  value  of  a, 
or  the  lefler  of  the  two  extreme  Proportionals  fought  will  be  made  known,  viz. 

a  =  2  =  Y:wiiJ(-^cc:  —  -~G 

N  -6.  To 


<t-\-l6 


aa-\-i6a 


a+c 


aa-\-ca 
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6.  To  which  leffer  extreme  Proportional  adding  1 6  (ore)  the  given  difference  of  the 
extremes,  the  greater  of  the  two  extreme  Proportionals  will  alio  be  difcovered,  viz. 

2  + 1 6  =  1 8  =  V:mm-\--l-cc:  -\-~c. 
I  fay  the  two  extreme  Proportionals  fought  are  2  and  18,  between  which  the  given 

number  6  is  a  mean  Proportional  ;  for,  as  2  is  to  6,  fo  is  6  to  18. 
Moreover,  the  two  lalt  Iteps  of  the  Refolntion  give  the  following  Canon  to  find 

out  the  extreme  Proportionals  fought. 

CANON. 

To  the  Square  of  the  given  mean  Proportional  add  the  Square  of  half  the  given  dif- 
ference of  the  extremes,  and  extracf  the  fquare  Root  of  that  Sum  ;  then  to  the  laid 
fquare  Root  adding  half  the  faid  difference,and  from  the  laid  fquare  Root  fubtracf  ing  the 
fame  half  difference,the  Sum  and  Remainder  fhall  be  the  extreme  Proportionals  fought. 

Therefore  if  of  three  numbers  in  continual  proportion  the  mean  be  given,  asalfothe 
difference  of  the  extremes,  the  extremes  lliall  be  given  feverally  by  the  faid  Canon. 


QUE  ST.    9. 

There  are  two  numbers  whole  Sum  is  20  for  ej  and  the  Product  of  their  Multi- 
plication is  36  (or  »  0  what  are  the  numbers  > 

RESOLUTION 

1.  For  one  of  the  numbers  ibught  put    ...  a 

2.  Then  by  fubtracfing  that  number  from  the  7 
given  Sura  20  for  c,J  the  Remainder  will  >        20 — * 
be  the  other  number  Ibught,  to  wit,    .     .  3 

3.  Therefore  the  Produtf  of  the  Multiplica-  7        2oa—aa 
tion  ofthofe  two  numbers  will  be    .    .     .  j 

4.  Which  Product  muft  be  equal  to  the  given  Product  36  (or  «,)  whence  tllis  Equa- 
tion arifes,  viz.  20a— aa  =  36, 

Or,  ca — aa  ~  n. 

5.  Which  Equation  being  refolved  by  theCanon  in  Sett.  10.  Chap.  1  j.  the  two  values 
of  a,  which  are  the  numbers  fought  by  this  Queftion  will  be  difcovered,  viz. 


C      18  —  ic  +  V:±cc  —  «: 


2  =  'c  —  V:^c  —  »: 
I  lay  the  numbers  fought  are  18  and  2,  for  their  Sum  is  20,  and  the  Product  of 
their  Multiplication  is  16,  as  was  prefcribed. 

Moreover,  if  the  two  values  of**,  which  are  exprefs'd  by  Letters  in  the  laft  ftep  of 
the  Refolution,  be  exprefs'd  by  Words,  they  will  give  the  following  Canon  to  folve 
the  Queftion  propofed.  \ 

'        CANON. 

From  the  Square  of  half  the  given  Sum  fubtracl  the  given  Produft,  and  extract, 
the  fquare  Root  of  the  Remainder  •,  then  to  the  faid  half  Sum  adding  the  faid  fquare 
Root,  and  from  the  faid  half  Sum  fubtrafting  the  fame  fquare  Root,  the  Sum  and 
Remainder  fhall  be  the  two  numbers  fought. 

Therefore  the  Sum  and  ReQangle  (or  Produft  of  the  Multiplication;  of  any  two 
numbers  being  feverally  given,  the  numbers  themfelves  fhall  alfo  be  given  feverally 
by  the  faid  Canon. 


QU  E  ST.    4. 
There  are  three  numbers  in  continual  proportion  ■,  the  fum  of  the  extremes  is  20, 
(or  c,)  and  the  mean  proportional  is  6,  (or  mh)  what  are  the  extremes  ? 

RE  SOLUTION 
1.  For  one  of  the  two  extreme  proportionals  1  „  a 

fouShtPut >'  '  2.Then 


200 — aa 
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2.  Then  by  fubtrafting  that  extreme  from  20 1 
'  (or  c(  the  given  Sum,  the  Remainder  will  >         20 — a 

be  the  other  extreme,  to  wit,  ....  3 
2.  Therefore  the  Re&angle  contained  under  7 
'the  extreme  proportionals,  (to  wit,  the> 

Producf  of  their  Multiplication)  fhall  be    3 

4.  Which  Reaangle  (or  Product)  mult  f  according  to  Sc8.  1.  Chap,  12.;  be  equal  to 
the  Square  of  the  given  mean  Proportional  6  (or  «z,)  whence  this  Equa  tion  arifes  viz 

2oa — aa  =36, 
Or,  ca — aa  ss  mm. 

5.  Which  Equation  being  refolved  by  the  Canon  in  SeB.io.  Chap.  1  j.  the  two  values 
of  a,  which  are  the  numbers  fought  by  this  Queftion  will  be  difcovered,  viz. 

_  S    18  =  4«  +  V\±cc  —  mm: 
'      2  =  4-c  —  */:±cc  —  mm: 
I  fay  the  two'extreme  Proportionals  fought  are  18  and  2,  between  which  the  given 
number  6  is  a  mean  Proportional ;  for,  as  18  is  to  6,  fo  is  6  to  2. 

Moreover,  if  the  two  values  of  a  which  are  exprefs'd  by  Letters  in  the  laft  ftep  of 
the  Refolution  be  exprefs'd  by  words,  they  will  give  the  following  Canon  to  find  out 
the  extreme  Proportionals  fought. 

CANON. 

From  the  Square  of  half  the  given  Sum  of  the  extreme  Proportionals  fiibtracl:  the 

Square  of  the  given  meari,and  extract  the  fquare  Root  of  the  Remainder ;  then  to  the  faid 

half  Sum  adding  the  laid  Square  Root,and  from  the  laid  half  Sum  fubtra&ing  the  fame 

fquare  Root,  the  Sum  and  Remainder  fhall  be  the  two  extreme  Proportionals  fought. 

Therefore  if  of  three  Numbers  in  continual  proportion  the  mean  be  given,  as  alfo  the 
Sum  of  the  extremes,  the  extremes  themfelves  fhall  be  given  feverally  by  the  faid  Canon. 

^VE  ST.    5. 

There  are  two  Numbers  whofe  difference  is  ij,  (oxd,)  and  if  the  Produft  of  the 
Multiplication  of  the  faid  two  Numbers  be  divided  by  2,  (or  c,)  the  Quotient  will 
give  the  Cube  of  the  lelTer  Number  ;  what  are  the  Numbers  > 

RE  SOLUTION. 

3.  For  the  lefler  Number  fought  put    j    .    .  a 

2.  To  which  adding  the  given  difference  1 5  7 
(or  d,)  the  Sum  mall  be  the  greater  Num-  >        a+ 1 5 
ber,  to  wit, •    -j 

3.  Therefore  the  Product  of  theMultiplicati-  "> 
on  of  the  two  Numbers  is y 


4.  Which  Product  being  divided  by  2  (or  c)  X 
the  Quotient  will  be y 

j.  From  the  firft  ftep  the  Cube  of  the  lefler  5 
Number  is     ...  • _> 


a+d 

aa-\-da 

aa-\-da 

c 

aaa 


6.  Which  Cube  mult  (as  the  Queltion  requires)  be  equal  to  the  Quotient  in  the 
fourth  ftep,  whence  this  Equation ; 

aaa  =    fl±jg 
2 

Or,       aaa  =    aa  +  da . 
c 

7.  Which  Equation  being  duly  reduced  f according  to  &#.  2,  4,  3,  5  ofCbap.  12.) 
there  will  arife  aa  —  44  =  ^4, 

Or,         aa—  1*  -  A.. 
c  c 

8.  Therefore  the  laft  Equation  being  refolved  by  the  Canon  in  Se3.  8.  Chap.  15.  the 
value  of  a,  to  wit,  the  lefler  number  fought  will  be  difcovered,  viz. 

c  4CC  2C 

N  2  9.  To 
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9.  To  which  letter  number  adding  the  given  difference  15  (or  d)  the  Sum  mall  be 
the  greater  number  fought,  to  wit,  ._ 

3  +  15=18  =  •/:-+  -L:+_L  +  d. 

C  6fC         26' 

10.  I  fay  the  two  numbers  fought  are  3  and  18,  which  will  fatisfie  the  conditions  in 
the  Queftion,  for  their  difference  is  15,  and  if  the  Producf  of  their  Multiplication 
5:4  be  divided  by  2,  the  Quotient  is  27,  which  is  the  Cube  of  the  leffer  number  » 
as  was  required.  * 

ir.  But  if  the  Equation  in  the  eighth  ftep  be  exprefs'd  by  words,  it  will  give  the  fol- 
lowing Canon  to  find  out  the  lelTer  number  fought,  to  which  adding  the  given  dif- 
ference, the  greater  number  is  alfo  given. 

CANON. 

Divide  the  given  difference  by  the  given  Divifor,  alfo  divide  1  (or  Unity)  by  the 
quadruple  of  the  Square  of  the  given  Divifor,  add  rhofe  two  Quotients  together  and 
extract  the  fquare  Root  of  the  Sum  ;  then  to  this  fquare  Root  add  the  Quotient  that 
arifes  by  dividing  1  by  the  double  of  the  given  Divifor  5  fofhall  the  Sum  be  the  leffer 
of  the  two  numbers  fought,  which  increafed  with  their  given  difference  will  give  the 
greater  number. 

— — — ■  1  » — M— -  «___ _' 

QUE  ST.    6. 

There  axe  two  numbers  whofe  difference  is  2  (or  <Q  and  the  Sum  of  their  Squares 
is  130  (or  c;)  what  are  the  numbers? 


RESOLUTION. 

for  the  leffer  number  fought  put    ...  a 

Then   to  that  leffer  number  adding  theO 
given  difference  2   (or  d)  the  Sum  fliall >  a  +  2 

be  the  greater  number,  to  wit,     .    .       3 
Therefore  from  the  firft  ftep  the  Square  of  > 


a\l 


aa-\-2Ja-\-dJ 
2aa-\-2da+dd 


the  leffer  number  is 

4.  And  from  the  fecond  ftep  the  Square  of }  A-aci+a 
the  greater  number  is )      <w-f4  -j-4 

5.  Therefore  from  the  two  laft  fteps  theSum  \     2aaA-     A- a. 
of  the  Squares  of  the  two  numoers  fought  is  j*  -t-4fl"r4 

6.  Which  Sum  muft  be  equal  to  the  given  Sum  of  the  Squares  130  (or  c,)  whence 
this  Equation  arifes,  viz, 

lact  +  4a  -\-  4  =  1 30, 
Or,  2aa  -\-  2da  4"  dd—    C. 

7.  Which  Equation  after  due  Reduction  according  to  theRules  of  the  twelfth  Chap. 
will  give  this  Equation,  viz.  aa  -f  2a  =  63, 

Or,  aa  +  da  =  \ic  —  \dd. 

8.  Therefore  the  Equation  in  the  laft  ftep  being  refolved  according  to  the  Canon  in 
Sett.  6.  Chap.  17.  the  value  off,  to  wit,  the  leffer  number  fought  by  theQueftion 
will  by  made  known,  viz. 

a  =  7  =  W'-c — \dd:  — \J. 

9.  To  which  leffer  number  adding  the  given  difference  2  (or  d)  the  Sum  fhall  be  the 
greater  number  fought,  to  wit,         

7  -f  2  =  9  =  V:  \c — ~dd:  -\-.'rd. 
to.  t  fay  the  two  numbers  fought  are  9  and  7.;  for  their  difference  is  2,  and  the  Sum 

of  their  Squares  is  1 30,  as  was  prescribed  by  theQueftion. 
n.  Moreover,  from  the  eighth  and  ninth  ftep  arifes  this 

CANON. 

From  half  the  given  Sum  fubtraft  the  Square  of  half  the  given  difference,  and  ex- 
tract the  fquare  Root  of  the  Remainder  ;  then  from  this  fquare  Root  fubtraft  Half 
thegiven  difference,  the  Remainder  fhall  be  the  leffer  number  fought,  to  which  adding 
the  given  difference  the  Sum  fhall  be  the  greater  Number. 
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QUE  ST.   7. 

There  are  two  Numbers  whofe  Sum  is  14  (or  b,)  and  the  Sum  of  their  Squares  is 

100  (or  c,)  what  are  the  Numbers  > 

RESOLUTION. 

1.  For  one  of  the  Numbers  fought  put    .    .    .  A  a 

2.  Which  fubtra&ed  from  the  given  Sum  14  \  _a  , 
(orb)  leaves  the  other  Number    .    .    .j            * 

3.  The  Square  of  the  firft  number  is    ...  •  aa  ■  aa 

4.  The  Square  of  the  other  Number  is     .    .   •  aa — 28^+196  I       aa — 2ba+bb 

5.  The  Sum  of  the  fa  id  Squares  is    ....    •  2aa — 2834-196  |     iaa — 2ba+bb 

6.  Which  Sum  mult  be  equal  to  100  (or  c)  the  given  Sum  of  the  Squares,  whence 
this  Equation  arifes,  viz.  2aa — 2$*+ 196  =  100, 

Or,  2aa — 2ba-\-  bb  =     c. 

7.  Which  Equation,  after  due  Reduction,  according  to  the  Rules  of  the  twelfth  Cbap 
will  give  this  following  Equation  ; 

14a — aa  =  48, 
Or,  ba  —  aa  =  \bb—  \c. 

8.  Which  Equation  being  refblved  by  the  Canon  in  Seff.  10.  Chap.  15.  the  two  values 
of  a,  which  are  the  numbers  fought  by  this  Queftion,  will  be  discovered,  v\%k 

_   c  8  =  \b  +  V:U—jbb. 
a       \6  =  ±b—\r:±c—±bb. 

9.  I  fay  the  Numbers  fought  are  8  and  6;  for  their  Sum  is  14,  and  the  Sum  of  their 
Squares  is  100,  as  was  prefcribed. 

10.  Moreover,  if  the  two  values  of  a  which  are  exprels'd  by  Letters  in  the  eighth 
ftep  be  exprefs'd  by  words  there  will  arile  this 

CANON. 

From  half  the  given  Sum  of  the  Squares  fubtra£t  the  Square  of  half  the  given  Sum 
of  the  two  numbers,  and  extraft  the  fquare  Root  of  the  Remainder  ;  then  adding 
the  faid  fquare  Root  to  the  iaid  half  Sum  of  theNumbers,  the  Sum  of  this  Addition 
fhall  be  the  greater  Number  ;  but  fubtra&ing  the  faid  fquare  Root  from  the  faid  half 
Sum  of  the  Numbers,  the  Remainder  fhall  be  the  lelTer  Number. 

QUE  S  T.    8. 

There  are  three  Numbers  in  Geometrical  proportion  continued,  and  fuch,  that  if 
the  difference  between  the  fum  of  the  extremes  and  the  mean  be  multiplied  by  the 
fum  of  the  extremes,  the  Product  will  be  n  20  (or  b;)  but  if  the  laid  difference  be 
multiplied  by  the  fum  of  all  the  three  Proportionals,  the  Product:  will  be  1456  (ore;) 
What  ate  the  Proportionals  ? 

RESOLUTION 

1.  For  the  difference  of  the  Sum  of  the") 

Extremes  and  Mean  put    ......)  a 

1.  Then,,  according  to  the  Queftion,  the  fum  7  1120 

of  the  extremes  is J"  ~ 

3.  From  which  fum  if  the  difference  in  the  7 
firft  ftep  be  fubtrafted,  the  Remainder  will  >    • — —  . —  a 
be  the  mean  proportional,  to  wit,    .    .    .  3        a 

4.  Therefore  from  the  two  laft  fteps  the  fum  ">     224° a 

of  all  three  proportionals  is     .    ■     .    .    .  j"       a 

5.  But  (according  to  theQueftion)  if  the  fumof  all  the  three  proportionals  be  mul- 
tiplied by  the  difference  of  the  fum  of  the  extremes  and  the  mean,  the  Product 
muft  be  equal  to  1456  (orc;)  therefore  from  the  firft  and  fourth  fteps  this  follow- 
ing Equation  arifes,  viz.. 

2240  —  aa  —  1456, 
Or,         2b  —  aa  =    e. 

6.  Which 


2b 
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6.  Which  Equation  being  reduced  according  to  the  Rules  of  the  twelfth'  Chap,  the 
value  of  a  will  be  dilcovered,  viz.  ^^^ 

.    a  =  28  =  V:2b — c. 

7.  Therefore  from  the  fixth  and  fecond.fteps,the  Sum  of  the  extremes  is  alfo  known,viz. 

40  =     ■  =  the  Sum  of  the  extremes, 

V:2b — c: 

8.  And  from  the  fixth  and  third  fteps,  the  mean  proportional  is  alfo  given,  viz. 

c — /;  . 

12  ■=  —  =  the  mean. 

V:2b — c: 

9.  Laftly,  the  Sum  of  the  extremes  of  three  continual  proportionals  being  given  40, 
as  alfo  the  mean  1 2,  the  extremes  (hall  alfo  be  given  Severally  by  the  Canon  of  the 
fourth  ghteftion  of  this  Cfyap.  to  wit,  4  and  36  -,  therefore  the  three  continual  pro- 
portionals fought  are  4,  12  and  36,  which  will  fatisfie  the  conditions  in  the 
Queftion  propofed,  as  will  appear  by 

The  Proof. 

I.  4,  12,  36  are  4 ;  for,  4x36  =  12x12. 

II.  4+  36  —  12  into  36  +  4  —  1  j 20. 

HI.       4+36 — 12  into  4+  12+  36  =  1456. 


gUE  ST.    9. 
There  are  two  Numbers  whofe  Sum  is  10  (or  b,)  and  the  Sum  of  their  Cubes  is 
j  20  (or  cj  what  are  the  Numbers? 

RESOLUTION. 

1.  For  one  of  the  Numbers  fought  put  ....  a 

2.  Then  by  fubtrafting  that  Number  from  the? 
given  Sum  10  for  b,)  the  other  Number  >         10— a 
remains,  to  wit, 3 

3.  The  Cube  of  the  former  is aaa 

4.  And  from  the  fecond  ftep  the  Cube  of  the  latter  Number  is 

iooo  —  3001*  -\-  %oaa  — awn:, 
Or,  bbb  —  %bba  -\-  7,baa  —  aaa. 

4.  Therefore  the  Sum  of  the  two  Cubes  in  the  third  and  fourth  fteps  is 

ioco  —  300a  4-  qofltf, 
,  Or,  bbb    —  ibba  -{■  ^baa. 

5.  Which  Sum  muft  be  equal  to  ?2o  for  c)  the  given  Sum  of  the  Cubes,  whence 
this  Equation arifes,  viz.     icco  —  3co«  4-  kpaa  =  520, 

Of,        bbb    — zbba -{■  %k<*&  =?    c. 

6.  Which  Equation,  after  due  Reduction  according  to  the  Rules  of  the  twelfth  Chap. 

will  give  this  Equation  ;         16  =  10a  —  aa, 

~  bbb — e  j.    , 

Or,        —  —   bci   —  aa. 

30 

7.  Therefore  the  laft  Equation  being  refolved  by  the  Canon  in  Sett.  10.  Chap.  15.  the 
two  values  of  a,  which  are  the  numbers  fought  by  this  Queftion3will  be  difcovered,7;iz. 

. ;    ,     /  c        bb 
3g       12 

\b  —  V:c--kb.  -a 
3/'     12' 

8.  I  lay  the  two  Numbers  fought  are  8  and  2  •,  for  their  Sum  is  10,  and  the  Sum  of 
their  Cubes  is  5  2c,  as  was  prelcribed. 

9.  Moreover,  if  the  two  values  of  a  which  are  exprcfs'd  by  Letters  in  the  feventhftep 
be  exprelVd  by  words,  they  will  give  this 

CANON. 
From  the  Quotient  that  ariles  by  dividing  the  given  Sum  of  the  two  Cubes,  by  the 
triple  of  the  given  Sum  of  their  fides,  fubtraft  vv  of  the  Square  of  the  laft  mentioned 

Sum, 
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Sum,  and  extract  the  fquare  Root  of  the  Remainder ;  then  adding  the  fa  id  fquare 
Root  to  half  the  faid  Sum  of  the  Sides  of  the  two  Cubes,  and  alfo  fubtra£Hng  the 
laid  fquare  Root  from  the  faid  half  Sum,  the  Sum  and  Remainder  fhall  be  the  Sides 
or  numbers  fought. 


QUE  ST.    10. 
There  are  two  numbers  whofeSum  is  10  for  b,)  and  the  proportion  which  their 
difference  beareth  to  the  Sum  of  their  Squares  is  as  2  to  29,  (or  as  rto  s-y  what  are 
the  Numbers  ? 

RESOLUTION. 

1.  For  the  greater  number  fought  put    ...  a         ¥ 


b-a 

2a — b 


2.  Which  fubtra£fed  from  the_given  Sum  10  ") 
(or  b)    leaves  the  leffer  number    .     .    .  y 

3.  Therefore  the  difference  of  the  two  numbers  is  ia — 10 

4.  And  from  the  firlt  Itep  the  fquare  of  the  \  m 
greater  number  is y  % 

5.  And  from  the  fecond  ftep  the  Square  of  the  leffer  number  is 

j  00  —  20a  -f-  ««, 
Or,         bb  —  "lb a.  -f  aa. 

6.  And  from  the  two  laft  fteps  the  Sum  of  the  Squares  of  the  two  numbers  fought  is 

loo  —  20a  -\-  2aa, 
Or,  bb  —  2ba  -f  2aa. 

7.  Then  according  to  the  Queftion,  the  difference  in  the  third  ftep  muft  be  to  the 
fum  of  the  fquares  in  the  fixth  ftep  as  2  to  29,  (or  as  r  to  s ;)  viz. 

2      .      29     :  :      2d — IO      .      IOO  —  200  +  2tf<7, 
Or,  r      .      s      :  :     2a —  b      .      bb  —  iba  -)-  2<*a. 

8.  Which  Analogy  may  be  converted  into  this  following  Equation,  (according  to  the 
Theorem  in  Chap.  t.SeB.  15.)  viz. 

200  —  4©«  •+■  4««   =  58a  —  290, 
Or,  rbb  —  2rba-\-  2raa  =  2sa  —   sb. 

9.  Which  Equation,  after  due  Redu&ion  according  to  the  Rules  in  the  12  Chap,  will 
produce  this  Equation ;  —4-  =  ^a  —  ««, 

0  rbb-\-sb       s-i-rb 

Or,        - —  =  — - — a  —  an. 

ir  r 

10.  Therefore  by  refolvingtheEquation  in  the  laft  ftep  according  to  Sctf.  10.  Chap.x^. 
the  two  values  of  a,  or  the  two  Roots  of  that  Equation  will  be  made  known,  viz. 

x    ,     b    ,     r  ss       bb 
2V        2  4W        4 


I     _    s    ,    b ,  ss  bb  \ 

2r        2  qrr       4 

1 1 .  The  leffer  of  which  two  Roots  or  Numbers,  to  wit  7,  is  the  greater  number  fought 
by  this  Queftion  ;  and  confequently,  the  faid  7  being  fubtra&ed  from  the  given 
fum  10,  the  Remainder  3  is  the  leffer  number  fought. 

I  fay  7  and  3  will  folve  the  Queftion,  for  their  fum  is  10  $  and  their  difference  4 
is  to  the  fum  of  their  fquares  58,  as  2  to  29 ;  which  was  prefcribed. 

12.  Note.  Altho  the  value  of  a  in  the  Equation  in  the  ninth  ftep  may  be  either 
i-4-  or  7,  (for  that  Equation  may  be  expounded  by  -U  as  well  as  7,)  yet  7  only,  to 
wit,  the  leffer  value  of  «,  fhall  be  the  greater  number  fought  by  this  Queftion. 

For  that  the  greater  value  of*,  to  wit,  - — \-  —•{■  V:~ — — :    can  never    be 

2r        2  <\rr       4 

.  equal  to  either  of  the  two  numbers  fought,  I  prove  thus ;  Firft,  it  is  manifeft  by  each 

of  the  values  of  a  exprefs'd  by  Letters  in  the  tenth  ftep,  That  if  —  =  — ,  then  con- 

r  21"       2 

iequently  —  =  _    and  the  two  values  of  «  are  equal  one  to  the  other ,   each 

417     4  u 

being 
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being  equal  to  —  +  — ,  that  is,  b  ;  and  therefore  in  this  flrft  cafe,  neither  of  the 

2t  i 

two  values  of  a  can  poifibly  be  equal  to  either  of  the  two  numbers  fought  •,  fcr  that 
which  is  equal  to  thefum  of  two  numbers  muft  needs  be  greater  than  either  of  them. 

Secondly,  If—  c-  A  which  is  a  neceifary  Determination  to  make  the  Queftion 


2>"         2 


poffible,  then  the  greater  value  of  rf,  that  is,  —  +  — +  V:"-  —  — :  is  manifeftly 
r  2r       2  qrr       4 

greater  than  b  the  given  fum  of  the  two  numbers  fought,  and  therefore  it  cannot  be 
equal  to  either  of  them.  Wherefore  the  faid  greater  value  of  a  cannot  in  any  cafe  be 
equal  to  either  of  the  two  numbers  ibught.    Which  was  to  be  proved. 

But  the  faid  lelTer  value  of  d  is  the  greater  of  the  two  numbers  fought,  and  conle- 
quently  they  ate  given  leverally  by  this  following 

C  A NO  N. 

13.  From  the  Quotient  that  arifes  by  dividing  the  Square  of  the  latter  term  of  thegiven 
Reafon  by  the  Quadruple  of  the  Square  of  the  firftTerm,  fubtraft  a  quarter  of  the 
Square  of  the  given  Sum  of  the  two  numbers  fought,  and  extraft  the  fquare  Root  of 
the  Remainder  •,  then  fubtraft  that'fquare  Root  from  theSum  of  the  Quotient  that 
arifes  by  dividing  the  latter  Term  of  the  given  Reafon  by  the  double  of  thefirft,  and 
the  half  of  the  given  fum  of  the  two  numbers,  fo  the  Remainder  fhall  be  the  greater 
number  fought;  which  fubtracted  from  the  faid  given  fum  leaves  the  lelTer  number* 

14  From  the  premifes  this  following  Queftion  may  eafily  be  folved,  viz.  The  fum 
of  two  numbers  being  given,  fuppole  i  (or  b,)  and  their  difference  being  equal  to 
■  the  fum  of  their  Squares,  to  find  the  numbers. 
Firlf,  fuppole  r  —  s—  i-,  (becaufe  the  Terms  of  the  Proportion  in  this  Queftion 

are  equal  to  one  another,)  then  the  two  values  of  a  before  exprefs'd  in  the  tenth  ftep 

will  be  converted  into  thefe,  viz. 

5  2  4     ' 

a  =   *    =  *  +  b  —  /■'-**• 
5  2  4 

The  letter  of  which  values  of  a,  to  wit,  &  is  the  greater  of  the  two  numbers 
fought,  and  therefore  the  faid  -?-  being  fubtra£ted  from  -?-  the  given  fum,  leaves  f  for 
the  lelTer  number.  I  fay  -f  and  -f  will  folve  the  Queftion,  for  their  difference  -f  is 
equal  to  the  Sum  of  their  Squares, 

QUEST.     11. 

There  are  two  numbers,  the  Product  of  whofe  Multiplication  is  48  (ovp,)  and 
the  difference  of  their  Squares  is  28  (or  d;)  what  are  the  numbers? 

RESOLUTION. 

1.  For  the  greater  number  put 

2.  Then  dividing  48  (or/;)  by  a,  the  Quoti-  > 
ent  is  the  leffer  number,  to  wit,     .    .     .  y 

3.  From  the  firtt  ttep  the  fquare  of  the  grea- ") 
ter  number  is y 

4.  And  from  the  fecond  ftep  the  Square  of  7 
the  leffer  number  is y 

5.  Therefore  the  difference  of  the  faid  Squares  is 

6.  Which  difference  muft  be  equal  to  thegiven  difference  of  the'fquares,  whence 
this  Equation  ariies,  viz. 

actaa  —  2504  0 

Va 28> 

Or,       aaM  ~-M     =  i. 

aa. 

7.  Which 


a 

a 

48 

P 

a 

a 

aa 

ax 

2|£4 

M. 

aa 

aa 

aaaa — 2304 

aaaa—pp 

aa 

aa 

— — — ' "=» "    "  '  — .  V  I  II  .  .  -.  —**** 
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7.  Which  Equation,  after  due  Reduction  according  to  the  Rules  of  the  twelfth  Chap, 
will  produce  this  ;  aaaa  —  2&aa  =  2304, 

Or,  aaaa —  daa  =  pp. 

8.  Therefore  by  refolving  the  laft  Equation  according  to  the  Canon  inSeff.  8.CJW, 
15.  the  value  of  a,  to  wit,  the  greater  number  fought  will  be  difcovered,  viz. 

a  =  8  =  V(2):Vpp+±dd+l4: 

Whence  the  greater  number  is  found  8,  by  which  if  the  given  Produces  be  divided 
the  Quotient  6  is  the  leffer  Number  fought. 

I  lay,  the  Numbers  8  and  6  will  folve  the  Queftion  ;  for  the  Product  of  their 
Multiplication  is  48,  and  the  difference  oftheix  Squares  64  and  36  is  28,  as  was 
prefcribed. 

Moreover,  the  Equation  in  the  eighth  ftep  gives  a  Canon  to  find  the  greater  of  the 
two  numbers  fought,  by  the  help  whereof  and  the  given  Produft  the  leffer  number 
mail  be  alfb  given. 

C  A  NO  N. 

9  To  the  Square  of  the  given  ProduQ:  add  the  Square  of  half  the  given  difference  of 
the  Squares,  andextra£t  the  Square  Root  of  that  Sumj  then  to  the  faid  Square 
Root  add  the  faid  half  difference,  and  extract  "the  Square  Root  of  this  Sum,  To 
mall  the  laft  Square  Root  be  the  greater  of  the  two  Numbers  fought ;  laftly,  by 
the  faid  greater  number  divide  the  given  produ£l  of  the  multiplication  of  both  num- 
bers, and  the  Quotient  (hall  be  the  leffer  Number. 

QUEST.  12. 

There  are  two  Numbers  the  Produft  of  whofe  Multiplication  is  48  (or  pj  an<J 
the  Sum  of  their  Squares  is  100  (ore  •,)  what  are  the  Numbers  ? 

RESOLUTION. 

1.  For  one  of  the  numbers  fought  put 

2.  Then  dividing  48  for/?)  by  a,  the  Quotient  > 
will  give  the  other  number,  to  wit,    .    .   j* 

3.  From  the  firft  ftep,  the  Square  of  one  of) 
the  Numbers  is    .....    .     .    .     y 

4.  And  from  the  ftcond  ftep  the  Square  of  the  7 
other  Number  is 3 

5.  Therefore  the  Sum  of  the  faid  Squares  is  .   > 

6.  Which  Sum  muft  be  equal  to  the  given  Sum  of  the  Squares,  whence  this  Equate 
on  arifes,  viz.  aaaa -\- 210$ 

aa 
Or,  ,        .aaaa+pp    _ 

aa 

7.  From  which  Equation,  after  due  Reduftion  by  the  Rules  in  Chap.  12,  this  will  arife, 

2304  ==   looaa  —  aaaa, 
pp    b=s     caa     — -  aaaa. 

8.  Which  laft  Equation  being  refolved  by  the  Canon  in  Se8.  10.  Chap.  15.  the  two 
values  of  a3  which  are  the  Numbers  fought,  will  be  difcovered,  viz. 


a 

a 

48 
a 

2_ 

aa 

aa 

2304 
aa 

aaaa-\-21 
aa 

04 

aa 

aaaa-\-pp 
aa 

~&- 


=  V  (2)  ;l.c-\-V~cc  —  pp; 

V(2)lJLc—V~tfC—ppi 


9.  I  fay,  8  and  6  are  the  Numbers  required  ;  for  the  FroduB  of  their  Multiplication 
is  48,  and  the  Sum  of  their  Squares  64  and  36  is  100,  as  was  prefcribed.  From 
the  laft  ftep  alfb  arifes  this 

C  A  NO  N. 
From  the  Square  of  half  the  given  Sum  of  the  Squares  of  the  two  numbers  fought 
fubtraft  the  Square  of  the  given  Product  of  their  Multiplication,  and  extraa  the  fquare 
Root  of  the  Remainder ,  then  to  half  the  faid  Sum  add  the  faid  Square  Root,and  from 

O  the 


10* 
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the  faid  half  Sum  fubtract  the  laid  Square  Root  -,  lattly,  extract  the  Square  toot  of 
the  Sum  of  that  Addition,  and  alio  of  the  Remainder  of  the  latter  i  ubtra&iori-  fo 
fhall  thefe  two  Square  Roots  be  die  numbers  lough'c  by  the  Queftion  proposed.  ' 


There  are  two  Numbers  whofe  Sum  is  14  (or  b,)  and  if  the  Sum  of  their  Squares 
be  multiplied  by  the  Sum  of  their  Cubes,  the  Product  is  72800  (or  c  5)  what  are 
the  Numbers  > 


QUE  ST.    13. 

no  Numbers  whc 

y   the  Sum  of  th 

the  Numbers  ? 

RESOLUTION. 

1.  For  one  of  the  Numbers  fought  put    .    .    .           tf+7  a+±b 

2.  Then,  that  their  Sum  may  be  14  (oxb,)\       _a+7  * 

the  other  number  muft  be j                   '  fl+^ 

3.  The'quareof  the  firft  Number  is    .    .     .     <m+ 140+49  aa+ba+Lbb 

4.  The  Square  of  the  latter  Number  is    .    .    .     a*— -14*+ 49  aa— ba+lbb 

5.  Therefore  the  Sum  oftheir  Squares  is    .     .    .       2*1+98  2w-fii 

6.  Again,  the  Cube  of  the  firft  Number  will  be 

aaa-\-2\aa-\-\at-]a-\-  343, 
Or,  aaa-\-^baa-^-\bba-\-^bbb. 

7.  And  the  Cube  of  the  latter  Number  will  be 

—  aaa-\-2\aa —  1470+343, 
Or,         —  aaa  +  [baa  —  ^b  '<a  +  ^-bbb. 
2.  Therefore  the  Sum  of  the  Cubes  in  the  two  lalt  heps  is 

42a*  +686,  Or,  %baa  +  ybhb. 

9.  Which  Sum  of  the  Cubes  in  the  laft  ftep  being  Multiplied  by  the  Sum  of  the  Squares 
in  the  fifth  ftep,  produces  84***0  +  5488**  +  67228, 

Or,  6baaaa  +  ibbbaa  +  \bbbbb. 

10.  Which  Product  in  the  laft  ftep  mult  be  equal  to  72800  (or  c)  the  ProduQ  gi. 
ven  in  the  Queftion,  whence  this  Equation  arfes,  viz. 

840000  +  548800  +  6722S  —  72800, 
Or,  6baaaa  +    2fbbaa  +  \hbbb     =    c 

11.  And  from  that  Equatien,  after  due  Reduction  according  to  the  Rules  of  the 
twelfth  Chapter,  this  will  arife ;  adaa  +  -"-.aa  =  if^, 

Or,  aaaa  +  ■]  bbaa  ==    —  —  -^bbbb. 
6b 

1 2.  Which  Equation  being  refolved  by  the  Canon  in  Sell  6.  of  Chap.  1  j.  the  value  of 
0  will  be  difcovered,  viz.        . 

a  =  1  =  V  (2)  :  V  -  +^bbbb.  —-'J>b  : 
6l> 

13.  Therefore  from  the  twelfth,  firft  and  fecond  fteps  the  two  numbers  fought  are 
made  known :  — — =^= — 

7+1  =  8  =  iHV(?j:V  c-  +  TTi  UH.  —  itt  : 


6b 


7_i  =  6  =7^(2);/^+^^.-^: 
6b 

I  fay  the  numbers  fought  are  8  and  6-,  for  their  Sum  is  14,  and  if  100  the 
Sum  oftheir  Squares  be  multiplied  by  728,  the  Sum  oftheir  Cubes,  the  Product  will 
be  72800,  as  was  prefcribed. 

Moreover,  the  thirteenth  ftep  gives  a  Canon  to  find  out  the  Numbers  fought. 

CANON. 

Dividethegiven  Product  by  fix  times  the  given  Sum^  then  to  the  Quotient  add  ^ 
of  the  Biquadrate  of  the  given  Sum,  and  extract:  the  Square  Root  of  the  Sum  of  that 
addition;  then  from  the  laid  Square  Root  fubtract  -\-  of  the  Square  of  the  given  Sum,and 
extract  the  Square  Root  of  the  Remainder ;  laltly,  add  this  Square  Root  to  half 
the  given  Sum  and  Subtract  it  from  the  faid  half  Sum,  fo  fhall  the  Sum  and  Remain- 
der be  the  two  numbers  fought. 

QUE  S  T, 
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'  &  U  E  S  T.    14. 

There  are  two  numbers  the  Produtt  of  whofe  Multiplication  is  20  (or  b,)  and  the 
fum  of  their  Cubes  is  189  (of  c  •,)  what  are  the  numbers  : 

RESOLUTION. 

1.  For  one  of  the  Numbers  fought  put    .    .    . 

2.  Then,  by  dividing  the  given  Product  20  "> 
(or  b)  by  a,  the  other  Number  will  be    .   3 

3.  Therefore  from  the  firft  ftep,  the  Cube  of  I 
the  firft  Number  is j" 

4.  And  from  the  fecond  ftep  the  Cube  of  the  "> 
other  number  is    , j" 

5.  Therefore  the  Sum  of  the  faid  Cubes  is    .  >• 

6.  Which  fum  muft  be  equal  to  189  (or  c)  the  Sum  given  in  the'Queftion,  whence 
,    this  Equation  arifes,  viz. 

aaaaaa  -\-  8000   

aeict 
aaaaaa  -f-  bbb 


2o 


8000 

aaa 

aaaaaa-\-  8000 


bbb 


aaa 
aaaaaa -\- bbb 


Or, 


7.  Which  Equation  being  reduced  according  to  Sett.  2, 3,  and  5.  of  Chap.  12.  there 
will  arife  8000  =  1  Syaaa  —  aaaaaa, 

Or,  bbb    =      caaa    —  aaaaaa. 

8.  And  by  refblving  the  Equation  in  the  laft  ftep  by  the  Canon  in  Sell.  lo.Chap.  15.  the 
-two  values  of  a,  which  are  the  numbers  fought  by  this  Queftion,will  be  madeknown,wz. 

a  -  S    5  "  Y(0  ■^+^¥c  —  bbb~. 
X    4  =  V(i):±c— V±cc  —  bbb  : 

9.  I  fay,-  the  numbers  fought  are  5  and  4  •,  for  the  Product  of  their  Multiplication 
is  20,  and  the  Sum  of  their  Cubes  125  and  64  is  189,  as  was  prefcribed. 
Moreover,  from  the  two  values  of  a  expreft  by  Letters  in  the  eighth  ftep,  the 

following  Canon  .arifes  to  find  out  the  number  fought. 

CANON. 
From  the  Square  of  half  the  given  Sum  fubtraft  the  Cube  of  the  given  Producf, 
And  extract  the  Square  Root  of  the  Remainder  -,  then  add  the  faidfquare  Root  to 
half  the  given  Sum,  and  alfo  fubtra£t  it  from  the  faid  half  Sum  ;  laftly,  extract  the 
Cubic  Root  of  the  Sum  of  that  Addition,  and  likewife  extraft  the  Cubic  Root  of 
the  latter  Remainder,  fo.  (hall  thefe  Cubic  Roots  be  the  Numbers  fought. 


I07 


QUEST.  15. 

There  are  two  numbers  the  Product  of  whole  Multiplication  is  20  (or  b,)  and  the 
difference  of  their  Cubes  is  61   (or  d-,)  what  are  the  numbers? 

RESOLUTION. 
1.  ForthegreaterofthetwoNumbers foughtput 
i.  Then,  by  dividing  the  given  Produft  20  > ■ 
for  b)  by  a,  the  letter  number  will  be    .     .  j 

3.  Therefore  from  the  firft  ftep  the  Cube  of  > 
'  the  greater  number  is 3 

4.  And  from  the  fecond  ftep  the  Cube  of  the ") 
leffer  number  is .      j" 

5.  Therefore  from  the  two  laft  fteps,  the  dif-"" 
ference  of  the  Cubes  of  the  two  Numbers 

:  fought  is    .    . _ 

6.  Which  difference  muft  be  equal  to  61  (or  d)  the  difference  given  in  the  Queftion, 
whence  this  Equation  arifes,  viz. 


8000 
aaa 

Aaaaaa  —  8000 


b_ 

a 

aaa 

bbb 

aaa 

aaaaaa  —  bbb 


aaaaaa  —  8000   


r>.      aaaaaa 
Or, - 


bbb 


=5  ii 


O  i 


7.  Whieh 
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7.  Which  Equation,  after  due  Reduction,  (according  to  Se8.  2,  ?,and  5.  ofC%.  i2.) 
will  give  this  that  follows,  viz.  aaaaaa —  6laaa  =  8000, 

Or  aaaaaa  —  daaa  =  bbb. 

8.  Therefore  by  refolvingthe  Equation  in  the  laftftep  by  the  Canon  in  Se8.  8.  Chap. 
15.  the  value  of  a,  to  wit,  the  greater  Number  fought  will  be  made  known,  viz. 

a  =  5  =  Vb):±d+V$di+bbF: 

9.  Whence  the  greater  Number  fought  is  found  5,  by  which  if  the  given  Produft  20 
be  divided,  the  Quotient  will  give  4  for  the  leffer  number  required. 

I  fay  the  Numbers  5  and  4  will  folve  the  Queftion  propofed ;  for  the  Product  of 
their  Multiplication  is  20,  and  the  difference  of  their  Cubes  1 2  5  and  64  is  61,  as  was 
prefcribed. 

Moreover,  the  Equation  in  the  eighth  ftep  gives  a  Canon  to  find  out  the  greater  of 
the  two  numbers  fought,  by  the  help  whereof  and  the  given  Produft  the  leffer  num- 
ber is  alfo  given. 

CANON. 

To  the  Square  of  half  the  given  difference  add  the  Cube  of  the  given  Product, 
and  extract  the  Square  Root  of  the  Sum  of  that  Addition*  then  add  the  faid  Square 
Root  to  half  the  given  difference  and  extract  the  Cubic  Root  of  this  Sum,  fo  fnall 
the  faid  Cubic  Root  be  the  greater  of  the  two  numbers  fought ;  by  which  greater 
number  if  the  given  Product  be  divided  the  Quotient  (hall  be  the  IefTer  number  fought. 

QU  E  S  T.  16. 

A  Merchant  having  bought  certain  Cloths,  fells  them  at  17.17.  (or  b)  the  Cloth, 
and  then  found  that  by  every  100 1  (ore)  that  he  had  laid  out,  he  gained  as  many 
Pounds  as  he  paid  for  one  Cloth  5  what  was  the  firft  coft  of  a  Cloth  ? 

RESOLUTION. 

1.  For  the  firft  coft  of  one  Cloth  put   .    .      *  <t 

2.  Which  firft  coft  being  fubtracfed  from  the^ 

money  for  which    the  Merchant  fold  one/  _, fl 

Cloth,  there  will  remain  the  gain  of  one  C  '* 

Cloth,  to  wit, -* 

3.  Then  find  what  was  gained  in  laying  out  100 1,  (or  c,)  viz.  fay  by  the  Rule  of  Three4 

.,  1725 — IOOtf 

If     a    .    17-1  —  a     ::     100     .     -!— , 

a 

Or,    a     .     b  —  a      : :      c      , . 

a 

Whence  the  gain  of  100  7.  is  found  _ZH_nI££fl,  or  — . 

a  a 

4.  But  according  to  the  Queftion  the  gain  of  100  7.  (or  c)  muft  be  equal  to  the  firft 

coft  of  one  Cloth,  therefore  from  the  firft  and  third  fteps  this  Equation  arifes,  vizi 

1725 —  100a       r\„  cb  —  ca 

a  =  — '— '- ,      Ur,    a  = . 

a  a 

5.  Which  Equation,after  due  Redu&ion(according  to  Se8.  2, and  3.0? Chap.  12.)  will 
give  this  that  follows,  viz.  aa-\-iooa  =  1725, 

Or,  aa-\-    ca    =    cb.  ~ 

6.  Therefore  by  refblving  the  Equation  in  the  laft  ftep  by  the  Cano#in  Se8.  6.  Chap. 
1$.  the  value  of  a-,  to  wit,  the  firft  coft  of  a  Cloth  will  bedifcovered,  viz. 

a  =  1 5"  =  V:cb-\-^cc:-y-ic. 
I  fay  the  firft  coft  of  a  Cloth  was  1  ?  7.  as  will  appear  by  the  Proof :  For  if  a 
Cloth  be  bought  for  1 5  7.  and  fold  for  1 74  7.  the  gain  is  2^ 7.    Then  if  r  ?  7.  gain  2-i  7. 
it  will  follow  that  100  7.  will  gain  15  7.  which  is  equal  to  the  firft  coft  of  a  Cloth  ;as 
was  prefcribed. 

Another 
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Another  way  ofrefolving  the  preceding  Queft.  i 6. 

1.  Let  the  fame  things  be- given  as  before,  \ 
then  for  the  gain  of  one  Cloth  put    .     .   f 

2.  Which  gain  being  Subtrafted  from  the  7 
Money  for  which  one  Cloth  was  fold,  will  >       ij'i  —  a 
leave  the  firft  coft  of  a  Cloth,  to  wit,    .  .3 
Then  find  what  was  gained  in  laying  out  100  /.  (or  c,)  and  fay  by'the  Rule  of  Three ' 


b  —  t 


If       17? 


Or, 


b—a 


100 


looa 


1 00a 

ccc 
b^~a 

or 


Whence  the  gain  of  100  /.  is  found 

I7t— a  b  —  a 

4.  But,  according  to  the  Qiieftion,the  gain  of  a  100 1,  (or  c)  mull  be  equal  to  thefirft 

coft  of  one  Cloth  5  therefore  from  the  fecond  and  third  fteps  this  Equation  arifes  viz. 


=  *7? 


Or, 


=  b  —  a. 


l-Jj  —  a  b- 

5.  Which  Equation,  after  due  Reduction  according  to  Se8.  2,  and  5.  of  Chap.  12, 
will  give  this  that  follows,  viz. 

—-^  —  aa  —  ^4m  Or,        ca-\-2ba  —  act  —  bb. 

6.  Therefore  by  refolving  the  Equation  in  the  laft.  ftep  by  the  Canon  in  SeS  1  o  Chap.  1  j. 
the  two  values  of  a,  or  the  two  Roots  of  that_Equation  will  be  made  known,  viz.' 

s  -^-  =  -^  +  *  +  v&c+Wi 

'   l       $  =  * c  -r-  b—V:icc  -+■  cb: 

The  lelTerof  which  two  Roots  or  Numbers,  to  wit,  |  or  2fl  is  the  gain  of  a 
Cloth,  which  fubtrafted  from  1 7^  I.  leaves  1 5 1.  for  the  firft  coft  of  a  Cloth,  as  before. 

Note.  Although  the  value  of  a  in  the  Equation  in  the  fifth  ftep  may  be  either  ik£ 
or  i,  ('for  that  Equation  may  be  expounded  by  JU-|  as  well  as  ~ J  yet  4  only,  to  wit* 
the  letter  value  of  a  (hall  be  the  gain  of  a  Cloth  j  for  i4| ■  is  greater  than  17^  and 
confequently  the  gain  of  one  Cloth  would  exceed  the  Money  for  which  one  Cloth  was 
fold.  Which  abfurdity  appears  alfo  by  the  greater  value  of  a  as  'tis  expreft  by  Letters 
inthefixth  ftep,  for  fc-\-b-\-V:^cc-\-cb:  ismanifeftly  greater  than  b. 

QUEST.  17. 
Each  of  two  Captains,  whereof  one  had  a  lefler  number  of  Soldiers  in  his  Com- 
pany by  40  (orb)  than  the  other,  diftributed  equally  among  the  Soldiers  of  his  own 
Company  1 200  for  c)  Crowns,  whereby  it  happened  that  the  Soldiers  of  the  lefler 
Company  had  5  for  d)  Crowns  a  piece  more  than  the  Soldiers  of  the  greater  Com- 
pany -,  the  Queftion  is  to  find  the  number  of  Soldiers  in  each  Company,  and  how 
many  Crowns  each  Soldier  received. 

RESOLUTION. 

i.  For  the  number  of  Soldiers  in  the  lefler  *) 
Company  put > , 

2.  To  which  adding  40  (or  b)  the  fum  will  7 
give  the  number  of  Soldiers  in  the  greater  > 
Company,  to  wit, .    .3 

3.  Then  if  i2ocM[or  c)  Crowns  be  equally  ^ 
divided  amo^%  the  Soldiers  of  the  lefler  (_ 
Company,  the  Quotient  or  fhare  of  every  C 
Soldier  will  be    .%.-..    .    .    :    .    .    . :~' 

'4.  Likewife,ifi2oo  (ore)  Crowns  be  equally^ 

divided  among  theSoldiers  of  the  greaterr 

Company,  the  Quotient  or  fhare  of  every  C 

Soldier  will  be    . ** 

5.  To  which  latter  Quotient  adding  5  (or  i)  \ 


«+40 


Crowns,  the  fum  is 


a\b 


1200 
a 

c 

a 

I2oo 
«+4° 

c 

a+b 

5^+1400 
fl-t-40 

&a\ib+c 
a-\-b 

109 


6.  But 
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6.  But  according  to  the  Queftion  the  Sum  in  the  laft  ftep  muft  be  equal  to  the  Quo- 
tient in  the  third  fiep,  whence  this  Equation  arifes,  viz. 

5^4-1400  1200        q        da+db-\-c   __   c 

fl+40       ~~       a    '  a-\-b       ~   a 

7.  Frpm  which  Equation  after  due  Reduction  according  to  Sett.  2,  3,  and  5.  ofCf.jp. 
12.  this  will  arife,  viz.  aa+qoa  =  9600, 

Or,  act  +  bet  =—. 

d 

8.  Therefore  the  Equation  in  the  laft  ftep  being  refolved  by  the  Canon  in  Set?.  6. 
Chap.  15.  the  value  oftf,  to  wit,  the  number  of  Soldiers  in  the  lefler  Company  will 
be  difcovered,  viz.  - 

d       4 

From  the  eighth,  firft,  and  fecond  fteps  it  is  evident  that  the  lefler  Company 
confifted  of  80,  and  the  greater  i2oSoldierS}  which  numbers  will  fatisfie  the  Con- 
ditions in  the  Queftion.  for  the  difference  of  the  two  Companies  is  40  Soldiers  •  al- 
io -1.?,;."..  =  15,  and -^444  =10  -,  whence  it  is  manifeft  that  the  Soldiers  of  the  lefler 
Company  received  1  f  Crowns  a  piece,  the  Soldiers  of  the  greater  Company  10  Crowns 
a  piece,  and  confequently  the  Soldiers  of  the  lefler  Company  had  5  Crowns  a  piece 
more  than  the  Soldiers  of  the  greater  Company,  as  was  prefcribed. 


QUEST.  18. 
Two  Merchants  fell  Linnen-Cloth  in  this  manner,  viz.  each  fells  60  (or  b)  Ells,  and 
the  firft  Merchant  felling  2  (or  c)  Ells  lefs  for  one  pound  than  the  fecond,  receives 
for  his  60  Ells  5   (ox  d)  pounds  more  than  the  fecond  Merchant  for  his  60  Ells.  The 
Queftion  is  to  find  how  many  Ells  each  Merchant  fold  for  1  Pound  ? 

RESOLUTION. 


For  the  number  of  Ells  which  the  firft  > 
Merchant  fold  for  1  /.  put    .    .    .     .    .   y 

,  To  which  number  of  Ells  adding  2  (or  c,)7 
the  Sum  will  be  the  number  of  Ells  which  > 
the  latter  Merchant  fold  for  1 Z.  to  wit,    .  .  3 

,  Then  find  how  much  Money  the  firft  Mer-"1 
chant  received   for  his  60  Ells,  viz.  fay  by 
the  Rule  of  Three, 


If 


Or,  a 


60 


60 


fl+2 


60 


b       .      -. 


whence  the  firftMerchants  totalMony  is  found  j 
4.  Find  likewiie  how  much  Money  thelatter- 
Merchant  received  for  his  60  Ells,  viz.  fay, 

If      a+2    .     1     ::    60     .    — ~; 
a+2 
b 


Or,     a\c 


a-\-c 


60 


a+c 


whence  the  latter  Merchants  total  Money 
is  found j 

5.  To  which  latter  Sum  of  Money  adding  }         5^+7°  da+dc+b 
5  (or  d)  pounds,  the  Sum  will  be     .    .    3           a-\-2  a-fc 

6.  But  according  to  the  Queftion  the  Sum  of  Money  it  in  the  laft  ftep  muft  be 
qual  to  the  Sum  in  the  third  ftep,  whence  this  Equation  arifes,  viz. 

jffHrflQ   _  ^°  •  Or  da-\-dc-*-b   _    b 

«+2     —    a  a-\-c        ~~   a 

7.  Which 
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n.  Which  Equation,  after  due  Reduction  according  to  Sett.  2, 3,  and  j.  of  Chap.  12. 
will  give  this  that  follows,  viz.  aa  +  2«  =  24, 

Or,         aa  -\-  ca  =  — . 
a 

8.  Which  Equation  in  the  laft  ftep  being  refolved  by  the  Canon  in  Se8.  6.  Chap,  j  5  the 

value  of  a,  to  wit  the  Number  of  Ells  which  the  firft  Merchant  fold  will  be  made 

known,  .  .   be    .  cc 

viz.  a  =  4=  vf:-r+— :  —  i<r. 

a        4 

I  fay  the  firft  Merchant  fold  4  Ells  for  1  Pound,  and  the  fecond  6  Ells  for  1  Pound 
as  will  appear  by  the  Proof.  For  if  4  Ells  give  1  Pound,  then  60  Ells  will  give  15 
Pounds  Again,  if  6  Ells  give  one  Pound,  then  60  Ells  willgive  10  Pounds.  Whence 
it  is  manifett  that  rhe  firft  Merchant  fold  his6oElls  for  5  Pounds  more  than  the  fecond 
fold  his  60  Ells,  and  fold  2  Ells  lefs  for  1  pound  than  the  lecond  Merchant  fold  for 
one  Pound. 


i  II 


<^U  E  ST.     19. 

Two  Societies,  whereof  one  exceeds  the  other  by  4  (or  b)  men,divide  two  equal  fums 
of  Crowns  ;  the  Men  of  the  leffer  Society  have  8  (ore)  Crowns  a  piece  more  than  tho(e 
of  the  greater  :  And  the  number  of  Crowns  which  each  Society  receives  exceeds  the 
number  of  Men  of  both  Societies  by  172  for  d.)  The  Queftion  is,  to  find  the  number 
of  Men  in  each  Society,  and  the  number  of  Crowns  which  each  Society  had  > 


RESOLUTION. 


«+4 


2a-\-l-]6 


2a-\-i-]6 


23+176 
«+4 

iotf+208 
<*+4 


1  .For  the  number  of  Men  of  the  leffer  Society  put 
a.  To  which  number  adding  4  (ox  b,)    the  7 

fum  will  be  the  Number  of  Men  of  the> 

greater  Society,  to  wit, 3 

3.  Then,  according  to  the  Queftion,  if  172-* 
(■or  i)  be  added  to  the  Sum  of  the  Men  of/ 
both  Societies,  it  will  give  the  number  of  C 
Crowns  fhared  by  each  Society,  to  wit,  .  .«* 

4.  Which  number  of  Crowns  being  divided  by-^ 
(a)  the  number  of  Men  of  the  leffer  So-  ( 
ciety,  the  Quotient  or  fhare  of  every  Man  C 
in  that  Society  will  be     ,     ....    .     ^ 

5.  Likewife  if  the  fame  number  of  Crowns  be--) 
fore  expreft  in  the  third  ftep  be  divided  by/ 
a -+■ 4,  (or  a+A,    the    number  of  Men  ofb 
the  greater  Society  J  the  Quotient  will  give' 
the  (hare  of  every  man  in  this  Society  to  wit, . 

6.  To  which  Quotient  in  the  laft  ftep  addirjg  > 
8  (or  c)  the  Mim  will  be    ......  3 

7.  But,  a-ccording   to  the  Queftion,  the  fum  in  the  laft'  ftep  muft  be  equal  to  the 
Quotient  in  the  fourth  ftep,  whence  this  Equation  arifes,  viz.. 

lev +308  __  2^+176       Qr      2a+b+d-\-ca+cb        2a+b-\-d 
a -1-4       ~  a  a\b  a 

8.  From  which  Equation,  after  due  Reduction  according  to  Se8.  2,  3,  and  5.  of  Chap, 
12.  this  Equdon  will  arife,  viz..  aa  +  30  =  88, 


«+* 


2a+b-\-d 


2a+b  +  d 


20+b-W 

«+i 

21ra\Ad\ca^cb 

a+b  ~~ 


Or, 


cb — 2b 
aa  -\-  a  = 


Therefore  by  refolvingthe  laft  Equation  according  to  the  Canon  in  SeR.  6.  Chap.i^. 
the  value  of  a,  to  wit,  the  number  of  Men  in  the  leffer  Society  will  be  diicover'd,  viz. 


a  =  8  =  V 


cbd-i-^cclrb-r-bb 


+  i 


10.  Laftly,  from  the  ninth,  firft,  fecond,  and  third  fteps,  itismanifeft  that  the  number 
of  men  in  the  leffer  Society  was  8,thatof  the  greater  12,  and  the  number  of  Crowns 
divided  by  each  Society   192  j  which  numbers  will  fatisfie  the  Conditions  in  the 

Queftion, 
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Queftion  as  will  appear  by  the  Proof :  Fori-ii.  =  24,  and  J-14  =  16  j  whence 
it  is  evident  that  the  Men  ofthe  letter  Society  had  8  Crowns  a  piece  more  than  thofe  of 
the  greater  •,  alfo  192,  the  number  of  Crowns  which  each  Society  divided,  exceeded 
20  the  number  of  Men  in  both  Societies  by  172,  and  12  the  number  of  Men  in  the 
greater  Society  exceeded  8  the  number  of  Men  in  the  lefler  by  4  i  as  was  prefcribed. 


QU  E  S  T.   20. 

A  Grafier  having  bought  certain  Oxen  for  270  (or  b)  Pounds,  finds,  that  if  he  had 
paid  that  fum  for  5  (or  c)  Oxen  fewer,  every  Ox  would  have  coft  him  £  /.  (or  d) 
more  than  he  paid  for  an  Ox  :  What  was  the  number  of  Oxen  bought? 

RESOLUTION. 

1.  For  the  number  of  Oxen  bought  put    . 

2.  Then  find  out  the  coft  of  an  Ox,  and  fayP, 

27°. 


If 


Or, 


270 


270 


whence  the  price  of  an  Ox  is 
.   Subtract  5  (or  c)    from  the  number  of" 
Oxen  bought,  and  then  find  what  the  reft 
would  coft  a  piece,  laying, 

If 


a  —  j 
Or,   a  —  c 


270 


27® 


Whence  the  price  of  an  Ox  is  found 

4.  Then  according  to  the  Queftion,  the  laft  mentioned  price  of  an  Ox  muft  exceed  that 

in  the  fecond  itep  by  i  I.  (or  d ,)  therefore  if  the  former  price  be  fubtra£red  from 

the  latter,  the  remainder  muft  be  equal  to  \  or  dh)  whence  this  Equation  arifes,wz. 

270   __  270  _  ±  .  0fj     _b b_  _  L 

a  — 5  a  a  — c        a 

j.  Which  Equation,  after  due Redutfti on  according  to  the  Rules  in  Chap.  12.  will  give 
this  that  follows,  aa  —  <$a  =  1800, 

Or,  aa  —    ca  =     _. 

d 

6.  Therefore  the  Equation  in  the  laft  ftep  being  refolved  by  the  Canon  in  Sett.  1 2.  Chap. 
i  j.  the  value  of  a,  to  wit  the  Number  of  Oxen  bought  will  bedifcovered,  viz. 

\  ,    be    .     cc 

a  —  45   =  V  :  -j  +  —  :  -\-  \c. 
a        4 

I  fay  the  Number  of  Oxen  bought  was  45,  and  every  Ox  coft  6  Pounds,  as  will 
appear  by  the  Proof:  For  lirft,  -; '  =  6  ;  then  from  45  Oxen  fubtracfing  5,  the  re- 
maining 40  Oxen  valued  at  270  /.  will  yield  6-\- 1,  a  piece,  which  exceeds  the  former 
price  6  I.  by  -i  /.  as  was  prefcribed. 

^UE  ST.  21. 

k  Merchant  buyes  linnen  Clothes  of  two  forts,  viz,.  90  (01b)  Ells  of  one  fort, 
together  with  40  (or  c)  Ells  of  a  worfer  fort  for  42  for  d)  Pounds  ;  and  he  finds 
that  in  laying  out  1  Pound  upon  each  fort  he  has  £ ^  (or  m)  of  an  Ell  more  of  the 
worfer  fort  than  the  other :  What  was  the  price  of  an  Ell  of  each  ibrt. 

RE  SO  LUT I 

I.  For  the  Number  of  Ells  of  the  better  fort  of  > 


0  N. 


Cloth  which  theMerchant  bought  for  1/  pur  j 
,  Then  according  to  the  Queft.  the  number  of  ? 
Ells  of  the  worler  fort  bought  for  1/.  will  be  j" 


«+* 


5.  Find 
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Find  the  coft  of  all  the  Ells  of  the  worfer' 
fort,  and  fay, 


if    «+r 

Or,  a\in 


40   :   J2-, 


a-\-m 


whence  the  faid  full  Coft  is  found 

Find  likewife  the  coft  of  all  the  Ells  of  the' 

better  fort,  and  lay, 

If  a      .     I 


Or, 


9° 
b 


90 


40 


90 


C 


ca-\-  ba+bm. 
aa-\-ma 


whence  the  faid  full  Coft  is 1 

5.  Then  the  two  fums  of  Money  found  out  in-^ 
the  third  and  fourth  fteps  being  added  toge-  /       1303+30 
ther  will  give  the  full  coft  of  both  forts  of  C        aa+'±a 
Cloth,  to  wit, •    •    .J 

6.  Which  total  Coft  exprels'd  in  the  laft  ftep,  muft  (according  to  the  Queftion)  be 
equal  to  42  for  d ;)  whence  this  Equation  arifes,  viz. 

__  i^oa-f  go.  Qr         ^  _  ca+ba+bm^ 

aa-\-±a    '  aa-\-ina 

7.  Which  Equation,  after  due  Reduction  (according  to  the  Rules  in  CAap.  i2j)  will 

give  this  that  follows,  viz.  aa—-i±a  =  4., 

n-  a-     c+£ — dm    _mb 

Ur,  aw—  — ! L.a  =  — -. 

d  d 

In  which  laft  Equation,  if  inftead  of  the  known  Co-efficient  c-LE^iH  we  take/, 

a 

that  Equation  may  beexprefs'd  thuSj 

r         inb 
aa — fa  =  — . 

d 

8.  Therefore  by  refblving  the  laft  Equation  according  to  the  Canon  in  Sett.  8.  Chap. 
15.  the  value  of  a,  to  wit,  the  number  of  Ells  of  the  better  fort  of  Cloth  which 
were  bought  for  1  /.  will  be  difcovered,  viz. 


a         4 


SM 


Thus  it  is  found  that  3  Ells  of  the  better  fort  of  Cloth  did  coft  1  J.  and  confe- 
quently  1  Ell  coft  -f  /.  and  90  Ells  30  /.  which  fubtra£ted  from  42  /.  f  the  full  coft  of 
Both  forts  J  leaves  12/.  for  the  full  coft  of  40  Ells  of  the  worft  fort ;  and  confe- 
quently  1  Ell  coft  Ti  /,  and  at  this  rate  1 1  will  buy  3-f  Ells,  which  is  more  by  -f  of 
an  Ell  than  was  bought  of  the  better  fort  of  Cloth  fori  1.  Therefore  all  the  Condi- 
tions in  the  Queftion  are  fatisfied. 


^UE  ST.   22. 

A  Merchant  having  Spices,  to  wit,  80  ft,  weight  for  b)  of  Mace,  and  100  ft. 
weight  (or  c)  of  Cloves,  fells  both  Quantities  for  4  j  for  d)  Pounds  in  Money  -, 
whereby  it  happened  that  he  fold  a  quantity  of  Mace  for  10  /.  for  wj  and  the  like 
quantity  of  Cloves  with  60  .ft.  weight  (or  n)  more  of  Cloves  for  20  /.  (or  r)  The 
Queftion  is,  to  find  how  many  ft.  weight  of  Mace  he  fold  for  10  7. 

RESOLUTION. 

1 .  Let  the  number  of  ft.  weight  of  Mace  that  > 
the  Merchant  fold  for  10 1.  be  reprefented  by  y 

2.  To  which  number  adding  60,  the  fum  will 7 
give  the  number  of  ft  weight  of  Cloves  >         a-\-6o  «+» 
that  he  fold  for  20/.  to  wit,    ,    .    .    .    A 

P  5.  Then 


H4 
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%  Then  find  how  much  Money  80  ft  weight" 

of  Mace  was  fold  for,  and  fay, 

,.  0         800 

If      a     .    10     :  :     80     .  —  -y- 


800 


Or,  a 


mb 


whence  the  Money  for  which  the  faid  80  ft 

of  Mace  was  fold  is 

,  Find  likewife    how  muph  Money  100  tfe" 

weight  of  Cloves  was  fold  for,  and  fay, 

,c       .  ,  2000 

If    a+60  .  20 


100 


Or,   a\n    .-    r 


a+60' 

re 
a-¥n 


2000 
a-f  60 


whence  the  Money  for  which  the  faid  100  tfe 
of  Cloves  was  fold  is J 

5.  The  fum  of  both  the  faid  fums  of  Money  ")    28003+48000  I  mba-)-mbn-\-rc<i 
found  out  in  the  third  and  fourth  fteps  is      J        aa-\-6oa  aa-\-va 

6.  Which  Sum  in  the  laft  ftep  muft  (according  to  the  Queftion)  be  equal  to  <5y  I 
(or  d,)  hence  this  Equation  arifes,  viz. 

2800^+48000  _  f)r       #Z  =  mb<*-\-inbn-\-rca 


65  = 


Or, 


~                    .  an — j 
Or,  aa+ 


aa-\-6oa  aa-\~na 

7.  Which  Equation,  after  due  Reduction  (according  to  SeB.  2.  3,  5.  Chap.  13.)  will 
give  this  following  Equation,  viz..  aa+J-^a  ==  ilif, 

in — mb — re  mbn 

1  —'  =  7- 

In  which  laft  Equation  if  we  take  /  inftead  of  the  known  Co-efficient  ^ZZl^ZIlh 

d 

and  g  inftead  of  the  known  number  -•",  that  Equation  may  be  exprefs'd  thus, 

d 
aa  -f  fa     =     g. 

8.  Therefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Sett.  6.  Chap. 
15.  the  value  of  a,  to  wit,  the  number  of  lb  weight  of  Mace  that  was  ibid  for 
10  /.  will  be  made  known,  viz. 

a  —   20   =  V:g  +  i#  —  'J. 

Thus  it  is  found  that  20  ft  weight  of  Mace  was  fold  for  10  /.  and  conlequently 
8,0  ft  weight  for  40  I. 

Moreover,  adding  60  to  20  (before  found,)  the  Sum  80  is  the  number  of  ft  weight 
of  Cloves  that  was  fold  for  20  /.  and  confequently  100  ft  of  Cloves  was  fold  for  27  /. 
which  added  to  40/.  (the  price  of  So  ft  of  Mace,)  makes  65  /.  the  prefcribed  fum 
of  Money  for  both  Quantities  of  Spices  fold. 


QUEST.  23. 

Two  Merchants  entred  into  Partnership  -,  the  firft  brought  in  a  certain  fum  of 
Pounds  which  continued  in  Company  12  (or  b)  Months,  andthefecond  put  in  20/. 
(or  c)  for  1 7  (or  d)  Months  -,  they  gained  together  1 8}  /.  (or  m)  whereof  the  firft 
Merchant  had  26  I.  (or  n)  for  his  Principal  and  Gain.  It  is  required  to  find  how  ma- 
ny Pounds  the  firft  Merchant  brought  into  the  common  Stock  I 
R  E  S  0  L  UT  10  N. 

1.  For  the  firft  Merchant's  Stock  put    .    .    .  a 

2.  Which  Stock  being  multiplied  by  the  time) 
it  continued  in  Company,  produces     .    .     .3" 

3.  The  fecond  Merchant's  Stock  being  multi-7 
plied  by  the  time  it  remained  in  Company,  >  510 
produces        y 


bet 


cd 


4.  Then 


CHAP.    1 6.        producing  Quadratic  Equations.  I  f  r 

4.  Then  proceeding  with  thofe  two  Products  according  to  the  Rule  of  Fellowfliio 
with  Time,  find  the  gain  of  the  firft  Merchant,  and  fay,  ^ 

If  12.7+5:10  ...     18-1    :  :     12a    .      _£i?*__, 

120-f  jio' 

Or,  ba+  cd     i      nt      :  ;      ba      .  mba   . 

ba+c'd' 

Whence  the  gain  of  the  firft  Merchant  is  found  22*>a      or    m&a 

l2a+$io        ba+cd' 

5.  Which  gain  added  to  the  firftMerchantsStock  ogives  for  theSum  of  hisStock  and  gain 

I2da+7?5a  0r  baa+cda+mba  ' 

l2a+$lo .  '  '  ba+ci       * 

6.  Which  Sum  muft  be  equal  to  the  26  I.  (or  »)  given  in  the  Queftion,  whence  this 
Equation  arifes,  viz. 

120+51°  *  '  ba+ci  *" 

7.  Then  by  reducing  that  Equation  according  to  the  Rules  in  Chap.  12.  there  will  arife, 

*a  +  3  St*  =   1 105, 

„  cd+mb — nb  vtd 

Or,         ««  +  — ~ j— — a  =   __ 

*  b  ' 

8.  Which  Iaft  Equation  being  refolved  by  the  Canon  in  Sett.  6.  of  the  15  Chap,  the 
value  of  a,  to  wit,  the  firft  Merchant's  Stock  will  be  found  20  Pounds,  viz.  If 
inftead  of  the  known  Co-efficient  c  +m  —nb  wg  ^^  and^  inftead  Qf  ^  ^ 

ven  number  — ;  Then  by  the  faid  Canon, 
b 

a  —  20  =  ^■■g  +  iff.  —  i-f' 
Whence  the  firft  Merchants  Stock  is  found  20  /.    The  Proof  may  be  made  by  the 
Rule  of  Fellowfliip  with  Time,  in  manner  following. 
20  x  12  =  240 

30  x  17  =  510 

v    tri     -  •     5    24°    5      6 

750       -      l8?       •    •       j      ;IO       ,       I2.l. 

^V  E  S  1.    24.  :  J* 

Two  Merchants  entred  intoPartnerfhip,  the  firft  put  in  a  certain  number  of  Pounds 
for  3.  (or  &)  Months;  the  fecond  put  in  50  I.  (or  c)  more  than  the  firft  for  5  (or  d) 
Months  :  They  gained  together  140  I.  (or  ?«,)  whereof  the  firft  Merchant  had  fuch 
part,  that  if  60/.  (orrc)  be  added  to  it,  the  Sum  will  be  equal  to  the  Stock  wherewith 
he  entred  Partnerfhip  :  What  was  the  Stock  and  gain  of  each  Merchant  > 
RESOLUTION. 

1.  For  the  Stock  of  the  firft  Merchant  put  .  .  a 

2.  To  which  adding  50  I.  (  or  c, )  the  Sum  ) 

it,  $        *+5° 


a+c 
b« 


da+dc 


will  give  the  fecondMerchant'sStock,to  wit 

3.  Then  multiplying  the  firftMerchantsStock" 
by  the  rime  it  remained  in  Company,  the  W  3a 
Produft  is      .......     .    .     .3 

4.  Likewifc  by  im  Iriplying  the  fecond  Mer-7 
chant's  Stock  .by  the  time  it  continued  in>      $a+2$o 
Company,  the  Proitucl  is    ...    .      3 

5.  Then  proceeding  with  thofe  two  Products  according  to  the  Rule  of  Fellow/hip 
with  Time,  find  the  firft  Merchant's  Gain,  and  fay, 

If  Sa+2fo     i     140W:     3a    .    -4^- 

8a+2$o 

Or,       ba+da+^c    .       m     ~:     ba  mba 


ba+da+dc 

Whence  the  gain  of  the  firft  Merchant  is  found  -42°~-,  Or,  -    mba      . 

Srt+250  ba+da+dc 

P  2  '6.T0 
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6  To  which  gain  add  60  (  or  «, )  fo  the  Sum  will  be 

000*+ is  coo  Or,       ™ba+nba+nAa+ndc  ^ 

8^+250    "'  '  ba+da-\-dc 

-   But   according  to  the  Queftion>  the  ?um  in  the  laft  ftep  muft  be  equal  t0  ("> 
•  the  firft  Merchant's  Stock,  whence  this  Equation  arifej 

900^+15000  _  a  _  mba + lib a Jrnda-\- vclc 
80  +  250  ba+da-^dc 

3   Which  Equation,  after  due  Redudion  according  to  the  Rules  in  Chap.  1 2.  will  pro- 
"duce  this  following  Equation,  viz.       ^-81-^=1875, 

„  7nb-{-iib-\-nd — rtc    _    mc 

0r>  -1+2 '"Hi- 


from  the  Dremifes  the  fecond  Merchant's  Stock  was  1 50  I.  the  gain  of  the  firit  40  I. 
and  the  e  tin  of  the  fecond  100/.    All  which  will  be  evident  by  the  following  Proof 
wrought  by  the  Rule  of  Fellowfhip  with  Time. 
100  x  3  =  3co 
150x5  =750  ' 

.  C    300    .      4.0 

1050       .     140    :  :     j    7JQ     m     IOQ> 


«— i 


^U  E  ST.    25. 

A  Citizen  having  bought  a  Houfe  for  a  certain  fum  of  Pounds,  fells  it  for  64/. 
ford)  and  finds  that  his  lofs  in  100  Pounds .for  c)  was .equal to  a fourth  part  (or  m). 
of  the  Money  that  he  paid  for  the  Houfe.  What  number  of  Pounds  did  the  Citizen 
pay  for  the  Houfe  ? 

RESOLUTION. 

1.  For  the  number  of  pounds  which  the  Citizen  1  a 
paid  for  the  Houfe,  put    .    .    .    .    •    •     -5 

2.  Then  will  the  whole  lofs  by  fale  of  the  Houfe  be       a— 64  J 
2.  Find  how  much  was  loft  by  100 1.  (  or  c,  )  and  fay, 

5  100a — 6400 
If              a    .    a— 64     :  :     1 00     .     — ; 

ca — ci 
Or,  a    .      a—i     :  :      c      .         — —  • 

•    r      j    icoa— 6400        nr      ca—ci 
Whence  the  lofs  'par  Cent,  is  found ;     ur,    — - 

a   Rut  according  to  theQpeftion  the  lofs  per  Cent,  was  equal  to  i  part  of  the  Money 
4'  which  SeSdzen  paid  for  the  Houfe,  therefore  from  the  firft  and  thud  fteps  this 
Equation  arifes,  viz, 

loo*— 6400  _   «_.  Or       - ——met. 

5.  Whkh  Equation,afcer  due  Reduaion  according  to  the  Rules  in  Chap.  12.  will  give- 
4oo»— ««.=  25600-,  Or,         ±a—aa=~-. 

6  Therefore  by  refolving  the  faid  Equation  according  to  *he  Canon  ui&5, 10. 

CW  15    both  the  values  of  a  will  be  difcovered,  either  of  which  will  folve  the 

Queftion  ■-,  which  values  or  numbers  are  thefe  following,  viz. 

C                  c           ,€C — ±cdm 
\   320  —   —  +  v: : 

=  J  ■  2m  ^mm 

S  v     C  >  CC 4C<?7«  . 

1  fay  either  of  the  numbers  320  and  80  will  fatisfie  the  Conditions  »  ^J?1^ 

aswillWidentbytheProof:ForifaHoui^ 

"s 056 Und  ioo^  at thatrateof lofs willlofe 8o,which is;- partof  the firftCoft 320 /. 
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■■  — — — ^ 

Again,  if  a  Houfe  coft  80  /.  and  be  fold  for  64  /.  the  lofs  is  16 1,  and  100  /,  at  this 
rate  of  lofs  will  lofe  20  /.  which  is  likewife  $  part  of  the  firft  Coft  80  /. 


b — a. 
a+g—B 


QUE  ST.   26. 

Two  Merchants  entred  into  Partnerfhip  ;  the  Sum  of  their  Stocks  was  16$  (or  b) 
Pounds  :  the  firft  Merchant's  Stock  continued  in  Company  12  (ore)  Months  and  the 
Stock  of  the  fecond  8  for  d)  Months  :  they  gained  a  certain  fum  of  Pounds,  which 
together  with  their  Stocks  they  divided  between  themfelves  in  fuch  manner,  that  the  firft 
Merchant  received  67  (or/)  Pounds  for  his  Stock  and  Gain,  and  the  fecond  126  (org) 
Pounds  for  his  Stock  and  Gain.    It  is  defired  to  find  out  each  Merchant's  Stock  and  Gain, 

RE  S  0  L  UT 10  N. 

1.  For  the  firft  Merchant's  Stock  put     .    .    .  a 

2.  Then,  by  fubtrafting  that  Stock  (a)  from? 
16;  (or  £,)  there  remains  the  fecond  Mer- >  , 
chant's  Stock;   to  wit, ^         165— 3 

3.  And  if  you  fubtraO:  (a)  the  firft  Mer- } 

chant's  Stock  from  67  (or/)  the  fum  of  L  

his  Stock  and  Gain,  there  will  remain  his  r  ?    a 

Gain  only  ;    to  wit, j 

4.  Likewife,  if  you  fubtra£t  the  fecond  Mer-  ~\ 

chant's  Stock  (in  the  fecond  ftep)  from  126/  

(org J  the  Sum  of  his  Stock  and  Gain,  r         a    39 
there  will  remain  his  Gain  only;  to  wit,    ) 

5.  Now  according  to  the  Nature  of  the  Rule  of  Fellowfhip  with  Time,  the  Gain  of 
the  firft  Merchant  67 — a  muft  be  in  fuch  proportion  to  a — 39  the  Gain  of  the  fe- 

.  cond,  as  the  Product  of  the  firft  Merchant's  Stock  a  multiplied  by  its  time  12 
Months,  is  to  the  Product  of  the  fecond  Merchant's  Stock  165— a  multiplied  by 
its  time  8  Months  :  Hence  this  Analogy,  viz. 

67 — a    .      a— 19       ::     12a.     .     1320 — 8«4 
That  is,        f—a    .     a+g—!>    ::      Ca      .         db—da. 

6.  Which  Analogy  ,by  comparing  the  Product  made  by  the  Multiplication  of  the  Means 
one  into  the  other,  to  the  Product  of  the  Extremes,  produces  this  Equation,  viz. 

I2aa — 468a  =  8aa — 18563+88440, 
That  is,        caa+cga — cba  =  daa — dba — dfa-\-Ibf. 

7.  From  which  Equation  after  due  Reduction  this  arifes,  viz. 

aa+iqr/a  =  22 1 10, 
Thatis,  aa  +   M  +  df+ cg-cb_  =  J£ 

c — d  c — d 

8.  Wherefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Se3.  6.  Chap. 
15.  the  value  of  a,  thatis,  the  number  of  Pounds  expreffing  the  firft  Merchant's 
Stock  will  be  found  5  5  ;  which  fubtra&ed  from  165/.  the  fum  of  both  their  Stocks 
leaves  no/,  for  the  fecond  Merchant's  Stock  ■  then  each  of  their  Stocks  being  fub- 
tra&ed  from  their  refpeftive  Stock  and  Gain,  viz.  55/.  from  67 /.  and  no/, 
from  126  1.  there  remains  12  I.  for  the  Gain  of  the  firft  Merchant,  and  16  I.  for 
the  Gain  of  the  fecond  -,  whence  the  total  Gain  was  28  /.  Which  numbers  will  folve 
theQueftion,  as  mayeafily  be  proved  by  the  Rule  of  Fellowifiip  with  Time;  thus, 

55  x  12  "==  660 
•    iiox    8  =  .880 

ij4o     •     28     ..    j88o     _     i6> 


QUEST.  27. 

A  certain  Foot-man  A  departs  from  London  towards  Lincoln,  and  at  the  fame  time 

another  Foot-man  B  departs  from  Lincoln  toward  London,  each  keeping  the  fame 

Road.    When  they  met,  A  fays  to  5,  I  find  that  I  have  travelled  20  (  or  c)  miles 

more  than  you,  and  have  gone  as  many  miles  in  6r  (old)  days,  as  you  have  gone 

miles 


n8 
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Miles  in  all  hitherto :  'Tis  true  faith  B,  I  am  not  fo'  good  a  Foot  man  as  you,  but  I 
find  that  at  the  end  of  i?  (or  f)  days  hence,  I  mall  be  at  London,  if  I  travel  as  many- 
Miles  in- every  one  of  thole  15  days,  as  I  have  done  in  every  day  hitherto.  The 
Queftion  is,  to  find  how  many  Miles  thofe  two  Citjes  are  diftant  one  from  another, 
and  how  m'anv  Miles  each  Foot-man  bad  travelled  when  they  met  one  another. 
'  RESOLUTION. 

1.  For  the  defired  diftance  between  the  two )  a  g 
Cities  put      .     .    ...    <    ...    .  $ 

2.  Then  fbrafmuch  as  the  number  of  Miles-} 
eachFoot-man  had  travelled  when  they  met, 
being  added  together  make  the  Sum  (a,) 
and  the  difference  between  thole  two  num- 
bers was  20  (or  c,)  for  A  had  travelled  20  >        4<i+ 10 
Miles  more  than  B  :  Therefore  (  by  the  J 
Theorem  at  the  end  ofgjie/l.  1.  Chap.  14.) 
the  number  of  Miles  which  A  had  travel-  | 
led  was .     .j 

3.  And  (by  the  fame  Theorem)  the  number  \         ^ 10 

of  Miles  which  B  had  travelled  was    .     . ) 

4.  Then  fay,  If  in  6j-  days  A  had  travelled  "\ 
\a — 10  Miles,  how  many  Miles  did  he/         -j-g — iq 
travel  in  one  day  ?   fo  by   the  Rule  of  r 
Three,  you  will  find ) 

5.  Say  again,  If  in  15:  days  B  muff,  travel  \a  ~\ 
-+•10  Miles,  (that  is,  all  the  Miles  which  ( 
A  had  travelled,)  how  many  Miles  muff  C 
B  travel  in  one  day  >  fo  you  will  find    .    .  J 

(,.  Say  again,  If  i*+--  Miles  were  travel-  }       7^—150  if*£ifc 

led  by  B  in  one  day,  in  how  many  daysC        i-fl+10 
did  he  travel  -f  a — 1  oMiles  ?  fo  y  ou  will  find . 


ia+IO 

74* — 150 

ffl-t-IO 


Say  again,  If  %  JE?  Miles   were  tra- 


4-fl — 10 


4^+^c 


U—'s 


\da-\-\dc 
La — ic 


veiled  by  A  in  one  day,  in  how  many  days  | 
did  he  travel  ±a-\- 1  o  Miles?  fo  you  will  find  . 

8.  But  the  numbers  of  days  found  out  in  the  two  laft  ft  eps  muft  be  equal  to  one  another; 
forwhen  A  and  B  met,  each  had  travelled  the  fame  number  of  days,  becaufe  they 
began  their  Journey  at  one  and  the  fame  time:  Hence  this  Equation  arifes,  viz. 

?,~a  -J-  66^-  ___   7^  —  i?o  _ 
ia  —  10  ~a  -f     IO  ' 

\-da  4-  -\dc    __   4-jfe  —  '/c 
That  is,  |  a —  p      ~     La  -\-  p   ' 

9.  In  which  Equation,  if  you  double  both  the  Numerators  and  Denominators,  and 
'  then  reduce  the  Equation  refulting,  to  a  common  Denominator,  and  caft  away 

the  common  Denominator,  the  new  Numerators  being  compared  to  one  another 
will  give  this  following  Equation,  viz. 

2-^aa.  4/  i-if-a  +  -t^— j-  =  I  %act  —  6oo«  +  6000  ; 
That  is,        daa  ■+■   idea  -f    dec    =  faa  —  ifca   +  fcc.^ 

10.  Which  laft  Equation  duly  reduced  gives  this  that  follows,  viz. 

1 04a  —  aa  =  400, 

~,        ■  ido  +  2/t- 

That  is,  • — --*-J-a  —  aa  =  cc. 

11.  Wherefore  by  refolving  the  Equation  in  the  laft  ftep  according  to  the  Canon  iff 

ScS.  10.  Cba£.  15.  the  two  values  of  a  will  be  found  thefe,  viz. 

_  *       _  dc-{-fc-+VA.dfcc 
a  =  loo  =  — J  ,.    j     ' 
J — « 

„  _    -     _  dcArfc—V^dfcc 
«_    4 j-d 

12.  But 
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12.  But  altho  by  either  of  thole  values  of  4  to  wit,  icoand4,  the  Equation  in  the 
.     tenth  itep  may  be  expounded,  yet  the  greater  value  only  is  the  defired  number  nf 

Miles  expreffing  the  diftance  between  the  two  Cities ;  for  'tis  evident  by  the  Oueft; 
on,  that  20  is  but  part  of  the  number  of  Miles  between  the  two  Cities,  and  there 
fore  4  the  lefTer  value  of  a  is  much  lefs  than  the  laid  Diftance  :  Wherefore  iootL 
greater  value  of  a  is  the  defired  ndmber  of  Miles  between  the  two  Citie-  AM 
coufequently  the  fecond  third  fourth  and  fifth  fteps  being  refolved  into  number? 
will  (hew,  that  when  the  two  Foot-men  ^and  B  met  one  another  A  had  travel  W 
60  Miles  and  B  40  Miles:  Alfo,  ^travelled  6  Miles,  and  £  4  Mts  everTd  v 
as  will  eafily  appear  by  the  Proof.  y      < > 

13.  But  the  numbers  in  this  Queftionmuft  not  be  given  at  random,  for  the  Denomi- 
nator of  the  Fraction  2-j^f  in  the  Equation  in  the  tenth  (rep  (hews  that  the 

number  d  muft  be  lefs  than  the  number ,/,  otherwife  the  Queftion  is  impoffible  •  as 
may  eafily  be  infer  d  from  the  literal  Equation  in  the  ninth  (ten :  for  if  in  th-ir  Fmn 
tion  d  be  fuppofed  greater  than  /  then  confequently  dec  is  greater  than  fee '  SKf 
terduetranfpofitionthisEquationwillarife,  viz.  dee-fee  ~faT- da  ^{dZ f 
where  if  d  be  greater  than/,  then  the  firft  part  of  the  Equation  win 'be  a  real  Qua? 
tity,  that  is,  greater  than  nothing,  and  the  latter  part  lefs  than  nothing  but  to~ 
affirm  that  a  Quantity  greater  than  nothing  is  equal  to  a  Quantity  lefs  than  nnrhim, 
is  abfurd ;  the  like  abfurdity  will  follow  if  we  fuppofe  d=T  ng 

14.  Having  fhew'd  that  d  muft  neceffarily  be  lefs  than/,-  (  Yhail  prove  that  the  lefTer 
value  of  a  as  it  is  exprefs'd  by  Letters  in  the  eleventh  ftep  can  never  be  fequa]  to 
the  whole  diftance  between  the  two  Cities.  For  if  we  (hould  fupnofe  the  IeS5  ™ 
lue  to  be  equal  to  the  faid  diftance,  it  muft  neceffarily  be  greater  than  c  wh fcf  it 
Queftion  (hews  to  be  but  part  of  the  faid  diftance  :  L  lorn  th  Supped "ton  k 
will  follow  by  undeniable  confequence,  that  d  is  greater  than/  which  is  c0ntrarv 
to  what  has  been  before  proved.    Now  to  prove  the  faid  confequence  * 

1 5 .  Suppofe  the  lefTer  value  of  a  to  exceed  c,  viz.        ^+fi—V^fcc  ^  ~ 

1 6.  Then  by  multiplying  each  part  by  /—  dy  it  > '     ,  .  r  ~~ *    „ 

follows  that      ....;....      J    h+fc—Sldfcccrfc—dc 

18.  And  by  adding  &  to  each  part,         .     .      .    idcXfc  Jfc+vldtc 

19.  And  by  fubtrafting/,  from  each  part,',     i    iI?^K+4^ 

^°'  ^  J7  5u?I-inS  each  Part,     .....     ^ddec^Adfec 
21.  And  by  dividing  each  part  by  tfec.    .      .      dcrf 

"ri,™ U$  Ihmi*  SuPP°-fitA0n  th/C  the  Iei?r  ™lue  of  «  W  theeleventh  ftep  is  greater 
than  c,  it  follows  by  juft  confequence  that  d  is  greater  than  f  ™w,rh  \~"     S/r, , 

23.  Again,  by  fuppofing  d  to  be  lefs  than/,  as  it  ought  to  be  to  tfcp  ^  ,i„r»    a, 
on  may  be  pofiible,  we  may  prove  the  liffer  valueff  *  t be lefTer  to     %' 

24   Suppofe       MdS .fiMnd,C.aI.  ^  t0  ^  IJ'  in/4is  W^SlT""    '    7  6" 
2  j.  Then  by  multiplying  each  part  by  4<L,  '   . '  4i^4  i#fc 

26.  And  by  extracting  the  fquare  Root  out  of  7    \  W 
each  part , .          .  c  2*c  ~^  V^dfcc 

27.  And  by  adding  fc  to  each  part,     '.    '.     '      idr4.fr -n  f<-jn/*an* 

28.  And"  by  fubtraaing  dc  from  each  part  drtfr^f*+i4£  jf 

30.  Wherefore  by  dividing  each  part  by  M  ^     jTS-      m?? 
it  is  manifeft  that  the  lefTer  value  of  I  is  lefsC    ^±§T^f  -, 
than  c,  viz.  v  / — « 

»  rtphS t0  "?  pr°Ved-u  Wte*re  *e  leffirvaloe of » omnot  pofiiblr  be  eMal 
r  '  31.  But 
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31.  But  it  may  be  objected,  That  altho/be  greater  than  d,  yet  how  does  it  appear 
that  dc+fc  is  greater  than  V^dfcc,  to  the  end  that  this  may  be  fubtracfed  from  that, 
as  the  lefler  value  of  a  requires,  to  make  it  ielf  a  poflible  Root  of  the  Equation  in 
the  tenth  ftep?  In  anfwer  to  this  Objection,  I  (hall  in  the  next  place  prove  that  dc 
+fc  is  greater  than  V^dfcc. 

32.  Forafmuchas  thefe  Quantities  are  Pro- 7 

portionals,  (  for  the  Produft   of  the  Ex-  S.  dd    .     df    : :    if    .  ff 
tremes  is  equal  to  theProduft  of  the  means,)  3 

33.  Therefore  (per  25  Prop.  5.  Elem.  Euclid.)  dd+ffc  ilf 

34.  And  by  multiplying  all  inthelaftftepby  cc,  ddcc+ffcc  cr  idfcc 

35.  And  by  adding  idfcc  to  each  part,    .    j    .  ddcc-\-ffcc-\-2dfcc  cr  qdfcc 

36.  Wherefore  by  extracting ;  the fquare Root  >  g ,  ^  ,   „ 
out  of  each  part  in  the  Iaft  ftep,    .     .    .3  ,J  *  J 

Which  was  to  be  proved. 


CHAP.     XVII. 
Concerning  Arithmetical  PROGRESSION. 

I.  A  Rhhmetkal  Frogreffwn  is,  when  many  numbers  (or  other  Quantities  of  one  and 
1\  the  lame  kind)  proceed  by  a  common  difference  or  excefs;  as  in  thefe,  2,  4, 
6,  8,  10,  12,  14,  Cc.  here  2  is  the  common  difference  betwixt  2  and  4,  4  and  6,  £ 
and  8,  8  and  10,  &c.  So  1,  2,  3, 4,  5,  6,  &c.  are  in  Arithmetical  Progeflion,  1  be- 
ing the  common  difference  :  Likewife  3,7,  11,  15, 19,  ©V.  or  19,  15, 11,7,  and  3, 
where  4  is  the  common  difference. 

II.  Arithmetical  Progreflion  is  either  continued,  as  in  the  Examples  above  exprefs'd, 
where  every  two  terms  that  ftand  next  to  one  another,  have  one  common  difference } 
or  elfediftontinued  or  interrupted,  as  in  thefe  numbers,  3,5:  9,  11,  where  5  exceeds 
3  by  2,  and  fo  does  1 1  exceed  9  ;  but  9  does  not  exceed  5  by  2,  for  the  excels  of 
9  above  %  is  4.  In  like  manner  1 8,1 4 :  2 1 , 1 7,  are  in  Arithmetical  Progreflion  difcontinued. 

III.  For  the  better  Manifeftation  of  the  following  Propofitions  concerning  Arithme- 
tical Progreflion,  let  there  be  a  rank  of  numbers  in  a  continued  Arithmetical  Pro- 
greflion, as,  3,7,11,15,19,23,27,  ©V.  which  numbers  may  be  reprefented  by  a,£,c, 
rf,e/,g,  ©c.  Alfo,  let  10;  the  fum  of  all  the  Terms  of  the  Progreflion  be  repreiented 
by  Z  -,  the  common  excefs  or  difference  4  by  X  •,  and  the  number  of  Terms  7  by  T ; 
all  which  are  here  orderly  exprefs'd  underneath. 

r   3   —  a  ss  a 

7   =  b  =  a  +     X. 

Quantities  in  Arithmetical^!  "  ~  ^  ~  "  T  „x 

Progreflion  continued  :    \  I9  =  e  -  a  %  \x. 

I  23  =  /  =  «  +  5X. 

I27  —  g  =  a  -\-  6X. 

The  Sum  of  allV  T^„  _  7  _      -» 

the  Terms  is  J ;    *    •     l0>  ~L  ~      Z 

The  common  difference  is  .  4  =  X  =      X 

The  number  of  Terms  is  .  .   7  =   T  =      T. 

IV.  Whence  it  is  manifeft,  that  if  a  be  put  for  the  firft  and  leaft  Term  of  an  Arithme- 
tical Progreflion  continued,  and  X  for  the  common  difference,  then  ^according  to  the 
Definition  in  Sell.  1.)  the  fecond  Term  (hall  be  a+X,  the  third  <*+ 2X,  the  fourth 
U+3X,  the  filth  a-HX,  &c.  Moreover,  according  to  the  Suppofitions  in  Sc&.  3. 
a  =  a.  i=:i»+Xc  =  *4-'2X.  d=a-HK.  e  =  rt+4X,  tic. 

V.  Therefore  it  follows,  that  the  laft  and  greateft  Term  of  every  Arithmetical 
Progreflion  continued  is  compos'd  of  the  firft  (to  wit,  the  leaft)  term,  and  of  the  Pro- 
dud  of  the  common  difference  multiplied  by  a  number  lefs  by  1  (or  Unity)  than  the 

number 
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number  of  Terms;  as  g,  or  a-\-6X  is  composed  of  the  firft  Term  a  and  the  Produft 
of  X  multiplied  by  6,  which  is  lefs  by  1  than  7  the  number  of  Terms. 

VI.  Therefore  the  firft  and  laft  Terms,  as  alfo  the  number  of  Terms  being  fevera'Iv 
given,  the  common  difference  fhall  be  alfo  given;  for  if  thefirft,  (to  wit  thefmallefb 
Term  be  fubtra&ed  from  the  laft,  and  the  Remainder  be  divided  by  a  number  lefs  bv 
1  (or  Unity)  than  the  number  of  Terms,  the  Quotient  is  the  common  difference 

T— 1 

VII.  It  is  alfo  manifeft  from  Se8.  3.  That  if  the  firft  (to  wit,  the  leaft)  Term  be 
equal  to  the  common  difference,  then  the  laft  Term  is  equal  to  the  Produft  of  the 
common  difference  (or  firft  Term)  multiplied  by  the  number  of  Terms  viz  If  a  =  X 
then  g  =  X+6X  =  7X.  '  -' 

VIII.  Therefore  in  an  Arithmetical  Progrefiion  continued  whofe  firft  or  leaft  Term 
is  equal  to  the  common  difference,  if  the  laft  Term  and  the  number  of  Terms  be  fe 
verally  given,  the  firft  Term  (or  the  common  difference)  fliall  alfo  be  given  •  For  if 
the  laft  Term  be  divided  by  the  number  of  Terms,  the  Quotient  is  the  firft  Term  or 
common  difference  ;  as,  if*  =  X,then  g  =  X+6X  =  7X;  therefore  1  \  ~  X  =  a 

IX.  It  is  alfo  manifeft  from  Sett.  7.  That  when  the  common  difference  divides  anv 
Term  juft  without  any  Remainder,  then  the  common  difference  is  the  fame  with  the 
leaft  Term  in  that  Progreffion,  and  the  Quotient  is  the  number  of  Terms  •  but  if  anv 
number  remain  after  the  Divifion  is  finiflied,  then  that  Remainder  is  the'leaft  Term 
and  the  Quotient  increafed  with  1  (or  Unity)  gives  the  number  of  Terms  (per  SeB  a 

6  $.)  Therefore  if  any  term  greater  than  the  leaft  be  given,  as  alfo  the  common  dif 
ference,  the  leaft  term,  as  alfo  the  number  of  terms  in  that  Progreffion  fliall  alfo  he- 
given  3  as  if  27  be  fome  term  greaterthan  the  leaft,  and  3  the  common  difference 
by  dividing  27  by  3,  the  Quotiegt  9  is  the  number  of  terms,  and  the  leaft  term  is 
equal  to  the  common  difference  3  5  as  in  this  Progreffion,  zl  9  j  2  1 5  1 8  2 1'  24  3 

But  if  27  be  given  as  before,  and  4  be  preferred  for  the  common  difference  then 
27  divided  by  4  gives  6  in  the  Quotient,  and  there  remains  3  for  the  leaft  term   anft 

7  (to  wit  6+1)  is  the  number  of  terms;  as  in  this  Progreffion,  3,  7  n  il  t" 
23   27.  5    '* 

-X'TrIf^threeI?un^bers?  fuPP°fe^V,  be  in  a  continued  Arithmetical  Progreffion 
w.  IftheExcefsof  c  above  £  be  equal  to  the  Excefs  of  b  above  a,  the  Suni  of  the 
Extremes,  that  is;  of  the  firft  and  laft  terms  fliall  be  equal  to  the  double  of  the  mean 
or  middle  term ;  viz.  a-f-c  =  2b.    For,  Irc<in 

1.  By  Suppofition, .'......-.    c b  —  b 

2.  Therefore  by  adding  b  to  each  part,  it  gives    .'.'.",    c'~  2b—a  *' 

3.  And  by  adding  a  to  each  part  of  the  laft  Equation    .    .  .    a-\-c~~  2b 

Which  was  to  be  proved. 

XI.  If  four  Numbers;  fuppofe  «,  b\  c  <7,  be  in  Arithmetical  Progreffion  whether 
continued  or  interrupted,  viz.  If  the  excefsof  b  above  a  be  equal  to  the  excels  of  J 
above  c,  the  Sum  of  the  Extremes  fliall  be  equal  to  the  Sum  of  the  Means  viz  a+d 
=  b-\-c    tor,  >  _r 

1.  By  Suppofition, t  ^c  __  , 

2.  Therefore  by  equal  addition  of  a, .    .        aA-d—c  =  "b 

3.  Therefore  by  equal  addition  of  c, ■  ,"        a+d  =  b+c' 

Which  was  to  be  proved. 

XII.  If  there  be  as  many  numbers  as  you  pleafe  in  a  continued  Arithmetical  Pro- 
greflion,  theSum  of  the  Extremes  is  equal  to  the  Sum  of  anv  two  Means  equally  diftant 
from  the  Extremes,and  alfo  to  the  double  of  the  Mean  when  the  number  of  Terms  is  odd  1 

Let  afrAeJfie  m  Arithmetical  Progreffion  continued,  and  increafing  from  a- I  fay 
the  Sum  of  the  Extremes  a  and /is  equal  to  theSum  of  any  two  terms  equally  diftant 
irom  the  extremes,  that  is,  to  the  Sum  of  b  and  <?,  and  to  the  Sum  of  c  and  d     For 

1.  By  Suppofition,  in  regard  of  the  continued  Progreffion,    .   f—e  —  b—a 

2.  Therefore  by  equal  addition  of  e  and  a  to  each  part,    .     .    a+f  =  b+e' 

3.  Again,  by  fuppofition .-.-,..•.    c— b  =  e— d\ 

Qa  4.  There- 
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4.  Therefore  by  equal  addition  of  d  and  />,  to  each  part    c-\-d  =  !>-\-e, 
<r.  Therefore  from  the  fecond  and  fourth  fteps  (per\         .  c  .  , 

X.  Axiom.  i.Elem.  Euclid.)  |     a+?  =  c+d  =  *+* 

Which  was  to  be  proved. 
.    And  if  more  numbers  were  propos'd  the  Demonftration  would  not  be  otherwife; 
therefore  the  firft  part  of  the  Theorem  is  manifeft. 

But  if  the  number  of  Terms  be  odd  as  in  this  continued  Progreffion,  «,  />,  c,  A,  ej  ? 
then  the  Sum  of  the  Extremes  a  and  g  is  equal  to  the  double  of  the  middle  Verm  d, 
viz.  a-vg  =  2d;  which  I  prove  thus: 

1.  By  fuppofition,  in  regard  of  the  continued  Pro-")  , 

grefhon, j"  a~~ c  ~  e~ ^> 

2.  And  confequently  by  equal  addition  of  c  and  d,    .  :         2d       =  c+e, 

3.  But  by  what  has  been  proved  concerning  the  firft  >  .  _ 

part  of  the  Theorem  in  this  twelfth  Sett.    .    .    .3      a*~s         ~  c+e> 

4.  Therefore  from  the  two  laft  fteps,  (per  Axiom.  \.\  , 
Elem.  i.Euclid)  f  "+*  =  2l 
Which  was  to  be  demonftrated.    Therefore  the  Theorem  is  everyway  manifeft. 

XIII.  In  every  Arithmetical  Progreffion  continued,  the  Sum  of  the  Extremes  multi- 
plied by  the  number  of  terms  produces  the  double  of  the  Sum  of  all  the  terms. 

The  number  of  terms  is  either  even  or  odd :  Firft,let  there  be  an  even  number  of  terms, 
viz.  fuppofe  thefe  lix  numbers  a,b,c\d,e,f,  to  be  in  Arithmetical  Progreffion  continued  5' 

I  fay,    .     :     .    .     .^+^={^+2/.2C+^ 

DE  MONSTR  ATION. 

1.  It  is  evident  that    '. .%   .    2a+2f  =  2*4-2/, 

2.  And  by  Self.  12 *    •    2a+2f  =  2^+2?, 

3.  Likewife,  by  the  fame  Sett.    .   . 2a-\-2f  —  2c\-2d, 

4.  Therefore  by  adding  the  three  laft  Equation  together,    6a-\-6f  =<    .  ^"t 2  ~\  7cf 

Which  was  to  be  demonftrated.    And  fo  of  others  when  the  number  of  terms  is  even. 
Secondly,  let  there  be  an  Arithmetical  Progreffion  confifting  of  an  odd  number  of 
terms,  fuppofe  thefe  five,  a,  £,  c,  rf,  e. 

I  fay,    ....     5<*+ 5^  =  2a-\-2b-\-2c-{-2d+2e. 

DEMONSTRATION. 

1.  It  is  manifeft  that     .....  2a-)- 2*  =  2a-\-2e, 

2.  And  by  Sett,  12 2a-f2«  =  26+20", 

3.  Likewife    by   Se&.  12 a-{-  e  =  2c, 

4.  Therefore  by  adding  the  three  laft  1  +      =  2a+2&+2c+2J+2ei 
Equations  together ,     .     .     .     .  j  '       '                             '       ' 

And  fb  of  others  when  the  number  of  terms  is  odd. 

XIV.  Therefore  from  the  laft  Sett,  the  firft  and  laft  terms,  as  alfo  the  number  of 
terms  in  an  Arithmetical  Progreffion  continued  being  given,  thefum  of  all  the  terms 
fhall  be  alfo  given :  For  if  the  fum  of  the  firft  and  laft  terms  be  multiplied  by  the  num- 
ber of  terms  theProducf  is  the  double  fum  of  all  the  terms,  and  confequently  the  half 
of  that  Produtt  is  the  fum  it  felf.  For  example,  If  a,  6,  c,  a",  <?,/,#,  be  in  Arithme- 
tical Progreffion  continued,  and  T  be  put  for  the  number  of  terms,  alfo  Z  for  their 
fum  (as  before-,)  ThenTr+T,?  =  2Z,  and  confequently  -Ttf-f-  !T?  =  Z. 

XV.  Mr.  WiUiam  Oughtred  in  Trob.  4.  Chap.  19.  of  his  incomparable  Cfavis  Mathe- 
mctt.  has  very  elegantly  handled  20  Propofitions  about  Arithmetical  Progreffion  con- 
tinued, which  (for  the  more  ample  Illuftration  of  the  preceding  Rules  in  this  Book.) 
I  fhall  explain  in  this  Settion,  ufing  his  own  Symbols,  which  are  thefe,  viz. 

a.  ->  j-  The  leaft  (or  firft)  term. 

aff  \\\\z  greateft  (or  laft)  term. 

T  ^Stands  for^The  number  of  Terms. 

Xk  jThe  common  difference  of  the  Terms. 

Z  J  L  The  fum  of  all  the  terms. 

Any 
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Any  three  of  thefe  rive  things  being  given,  the  other  two  iTiall  be  alio  given   bv  the 
refpeftive  Canons  of  the  following  20  Propofitions,  which  Mr.  Ombtred&atesth,J 


Given, 

Sought, 

By  Propof 

a.,    a,    T 

Z  and  X 

1  and  2 

«>  a,    X 

T  and  Z 

3  and  4 

<*»   »l   Z 

T  and  X 

5  and  6 

*>  T,  X 

„  0  and  Z 

7  and  8 

a,    T,  Z 

a  and  X 

9  and  10 

«>  X,  z 

»  and  T 

ijf  and  12 

a,    T,  X 

*  and  Z 

13  and  14 

»,  T,  Z 

«  and  X 

15;  and  16  . 

«,  X,  Z 

«  and  T 

17  and  18 

T,X,  Z 

1  <*•  and  e,  1 

19  and  20 

PROP.   I. 


f  «i  «.T  are  given  ieverally  ; 


T&>  4-  T*  =  2Z, 


Z  is  fought. 

2.  By  &#.  14.  of  this  Chap 

Which  Equation,  if  exprefs'd  by  words,  gives  this 

CANON. 

<h  ^?{YZheunmfuh%m  a?d,I,aIlTe'ms  bv  the  number  of  Terms,  theProducf 
St ^  andconfequently  the  half  of  that 

mM^^^^m^^f  f*  •*  *W  Wfc  ^ num. 
3,  7,  11,  1?,  19,  23,  27. 


T-i  ~X- 


PROP.    II. 

1.  .    .    .    ,-f  "'  "'  ^  ?re  §lven  Severally  j 

'  <.         X  is  ibugbt. 

ie^50££7TJOiV: 

2.  By  SeS.6.  of  this  feventeenth  C% 

Which  Equation  gives  this  following 

t^-  -,     ,  CANON. 

WHT    5?  f^i  grea?ft  (0r  Iaft)  Term  above  the  Ieaft>  b7  the  number  of 
mi  h  rlby  J  CaUmtyO  arftheQpotieatis  the  common  difference  required. 

^^^^^^^^ Coranyother)  Seriesof  num- 

feTif^1?  in  the  Hni  kp,  ^W*-  ^'d  the  Ration  in  the  fecond 
itep  01  fnp.  2.  the  Canons  of  all  the  following  1 8  Propofitions  are  deduced. 


PROP.    III. 

I.    .    -.        .i"  *'  "'  X  are  given  feverally  ; 
*  C  T  is  fought. 

■     L.     T  _  RESOLUTION. 

2-*ne  Letters  put  for  the  things  given  and  fought,  without  any  other  Letter,  are 

nnfl  ^r/r  i£   q"atL°n  J?  the  fecond  fteP  of  ProP-  2-  therefore  the  work  hire  is 
only  to  let  T  alone  in  that  Equation,  which  may  be  done  thus,  vh. 

Q.  2  a.  By 
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3.  By  the  Canon  of  Prop.  2 — — -  —  X, 

4.  Therefore  by  multiplying  each  part  of  that  Equation  \     a__tmA  —  yy  _x 
'^y  T— 1,  this  arifes,  viz. 3  > 

5.  And  by  addition  of  X  to  each  part  of  the  laft  Equation,  V    „_  rt  ,  x  —  XX 
this  arifes ;     .     •    ••,•••    ■  .-    •    •    ;.  '    :T 

6   Therefore  each  part  or  the  lalt  Equation  being  divided  >     « —  *  .      _  T 
'  by  X,  the  number  T  will  be  made  known,  viz.     .     .  j         X 
The  laft  Equation  gives  this  following 

C  A  NO  N. 
From  the  laft  (to  wit,  the  greateft)  Term  fubtracT:  the  firft,  and  divide  the  Remain- 
der by  the  common  difference  h  then  to  the  Quotient  add  1  (or  Unity)  fo  fhall  the 
Sum  be  the  required  number  of  Terms. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  Numbers 
in  Arithmetical  Progreflion  continued  : 

?,  7,  IX>  *5,  '9,  23,  27, 


J 


PROP,    4. 

«,  *>,  X  are  given  ieverally  -, 
Z  is  required. 


RESOLUTION. 

2.  By  the  Canon  of  Prop.  1 .    .    .    T>  +  T<*  =  2Z, 

5.  And  by  the  Canon  of  Prop.  3 1    .   .    .j-    tLZ^_|-i  =  T, 

4.  Now  if  inftead  of  T  in  the  firft  part  of  the  Equation  in  the  fecond  ftep,  you  mul- 
tiply  into  *>4-*  that  which  in  the  laft  Equation  is  found  equal  to  T,  the  former 
Equation  will  be  converted  into  this,  viz. 

uu — aa.    ,  .  ry 

—y~  +  "  +  *    =   2Z. 

Which  in  words  is  this  following 

CANON. 
From  the  Square  of  the  greateft  (or  laft)  Term  fubtraa  the  Square  of  the  Ieaft  (or 
firft  )  then  dividing  the  Remainder  by  the  common  difference,  and  to  the  Quotient 
adding  the  Sum  of  the  firft  and  laft  Terms,  the  half  of  the  Sum  of  this  Addition  fhall 
be  the  required  Sum  of  all  the  Terms. 

The  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  01  Numbers 
in  Arithmetical  Progreflion  continued  : 

?,  7>  XI>  **,  19,  2?,  27. 


•{ 


PROP.    V. 

*,  0,  Z,  are  given  feverally  ; 
T  is  required. 

RE  SOLUTION. 
2.  By  the  Canon  of  Prop.  1.   .    .    .       .    .    ...    . .    .    T«+T*=aZ, 

3.  Therefore  by  dividing  each  part  of  that  Equation  by  \  T  _    2Z,  ^ 

'  a  +  *,  this  arifes,  wz 3  »  +  * 

Which  Equation  gives  this  following 

CANON.  „  a      4  ,  « 

Divide  the  double  of  the  Sum  of  all  the  Terms  by  the  Sum  of  the  firft  and  lalt 
Terms  the  Quotient  is  the  number  of  Terms  fought  5  as  may  be  proved  by  this  fol- 
lowing (or  any  other)  Rank  of  numbers  in  Arithmetical  Progreflion  s 

3,  7,  U,  17,  i?3  23,  27.  PROP 
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■{ 


aa — Act  =  2ZX — «X  —  «X, 

»H *« 


PROP.    VI, 

«tj  «,  Z  are  given  ieverally  j 
X  is  required. 

2.  By  the  Canon  of  Prop.  4.    ........    — ^S-^-fr  "  4-  *  =  2Z, 

3.  Which  Equation  multiplied  by  X  produces,    .   .    *,»_«*  .f  «X  +  «X  =  2ZX 

4.  And  by  fubtra&ing  «X  +  *X  from  each  part  of") 
'  the  laft  Equation,  this  arifes,  viz y 

5.  Therefore  by  dividing  each  part  of  the  laft  7 
'  Equation  by  the  Co-efficients  that  ate  drawn  £-     -^Z^" —  =  X. 

into  X,  you  will  find, ^     2Z  — «_* 

Which  laft  Equation  gives  this 

CANON. 
From  the  Square  of  the  laft  Term  fubtraft  the  Square  of  the  firft  (to  wit,  the  leaft) 
Term;  divide  the  Remainder  by  the  excefs  whereby  the  double  Sum  of  all  the  Terms 
exceeds  the  Sum  of  the  firft  and  laft  Terms,  fo  (hall  the  Quotient  be  the  common 
difference  required. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Series  of  numbers 
in  Arithmetical  Progreffion : 

3,  1,  ",  1  Si  19,  23,  27. 


•{' 


PROP.    VII. 

a,  T,  X  are  given  Ieverally  j 
»  is  fought. 

RE  SOLUTION. 


2.  By  the  Canon  of  Prop.  2.    ...,.».  =  X, 

T — 1 

3.  Therefore  by  multiplying  each  part  of  the  laid  >       _  Ty «■ , 

Equation  by  T — 1,  this  will  be  produced,    .    .  y  "    *  ~™              » 

4.  And  by  adding  «.  to  each  part  of  the  laft  Equa-  >  __  TY  ,        Y 
tion  this  arifes,  viz.    .    .    i    .....     J;  a  ~  1A+  "^~a- 

Which  laft  Equation  gives  this 

CANON. 

To  the  Product  made  by  the  Multiplication  of  the  number  of  Terms  into  the  com- 
mon difference,  add  the  firft  (to  wit,  the  lealtj  Term,  and  from  the  Sum  fubtraft 
the  faid  difference,  fo  fhall  the  Remainder  be  the  laft  Term  fought. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical  Progreffion  continued : 

3>  7>  Il>  i?,  1%  2?,  27. 


•i 


PROP.   VIII. 

<*>  T,  X  are  given  feverally  5 
Z  is  fought. 

RE  SOLUTION. 


1.  By  the  Canon  of  Prop.  1.    : T»  +  T*  =  2Z 

3.  And  by  the  Canon  of  Prop.  7 TX+ <* — X='«." 

4.  Now'to.jSnd  an  Equation  that  may  confift  only  of  the  things  given  arid  fought  in 
this  Prop.  8.  multiply  each  part  of  the  Equation  in  the  third  ftep  by  T,  and  there 

.  will  be  produced 

TTX-t-T«-TX  =  T«j 

5.  Then 
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5.  Then  if  inltead  of  T>  inthefecondltep,  you  take  that  which  in  the  fourth  is  found 
equal  to  T«.  the  Equation  in  the  fecond  ftep  will  be  reduced  to  this,  to  wit 
TTX+2T*— TX  =  2Z, 
That  is,  TX+  2*  —  X  into  T  =  2Z. 

Which  hit  Equation  gives  this 

C  A  NO  N. 
61  To  theProdu£t  of  the  Multiplication  of  the  number  of  Terms  by  the  common  dif- 
ference, add  the  double  of  the  firft  (to  wit,  the  leaft)  Term,  and  from  the  Sum  of 
that  Addition  fubtraft  the  common  difference ;  then  multiply  the  Remainder  by  the 
number  of  Terms ;  10  mall  the  Product  be  the  double  Sum  of  all  the  Terms,  and 
consequently  the  half  of  that  Product  is  the  required  Sum  of  all  the  Terms. 
This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical  Progreflion  continued : 

3,  7>  n>  !?.  19,  23,  27. 


Co., 


PROP.    IX. 

Z  are  given  feverally ; 
«  is  fought. 

RESOLUTION. 

2.  By  the  Canon  of  Prop.  1.      .    ._   .    .     .     T*>  ■+■  T*  =  2Z, 

3.  Therefore  by  equal  fubtra£lion  of  T&,   .    .    T»  =  2Z  —  T«» 

4.  Therefore  by  dividing  each  part  of  the  ">         u  _  2Z — T* 
hit  Equation  by  T,  this  arifes ;    .     .  ,  y  ~ T 

Which  hit  Equation  gives  this 

CANON. 
From  the  double  of  the  Sum  of  all  the  Terms  fubtra£t  the  Producf  of  the  Multipli- 
cation of  the  number  of  Terms  by  the  firft  (to  wit,  the  leaft)  Term,  and  divide  the 
Remainder  by  the  number  of  Terms ;  fo  mall  the  Quotient  be  the  hit  Term  fought. 
This  Canon  may  be  exemplified  by  the  following  for  any  other,)  Rank  of  Num- 
bers in  Arithmetical  Progreflion  continued: 

3,  7»  IX>   *?>  *9,  2?,  27. 


(*, 


PROP.    X. 

T,  Z  are  given  feverally ; 
X  is  fought. 

RE  SOLUTION. 

2.  By  the  Canon  of  Prop.  8 TTX-f  2T*  —  TX  =  2Z, 

2.  Therefore  by  equal  fubtraftion  of  2T*  ">     ^vpy     tv  —    7        t 
"  from  each  part,  this  will  arife;  to  wit,    j"     11A_1A  ~  2^  —  2l«, 
4.  And  by  dividing  each  part  of  the  hit 7  _  2Z — 2T* 

Equation  by  TT — T,  the  common  differ- >        A  —  Tf^_T— ~* 
cnce  X  will  be  made  known,  viz.    .    .  3 
Which  hit  Equation  gives  this 

CANON. 
From  the  double  Sum  of  all  the  Terms  fubtratl  the  double  Produft  made  by  the 
Multiplication  of  the  number  of  Terms  by  the  leaft  Term,  and  divide  the  Remainder 
by  the  excels  of  the  Square  of  the  Number  of  Terms  above  the  number  of  Terms,  ib 
(hall  the  Quotient  be  the  common  difference  fought. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Series  of  numbers 
in  Arithmetical  Progreflion  continued : 

3.  7,  «,  1?,  *9,  2?,  27. 

PROP.    XI. 

C  «t.  X,  Z  are  given  feverally  j 
"    "    '  1  *  is  Ibught  . 

RESOLUTION. 

2.  By  the  Canon  of  Prop,  4.     .    :    ,    .    .  L6*"~<t*  +  *  -\-  «  ss  22", 

3.  There- 


CHAP.    17.         concerning  Arithmetical  Ftogreflion.  i2j 

a;  Therefore  by  multiplying  that  Equation  by  X,  }  ,  v 

'  this  will  be  produced  ;  to  wit, f  '  au~ **+X«+X*  =  2ZX,  . 

4.  And  by  tranfpofition  of  — «*«,  thisarifes;     .     .    »«>+ Xo-fX*  =  2ZX+a« 

5.  And  from  the  laft  Equation  by  tranfpofition  >  ,  v  ^,„  ' 
of  X*  this  arifes ; .     .}     -+X- ==  2ZX+«*_X«, 

6.  Which  laft  Equation  falling  under  the  firft  of  the  three  Forms  in  Sett  j    Chap 
of  this  Qpok,  the  value  of  •  fhall  be  given  by  the  Canon  in  SeS.  6.  of  .the  fame 
Chap.  viz.  . 

■  -  ^XX+ 2ZX+«*— X* :  —  .X. 
Which  Equation  gives  this 

C  A  N  0  N. 
From  the  fum  of  thefe  three  numbers  to  wit,  the  Squafe  of  half  the  common  dif- 
ference 5  the  double  Produa  of  the  Multiplication  of  the  fum  of  all  the  terms  bv  the 
common  difference;  and  the  Square  of  the  firft  (to  wit,  theleaft;  term,  fubtraftthe 
Produa  of  the  firft  term  multiplied  by  the  common  difference,  and  extraft  thefouare 
Root  of  the  Remainder  •  then  from  the  faid  fquare  Root  fubtraft  half  the  common 
difference,  fo  fhall  this  laft  Remainder  be  the  laft  and  greateft  term  fought 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical  Progreffion  continued  : 

3,  7,  11,  iy,  19,  23;  27. 



■{" 


PROP    XII. 
A,  Z  are  given  feverally  - 
T  is  fought. 

RESOLUTION. 
1.  The  Canon  of  Prop.  8.  gives  this  Equation,     .     .    XTT+2«,T XT  =  2Z 

3.  Where  in  regard  X  is  drawn  into  TT  (  which  "\  "        * 
is  the  higheft  degree  of  the  Quantity  fought,  )  /        TT  ,  2*T— XT  __  2Z 

let  every  term  of  the  Equation  be  divided  by  r  .;~t. x — '  "~  *X~*    "' 

X,  whence  this  Equation  will  arife  ;    .     .     .  j 

4.  Now  it  muft  be  difcoyered  from  the  things  given  whether  2*  exceeds  X,  <*  islefs  ■ 

0re§dathus  £n  £  2*  ^  X'  3nd  th6n  thC  hft  EqUad°n  *& hb  e*- 

TT  4-  2*~~^t  —  2^ 
XX" 

5.  Which rEquation  falling  under  the  firft  of  the  three  Forms  in  SeB.x.  Chap,  15.  the 
value  of  T  mall  be  given  by  the  Canon  in  Se3.  6.  of  the  fame  Chap.  vt£. 

T  _  ,/,*-'— -X+i-XX+aZX       2*— X  M 

XX  "      ~2X~' 

6.  Secondly,  If  2*  -3  X,  then  theEquation  in  the  third  ftep  fhall  be  exprefs'd  thus  < 

YT X — 2^ 2Z 

7   Which  Equation  fallingunder  the  fecond  of  the  three  Forms  in  JUL  1.  Chap.  ,5. 
the  value  of  T  fhall  be  given  by  theCanon  in  SeB  8.  of  thefame  Chap,  viz  B    * 
T  =  ^*X— -X+*M-2ZX       X-2.  ,.*        •     • 

8.  Laftly,  If  2*  =  x,  theruhe  Equation  in  the  third  ftep  will  be  exprefs'd  thus^ 

TT  =  y  >  Whence,        T  =  >/£. 

ThethreeEquationsinthe5,^ 

o   TnJ^S  ^  the  dfbl'°f  ^e le^fi  term  exceeds  the  co?nmon  difference. 

E  £dlteltl]efei01!MOf^laft  ter?  ab0Ve  Mf  the  common  differenceadd 
the  double  Produa  of  the  Multiplication  of  theSum  of  all  the  Terms  bv  the  com- 

W;?rf  ^  AVt  Vhe  S^ ^f  tbatAdditionby  the  f^ScSf^ 
k  ft  term  fuSft  rte^^^ the  ¥***»  th^n  ftom  the  double  of  the 
2p?i?aff'-T^c  and  divide  the  Remainder  by  thedouble 

hefee   fZd ^teSSSS   f y,'.  ?bt[aaing  this  Q-UOtient  from ^e  fquareRoot 
more   found,  the  Remainder  fhall  be  the  number  of  terms  fought. 


I28  Refolution  of  Que  ft  ions  BOOK  1. 

This  Canon  may  be  exemplified  by  the  following  orthfi  :-.e -eries  of  Numbers  in 
Arithmetical  Progreffion  continued,  where  the  double  of  the  lent  Term  exceeds  the 
common  difference  of  the  Terms : 

""""-'■  3,  5,  7,  9,   }h  ?&  x>>  bc* 

Canon  II.  tf7"-'« the  ioMi  °f the  le¥  Tcrm  "  }$  thj *  f' e  :  07;:;'"1  *  ^'Tf€rWf  cfthe  Terms' 
To  the  Square  of  the  excefs  of  half  the  common  difference  above  the  leaft  Term, 
add  the  double  Product  of  the  Multiplication,  of  the  Sum  of  all  the  Terms  by  the 
common  difference  •,  divide  the  Sum  of  that  Addition  by  the  Square  of  the  com- 
mon difference,  and  extraft  the  fquare  Root  of  rhe Quotient;  'hen  from  the  com- 
mon difference  fubtra£t  the  double  of  the  leaft  Term,  and  divide  the  Remainder  by 
the  double  of  the  common  difference;  Iaifiy,  adding  this  Quotient  to  the  fquare 
Root  before  found,  the  Sum  (hall  be  the  number  of  Terms  fought.- 
This  Canon  may  be  exemplified  by  the  following  or  the  like  Rank  of  numbers  in 

Arithmetical  Progreffion  continued,  where  the  double  of  the  leaft  Term  is  lefs  than 

the  common  difference  : 

2,   7,    12,    17,    22,   27,    32,    57. 
Canon.  III.  When  the  double  of  the  leafiTerm  is  equal  to  the  common  difference  of  theTerms. 

11    Divide  the  double  of  the  Sum  of  all  the  Terms  by  the  common  difference,  fo 
fhallthe  fquare  Root  of  the  Quotient  be  the  number  ofjerms  fought. 
This  Canon  may  be  exemplified  by  the  following  Rank  of  numbers  in  Arithmetical 

progreffion  continued,  where  the  double  of  the  leaft  lerm  is  equal  to  the  common 

difference  of  the  Terms: 

3,  %  15,  21,  27,  ??,  39- 

PROP.    XIII. 

.    -      C  «.  T,  X  are  given  feverally  ; 
*■    •    •    •    '  7  a  is  fought. 

*•  RESOLUTION. 

2.  By  the  Canon  of  Prop.  7 iXsr-XrHtefr 

3.  Therefore  by  tranfpofition  of  TX— X,  thistqua-  t      a .  =  „+X— TX. 
tionwillarife,  which  makes  known  the  value  of  *■,  3 

Which  Equation  gives  this 

C  J  NO  N. 
Tothelaft   (that  is,  thegreateft)  Term  add  the  common  difference,  and  from  the 
Sum  fubtraa'the  Produaofthe  number  of  Terms  multiplied  by  the  common  differ- 
ence-, fo  fhallthe  Remainder  be  the firft  (or  leaft)  Term  fought- 

This  Canon  may  be  exemplified  by  the  following  or  any  other  Rank  of  numbers  in 
Arithmetical  Progreffion  continued  i 

3,  7>  .",  IS,  *9,  -^  27- | 

PROP.    XIVr. 
f  a,  T,  X  are  given  feverally  -, 

1 i  Z  is  fought 

*-  RESOLUTION. 

2.  By  the  Canon  of  Prop.  1 A    TC-* 

3.  And  by  the  Canon  of  Prop.  1?.     ...    .    .    .     •    •       ^'ty     tty-IV 

4.  Which  latter  Equation  if  it  be  multiplied  by  T,will  produce     f«+TA—  1 1A-1«, 

5.  Then  if  inftead  of  T*  in  the  Equation  in  the  fecond  ftep,  7  Y  _  „7 
you  take  that  which  in  the  fourth  ftep  is  found  equal  tttpfc  >?  I  *+  \  a—1  1A_^' 
the  Equation  in  the  fecond  ftep  will  be  converted  into  this ;  \ 

4.  That  is :^;v-TXintoT=2Z. 

Which  Equation  gives  this 

1  C  AN  0  N. 

To  the  double  of  the  laft  (to  wit,  thegreateft)  Term,  add  the :  common, [  difference ; 
from  the  Sum  fubtraa  the  Produft  of  the  number  of  Terms  multiplied  by  the  common 


i 
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difference :  then  multiply  the  Remainder  by  the  number  of  Terms,  the  Product  mail 
be  the  double  of  the  Sum  of  all  the  Terms,  and  confequently  the  half  of  thatProduft 
is  the  required  Sum  of  all  the  Terms. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other  Rank)  of  numbers 
in  Arithmetical  Progreflion  continued  : 

3,  7>  ">  i?>  19,  23,  27,  31. 

PROP.    XV. 

v,  T,  Z  are  given  feverally ; 
a.  is  fought 

RESOLUTION. 

'2.  By  the  Canon  of  Prop.  9.        ...:...     —  ~^X*  =  «,, 

2   Therefore  multiplying -each  part  of  that  Equation  ">  o7      -       ,_, 

by  T,  this  will  arife  5 •    .    .  5"  T*  =  T«, 

4.  And  by  tranfpofition  of  — T«inthe  Iaft  Equation  >  ^g  _  ^  V  m, 
'  this  will  arife  5 3         ' 

5.  Likewife  by  tranfpofition  of  T«.  this  Equation  arifes,  2Z< —  T«  =  T*. 

6.  Therefore  each  part  of  the  laft  Equation  being  diO     fZ, u  _  tf 

vided  by  T,  the  value  of  *  will  be  made  known,  viz..  y      T 

Which  Equation  gives  this 

CANON. 
Divide  the  double  Sum  of  all  the  Terms  by  the  number  of  Terms,  and  from  the 
Quotient  fubtracT:  the  laft  (to  wit,  the  greateft  term  ;  fo  mall  the  Remainder  be  the 
firft  and  leaft  term  fought. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers  in 
Arithmetical  Progreflion  continued : 

3>  7,  «,  *?>  19,  2?,  27. 


{ 


PROP.    XVI. 

»t  T,  Z  are  given  feverally  ; 
X  is  fought. 

RE  SOLUTION. 


2.  By  the  Canon  of  Prop.  14 ,    .    2«+X— TX  into  T  =  2Z. 

2.  That  is     .     .    .     . 2T«+TX— TTX  =  2Z, 

4.  Therefore  by  due  tranfpofition  thisEquation  will  arife,    2T» — 2Z  =  TTX TX, 

5.  Therefore  by  dividing  all  in  the  laft  Equation  by  }     2T«— 2Z  _  ^ 
TT — T,  the  value  bfX  will  be  made  known,  viz.y      TT — T 

Which  Equation  gives  this 

CANON 
From  the  double  ProducT:  of  the  Multiplication  of  the  number  of  Terms  by  the 
greateft  Term,  fubtraft  the  double  of  the  Sum  of  all  the  Terms  5  divide  the  Remain- 
der by  the  excels  of  the  Square  of  the  number  of  Terms  above  the  number  of  Terms, 
lb  fhall  the  Quotient  be  the  common  difference  ibught. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical  Progreflion  continued : 

3,  7,  11,  1?,  19,  23,  27. 


•{ 


PROP.   XVII. 
«•  X,  Z  are  given  feverally  ; 
te.  is  fought. 

RESOLUTION. 

2.  By  the  Canon  of  Prop.  6. ■   .    .    -  ™~ **-=X, 

1  2Z — »— * 

3.  Therefore  each  part  of  that  Equation  being  multi-  7  tfw__asl  =  2XZ— X«— X«, 
plied  by  2Z — « — «,  there  will  arife,    .    .    .    .  y, 

4.  Whence  by  equal  addition  of  X»+X*  you  will  find,  ww-t-Xw+X*;— **  =  2ZX, 

&  Now 


j-o  Resolution  of  Quejiions  BOOK  I. 

Now  before  known  Quantities  can  be  feparated  from  unknown  in  the  laft  Equation 
we  mult  difcover  from  the  things  given  in  the  Propofition,  whether  «a-fX»  be  equal^ 
greater,  or  lefs  than  2ZX  >  Firft  therefore, 

5.  Suppofe »»+X»  =  2ZX, 

6.  And  then  by  fetting  *>«+X»  in  the  place  of7 

2ZX  in  the  Equation  in  the  fourth  ftep,>    «»+X*>-t-X<* — a*  =  au-\- X*>, 
there  will  arile, 3 

7.  Whence  by  fubtra&ing  «*>+X«  from  each  part,  and  by  ">   «■    _ 
tranfpofition  of  —  **,  this  Equation  arifes  5 j-  A*    =  <*«, 

8.  Which  laft  Equation  being  divided  by  «>  gives    .    .    .  X    =  «. 

From  the  premiles  ariles  this 

CANON  I. 

9.  When  the  fum  of  the  Square  of  the  laft  (to  wit,  thegreateft)  term  and  the  Produ£t 
of  the  multiplication  of  the  faid  laft  term  by  the  common  differenceof  the  terms  is 
equal  to  the  double  of  the  Product  made  by  the  multiplication  of  the  fum  and  common 
difference  of  the  terms,then  the  faid  difference  is  equal  to  the  firft  or  leaft  term  lbught. 

This  Canon  may  be  exemplified  by  the  following  Series  of  numbers  in  Arithme- 
tical Progreffion  continued  : 

2,  4,  6,  8,  10,  12,  14, 

10.  Secondly,  fuppofe *«>+X»  c  2ZX. 

ir.  Then  from  the  Equation  in  the  fourth  )  Y    _       .  v       >7V 

ftep,  after  due  ReduQion,  there  will  arile,  J"     "*— ^  ~  *",+^-2Z,X) 

12.  In  which  laft  Equation  all  things  are  known  but  <*,  and  the  faid  Equation  falls 
under  the  fecond  of  the  three  Forms  in  Sell.  1.  Chap.  15.  Therefore  the  value  of  *, 
to  wit,  the  firft  (or  leaft)  term  fought  (hall  be  given  by  the  Canon  in  Sett.  8.  of 
the  lame  Chap.  viz. 

a  =  4X  +  ^:«»  +  X«  +  iXX—  2ZX; 

From  the  tenth  and  twelfth  fteps  arifes 

CANON.    II. 

13:  If  the  fum  of  the  Square  of  the  laft  ftowit,  thegreateft^  term,  and  the  Produft 
of  the  multiplication  of  the  laid  laft  term  by  the  common  difference  of  the  terms, 
exxeeds  thedoubleof  the  Product  made  by  the  multiplication  of  the  fum  and  com- 
mon difference  of  the  terms ;  then  to  the  fum  firft  mentioned  add  the  Square  of  half 
the  common  difference;  from  this  fum  fubtraft  the  double  Product  above  mentioned, 
and  extract  the  fquare  Root  of  the  Remainder :  laftly,  add  the  laid  fquare  Root  to 
half  the  common  difference,  fo  mall  the  Sum  be  the  firft  (or  leaft)  term  fought. 
This  Canon  may  be  exemplified  by  the  following  Progreffion : 

3,  5,  7>  9,  11,  !?• 

14.  Thirdly,    fuppofe     : *>«-f  X«  ~n  2ZX, 

1  j.  But  in  this  third  cafe,  to  the  end  a  poffi-7 

ble  Equation  -may  arife,  this  Determina->    «»>+X«-\-^XX,  not  "3  2ZX, 

tion  is  neceffary,  viz 3 

16  Then  from  theEquation  in  thefourthftepT    X*-«*  =  2ZX-«»-X»: 

by  tranlpohtion  of  ««+X<a,  this  will  arile ; ) 

17.  In  which  laft  Equation  all  things  are  known  but  <*.  and  the  Equation  falls  under 
the  laft  of  the  three  Forms  in  Sett.  1.  Chap.  15.  Therefore  the  two  values  of*  in 
that  Equation  fhall  be  given  by  the  Canon  in  Sett.  10.  of  the  fame  Chap.  viz. 

«  =  4-X-yv :  «»+x.»+,;-xx— 2'ZX: 

Or,        <t  =  J.X— /  :  ««.+X«-KXX—  2ZX: 

18.  Whence  it  is  manifeft,  that  if  in  this  third  Cafe  it  happens  that  aa+Xw-f-^XX 
=  2ZX,  then  —  4-X ;  that  is  to  lay,  the  firft  (or  leaft)  renri  fo'-'ght  ihall  be 
equal  to  half  the  given  difference  of  the  terms.  But  if  in  the  faid  third  Cafe  it  happens 
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that  *>6>+X*>+iXX  tr  2ZX,  then  there  will  be  two  unequal  Roots  or  values  of  *» 
to  wir,  thole  above  exprefs'd,  by  either  of  which  the  Equation  in  the  lixteenth 
ftep  may  be  expounded  ;  yet  (as  may  eafily  be  apprehended)  only  one  of  thole 
values  of*  can  be  fuch  a  firit  (or  leaft)  term  as  will  agree  with  the  things  given 
in  the  Propofition :  But  which  of  thofe  two  values  of  *  is  the  leaft  term  fought, 
you  may  difcover  by  the  Proof  formed  thus,  viz.  Firit,  by  the  help  of  one  of  thofe 
unequal  values  of*  found  out  as  above,  together  with  the  given  laft  (to  wit,  the 
greateft)  term  and  the  given  common  difference  of  the  terms,  you  may  find  out 
(by  the  Canon  of  the  third  Prop,)  the  number  of  terms,  (which 'muft  always  be  a 
whole  number,)  and  then  by  the  fame  value  of «,  together  with  the  laid  laft  term 
and  the  number  of  Terms  you  may  by  the  Canon  of  Prop.i.  find  out  the  fum  of 
all  the  terms  ;  then  if  this  fum  be  equal  to  the  fum  given  in  the  Propof.  propos'd, 
rhat  value  of  *  by  which  the  Proof  was  made,  is  the  leaft  term  fought.  But  if 
that  Proof  will  not  fucceed,  then  the  other  value  of*  lhall  be  the  leaft  term  fought  5 
as  will  be  evident  by  the  Proof  made  as  before. 
From  the  five  laft  fteps  there  will  arile 

CANON.    III. 

19.  When  the  fum  of  the  Square  of  the  laft  (to  wit,  the  greateft)  term,  and  the  Pro- 
duel  of  the  Multiplication  of  the  faid  laft  term  by  the  common  difference  is  lels 
than  the  double  of  the  Produft  made  by  the  multiplication  of  the  fum  and  common 
difference  of  the  terms ;  but  the  Aggregate  of  the  fum  firft  mentioned  and  the  iquare 
of  half  the  common  difference  is  not  lefs  than  the  laid  double  Produft  •  then  from 
the  faid  Aggregate  fubtratt  the  faid  double  Product  and  extract  the  Iquare  Root  of 
the  Remainder,that  done,addthe  faid  fquareRoot  to  half  the  common  difference  of 
the  terms,  and  alfo  fubtraft  the  faid  fquare  Root  from  the  faid  half  difference  fo 
the  Sum  or  elfe  the  Remainder,  (viz.  fuch  of  them,  which  by  the  Proof  made' ac- 
cording to  the  direction  in  the  preceding  eighteenth  ftep  will  be  found  to  agree  with 
the  things  given  in  the  Propofition  J  (hall  be  the  firft  Cor  leaft;  term  fought. 
This  Canon  may  be  exemplified  by  the  two  following  Ranks  of  numbers  in 

Arithmetical  Progreffion  continued : 

I-  I  2>  ?>  8>  "»  '4,  17- 


II. 


2,  7,12,17,  22,  27. 


PROP.    XVIII. 

j  f  »,  X,  Z  are  given  feverally  -, 
\  T  is  required. 

RE  S  0  L  UT  10  N. 

2.  By  the  Canon  of  Prop.  14. ,       2»T-fXT XTT  =  2Z 

3.  Therefore  dividing  every  member  of  the  faid  Equation  by  X,  Cbecaufe  it  is  drawn  into 
TT  the  higheft  degree  of  the  number  fought,;  this  following  Equation  will  arife,  viz 

2a>T  +  XT _,_    __     2Z 

x  ':  X' 

That  is,  ^±^T  —  TT  =  ?? 

X  X* 

4.  In  which  all  things  are  known  but  T,  and  the  faid  Equation  falls  under  the  laft 
ot  the  three  Forms  in  Sttt.  1.  Chap.  1 7.  Therefore  the  two  values  of  T  will  be  made 
known  by  the  Canon  in  Se3.  10.  of  the  fame  Chap.  viz. 

T  =  ""^"^  4-  <J-au  "t"  ^X  4-  ^XX — 2ZX 

x  xx  : 

Or  T  =  m+*X  —  «/.«"»+ "X+tXX— zZX . 
x         y  XX 

R  2  5.  Bus 
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5.  But  alcho  the  Equation  in  the  th'rd  ftep  may  be  expounded  by  either  of  the  two 
Roots  or  values  of  T  above  exprefs'd  in  the  fourth  itep,  yet  only  one  of  them  can 
be  the  number  of  terms  fought ;  but  which  of  the  (aid  numbers,  or  values  of  T  will 
folve  the  Propofition  you  may  difcover  thus:  Firft,  If  one  of  the  two  numbers  or 
values  of  T  before  found  out  be  a  FraClion  or  a  mixt  number,  that  value  cannot  be 
the  number  of  terms  fought ;  for  the  number  of  terms  in  an  Arithmetical  Pregreflion 
is  alwnys  a  whole  number.  Secondly,  If  both  the  values  of  1  happen  to  be  whole 
numbets,  then  the  true  number  of  terms  fought  may  be  difcovered  by  this  Proof- 
viz.  Firft,  by  the  help  of  one  of  thofe  values  of  T  in  whole  numbers,  together  with 
the  given  lait  (or  greateft)  term,  and  the  given  common  difference,  find  out  (by 
the  Canon  of  Prop.  13.)  the  firft  (to  wit,  the  leaft)  term  ;  and  then  by  the  fame 
number  T,  together  with  the  firit  and  laft  terms,  find  out  (by  the  ^  anon  of  Prop  1.) 
the  fum  of  all  the  terms;  laftly,  It  the  fum  fo  found  out  be  equal  to  the  fum  given 
in  the  Propofition  propos'd,  then  that  number  or  value  of  T  by  which  the  Proof 
was  made  (hall  be  the  true  number  of  terms  fought.  But  if  the  Proof  will  not  fuc- 
ceed  to  find  out  a  number  equal  to  the  fum  firft  given,  then  the  other  value  of  T 
is  the  number  of  terms  fought ;  which  will  be  evident  by  the  Proof  made  there- 
with in  the  fame  manner  as  before. 

From  the  premifTes  there  arifes  this 

CANON. 

6.  From  the  Square  of  the  fum  of  the  laft  (to  wit,  the  greateft)  term,  and  half 
the  common  difference,  fubtracf  the  double  of  theProducf  of  the  Multiplication  of 
the  fum  of  all  the  terms  by  the  common  difference ;  divide  the  Remainder  by  the 
fquare  of  the  faid  difference,  and  extracf  the  fquare  Root  of  the  Quotient.  That 
done,  add  the  faid  fquare  Root  to  the  Quotient  which  arifes  by  dividing  the  fum  of 
the  laft  term  and  halt  the  common  difference  by  the  difference  it  felf,  and  alfo  fub- 
tracf  the  faid  fquare  Root  from  the  faid  Quotient ;  fo  the  Sum,  orelfc  the  Remain- 
der (viz.  fuch  of  them  which  according  to  the  preceding  fifth  ftep  will  be  found  to 
agree  with  the  things  given  in  the  Propof.)  (hall  be  the  number  of  terms  fought. 

This  Canon  may  be  exemplified  by  the  three  following  Progreffions  -y  in  the  firft 
of  which  the  greater  of  the  two  values  of  T  (in  the  fourth  ftep)  is  the  number  of 
terms  fought ;  but  in  each  of  the  two  latter  Progreffions  the  leffer  value  of  T  is  the 
number  of  terms  fought. 

I.  2,  7,  12,  17,  22,  27,  32. 

II.  2,  5,    8,  11,  14,  17,  20. 

III.  I2,2o,  28,  36,  44,  52,  60. 


■{ 


PROP.    XIX. 

1\  X,  Z  are  given  ievcrally ; 
*  is  fought. 

RESOLUTION. 

2.  By  the  Canon  of  Prop.  10 •  ~rfZZr'  =  ^' 

2.  Therefore  multiplying  each  part  of  that  Equation  ">  n7      ~,    _  TTV     TV 

by  TT-T,  this  will  be  produced,  to  wit,    .    .|  2Z-2T*  -  TTX-TX 

4.  In  which  laft  Equation  all  things  are  known  but  &,  )  -~? 

whofe  value  after  due  Reduction  of  that  Equation  >     «=  ^  +  {-X — vTX, 

will  be  found  out,  viz 3  T 

Which  in  words  gives  this 

CANON. 

5.  Divide  the  given  fum  of  all  the  terms  by  the  given  number  of  terms,  to  theQuotient 
add  half  the  given  difference  of  the  terms,  and  from  the  fum  of  thataddition  iubtra£t 
half  the  Producf  of  the  Multiplication  of  the  laid  number  of  terms  by  the  common 
difference;  fo  fhall  the  Remainder  be  the  firft  (to  wit,  the  leaft)  term  required. 
This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Series  of  numbers 

in  Arithmetical  Progreflion  continued  : 

2,   7,   12,    17,   22,   27>  32.  p  r  q  p 
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PROP.    XX. 

r  T,  X,  Z  are  given  feVerally ; 
*•    •    *    *    '\  *  is  fought. 


RESOLUTION. 
2.  By  the  Canon  of  Prop.  16 jT»— 2Z  _  ^ 

5.  Therefore  multiplying  each  part  of  that  Equation  7      T         ~  v 

by  TT— T,  this  will  be  produced,  to  wit,    .    .  ;    21w  "* 2Z>  =  TTX— TX, 

4.  In  which  lait  Equation  all  things  are  known  but  7  7 

*>»  whole  value,  after  due  Redu&ion  of  thatEqua->  •  =  -_  +  J-TX — pC. 

tion,  will  be  difcovered,  viz 3  * 

Which  in  words  gives  this 

CANON. 

5.  Divide  the  given  fum  of  all  the  terms  ty  the  given  number  of  terms  ;  to  the  Quo- 
tient add  half  the  Produft  of  the  Multiplication  of  the  number  of  cerms  by  the 
common  difference  given,  and  from  the  fum  of  that  Addition  fubtraft  half  the  faid 
difference  ;  the  Remainder  fhall  be  the  laft  (to  wit,  the  greateff )  term  required. 

This  Canon  may  be  exemplified  by  the  following  or  any  other  Rank  of  numbers 
In  Arithmetical  Progreffion  continued : 

2,  5,  8,  11,  14,  17,  20. 


Quefiions  to  exercifefomc  of  the  Canons  of  the  preceding  Propofitions. 

guejl  1.  Suppofe  40  Stones  be  fo  placed  in  a  (height  Hne,that  the  firft  is  diftant  from 
a  Basket  one  Yard,  thefecond  two,  the  third  three,  and  the  reft  in  the  fame  excels  •,  now 
if  fome  Footman  undertakes  to  go  from  the  Basket  to  fetch  into  it  every  Stone  one  after 
another,  how  many  Yards  muft  he  go  to  perform  that  work?  Anfw.  1640  Yards. 

Forafmuch  as  the  Footman  muft  go  2  Yards  (to  wit,  one  forwards,  and  the  fame 
backwards,^  to  fetch  the  firft  Stone  into  the  Basket-,  4  Yards  for  the  fecond  •,  6  for 
the  third,  &c.  here  is  an  Arithmetical  Progreffion  continued  whole  firft  (or  leatt)  rerm 
Is  2,  the  common  difference  of  the  terms  is  alfo  2,  and  the  number  of  Terms  is  40  j 
therefore  the  fum  of  all  the  terms,  to  wit,  the  number  of  Yards  fought  will  be  found 
1-640,  by  the  Canon  of  the  preceding  eighth  Prop. 

jljkteft.  2.  Two  Footmen,  A  and  B,  depart  at  the  fame  time  from  London  towards 
Tork,  and  travel  in  this  manner,  vh.  A  travels  8  (ore)  Miles  every  day  •,  B  tra- 
vels 1  Mile  the  firft  day,  2  Miles  the  fecond  day,  5  Miles  the  third  day,  and  fo  for- 
ward ;  travelling  every  day  one  Mile  more  than  in  the  day  next  preceding  :  The 
Queftion  is,  to  find  in  how  many  days  B  will  overtake  A  ?  Anfw.  At  the  end  of  15 
days,  found  out  by  this  following 

RESOLUTION. 

1.  For  the  number  ofdaysthatiS  had  travelled  when  he  overtook^,  put" 

2.  Then  to  find  how  many  Miles  B  had  travelled  when  he  overtook 
A^  there  is  an  Arithmetical  Progreffion  continued  wherein  the  firft 
and  leaft  term  is  1,  (to  wit,  1  Mile  which  B  travelled  the  firft  day,) 
alfo  the  common  difference  is  1,  (for  the  Queftion  faith  that  B  tra-  . 
veiled  every  day  1  Mile  more  than  in  the  day  next  preceding,)  and  •"  4^"+ 
the  number  of  terms  is  <*,  (which  we  affumed  for  the  number  of 
days  that  B  had  travelled  when  he  overtook  A;)  therefore  the  fum 
of  all  the  terms  (or  number  of  Miles  that  B  had  travelled )  will 
by  the  Canon  of  the  preceding  Prop  8.  be  found  to  be    ..... 

3.  And  -becaufe  A  travelled  8  (or  c)  Miles  daily,  and  had  travelled' 
the  fame  number  of  days  as  B  when  B  overtook  A,  therefore 
8  (  or  c  )  multiplied  by  a  produces  the  number  of  Miles  that 
d  had  then  travelled \  to  wit,    .    , ,    .    . 


ea 


4.  But 
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4..  But  when  B  overtook  A\  each  had  travelled  the  fame  number  of  1 
'  Miles  >  therefore  the  numbers  found  out  in  the  two  laftftepsmr.lt  ^{-aa+^a  =  a 

be  equal  the  one  to  the  other,   7112 \ 

j.  Which  Equation  alter  due  Red uthon  gives a  -  tc—  i 

Which  in  words  is  this  • 

C  A  NO  N. 

From  the'double  of  the  number  of  Miles  that  A  travelled  daily,  fubtracf  1  (or 
Unity  )  fo  ffiajl  the  Remainder  be  the  number  of  days  fought. 

Whence  the  number  of  days  required  will  be  found  15  •,  for  thedouble  of  3  is  \6y 
from  which  fubtrafting  1,  the  Remainder  15  is  the  number  of  days  fought  ■,  viz..  B 
will  overtake  A  at  the  end  of  i-j  days,  as  will  be  evident  by 

The  Proof 
If  1-  be  the  number  of  terms,  and  1  the  firft  (or  leatt)  term,  as  alfo  the  common 
difference  of  the  terms  of  anArithmerical  Progreflion  continued  -,  the  fum  of  all  the  terms 
will  (per  Canon  of  Prop.  8)  be  found  120,  being  the  number  of  Miles  which  B  had  tra- 
velled in  1 7  Days,  (according  to  the  Progreihon  of  1  Mile  the  firft  Day,  2  Miles  the  fe- 
cond, 3  Miles  the  third,  ©V.)  Alfo,  A  travelling  8  Miles  every  day,  would  in  15 
days'have  travelled  1 20  Miles.    Therefore  the  conditions  in  the  Queftion  are  fatisfied. 

®wfi.  3.  A  Merchant  difcharged  a  Debt  of  1370  I  by  feveral  Payments  made  in 
thismanner,  viz..  the  firft  payment  was  14.  /.  the  fecond  payment  exceeded  the  firft  by 
1  I  the  third  exceeded  the  fecond  by  the  fame  excels,  and  the  reft  of  the  payments 
in  like  manner.  The  Queftion  is,  to  find  how  many  payments  the  Merchant  made 
in  difcharging  the  faid  Debt?  Anfr.  120,  found  out  thus  :  -— -  - 

There  is  given  in  the  Queftion  I4-,  to  wit,  the  firft  and  lealt  term  of  an  Arithmeti- 
cal Progreflion  continued  j  alfo  7  the  difference  of  the  terms,  and  1370  the  fum  of 
ail  the  terms,  to  find  the  number  of  terms,  which  (by  Canon  1  of  the  foregoing 
Prop.  12.  of  this  CZvp.)  will  be  found  120. 

hue}.  4.  If  a  Debt  of  1370  I  was  difcharged  by  feveral  Payments  made  in  fuch 
manner  that  the  fecond  payment  exceeded  the  firft  by  p.  the  third  the  fecond,  the 
fourth  the  third,  #e.  'in  the  fame  excefs,  viz.  every  following  payment  exceeded  the 
next  preceding  by  ~  /.  and  that  the  laft  payment  was  214-  /.  What  was  the  firft  (to 
wit  the  leaft)  Payment,  and  how  many  feveral  Payments  did  the  Debitor  make  ? 
Auk.  The  firft  and  leaft  Payment  was  H  I.  (found  out  by  the  Canon  2.  of  Prop.  17.) 
and  the  number  of  Payments  was  120,  found  out  by  the  Canon  of  Prop.  18. 

gueft  7  A  Footman  travelled  r24  Miles  in  8  Days  at  this  rate,  viz.  The  fecond 
Days  journey  exceeded  the  firft  by  3  Miles,  the  third  the  fecond  by  3  Miles,  and  fo 
forward  in  that  excefs-,  How  many  Miles  was  his  firft  Days  journey,  and  how  many 
his  laft  >  Avfw.  5,  and  26  Miles  5  found  out  by  the  Canons  of  Prop.  19  and  20. 

tifuefi  6  A  Draper  bought  20  Cloths  for  20  Crowns  a  piece,  and  fold  the  firft 
Cloth  for  a  certain  number  of  Crowns ;  the  fecond  for  two  Crowns  more  than  the  firft ; 
the  third  for  two  Crowns  more  than  the  fecond  ;  and  fo  by  increafing  the  price 
of  every  following  Cloth  by  two  Crowns  more  than  the  next  preceding  Cloch,  he  lold 
the  laft  Cloth  for  41  Growjis.  It  is  delired  to  find  the  number  of  Crowns  for  which 
he  ibid  the  firft  Cloth,  and  what  he  gained  or  loft  by  all  the  Cloths. 
*  This  Queftion  implies  an  Arithmetical  Progreflion,  whole  number  of  Terms  is  20 } 
the  common  difference  of  the  Terms  is  2 ,  and  the  laft  Term  is  41  :  Therefore  by  the 
Canon  of  Prop  13.  of  thisC/wp.  the  firft  and  leaft  term  will  be  found  3  ;  and  then  by 
the  Canon  of  Prop.  1.  (or  by  the  Canon  of  Prop.  14.)  the  fum  of  all  the  terms  will 
be  found  440.  Whence  it  is  manifeft  that  the  Draper  gained  40  Crown  by  the  20 
Cloths ;  for  he  bought  them  for  400  Crowns,  and  fold  them  for  440. 

Quell  7.  Onediftributed  456  Pence  among  a  certain  number  of  poor  Perfons 
in IrTis  manner,  viz.  To  thefirft  he  gave  6  Pence,  to  the  laft  5 1  Pence  5  the  number 
of  Pence  piven  to  the  fecond  exceeded  that  given  to  thefirft,  the  third  the  fecond,  and 
fo  forward  to  the  laft  by  an  equal  excefs.  The  Queftion  is  to  find  how  manypoor 
perfons  there  were  j  and  how  many  Pence  every  one  between  the  firft  and  lait  received  ? 


48— J* 


2a—ta-\-tb—b 


CHAP.  17.     concerning  Arithmetical  Progreffion. 

To  folve  this  Queftion,  an  Arithmetical  Progreffion  muft  be  conceive  u  r  r  „ 
Term  is  6  s  the  laft  Term  is  ji  s  and  theium  of  all  the  TermS?<r6  S  if6  £rft 
non  of  Prop.  5.  the  number  of  Terms  will  be  found  16  ■  and  bvVhl'cln  %theCa- 
the  common  difference  of  the  Terms  will  be  found  3  ;  wherefore there ZZ  I°p-  6' 
Perfons:  and  ifthis  Arithmetical  Progreffion,  to  wit  6  0? -  !'<?  Z  •  6  poor 
the  llxteenth  Term  inclufive,  it  will  fhew  the  number  of  Pence  whirh ^ontInued  » 
the  poor  Perfons  received  5  and  all  thole  x  6  Terms  or  N^te^  feS  °f 
make  the  given  fum  456.  uulue*fff^»  together, 

<!heji.  8  A  Stationer  fold  7  Cor  f)  Reams  of  Pa ner   fi,»  „orf;,  1 

Ream,  that  is,  of  that  next  above  the  cheapeft,  was  8  roril  S  .  "d 

:  g«fthe  laft  otdeareftReam  was  a3  for  J  Shifting :  SatiaX^eof'eS 

RESOLUTION 
i.  For  the  price  of  the  cheapeft  or  firft  Ream  put 

2 .  Then  becaufe  the  price  of  the  fecond  Ream  was  ^ 
8,  (or  £,)  therefore  by  fubtraaing  a  from  8,( 
(or  £,)  there  remains  the  common  difference  off 
the  Terms  of  the  Progreffion,  viz \ 

3.  Then  by  the  help  of  the  leaft  term,  the  common  ) 
difference  of  theterms,and  the  number  of  terms  ( 
feek  (by  the  Canon  of  Prop.  7.  ofthisOwp.)  thef 
laft  and  greateft  term,  which  will  be  found      S 

\  53C3T  THm  kft  f°md  °"  ^  bC  CqUaI  t0  2!  f«  *5  tece  thisEona- 

r  ...i^^f',      „     Ott         2a—tct+tb-b^c 

5.  From  which  Equation  after  due  Reduftion  this  arifes;  viz. 

a  =  $  =  feft?. 

j 2 

Which  in  words  is  this 

of  the  fecond  andlaftReamSi  tfcndlSdeBeS/^f^^Tf^PriM 

£»«£  9.  One  being  asked  what  wefe  the  feveral  aopc  nfinJo  c      , 
anfwered,  that  the  age  of  the  eldeft  exceeded 7hTn?ThlI     Re  (°r  t}  ChiIdfe^ 
and  by  the  fameexcefs  the  fecond  exceeSd  the  th  rf  ,fe  ^iftV  (or  *>  Ye™ 
the  fifth  or  youngeft  Child's  age  5  ^^^^^^  ttefourth 
by  the  age  of  the  youngeft  it  would  produce  f2i ?(ft ef  Yearf  't^^P^d 
out  the  age  of  every  one  of  the  Rve  Children  ts  defired  t0  find 

The  numbers  fought  by  the  Queftion  are  in  Arithmetical  Progreffion. 

i        RE  SOLUTION. 
P  iSh.  T6  3ge  ?f  ^/owgeft  Child  (being  the? 
Sft  ofthe  Arithmetical  Progreffion  inC 
the  Queftion  J  put    .  C 

2.  Then  by  the  help  of  *,  '»  andV,  £"  the  age1? 
of  he  youngeft  Child,  the  common  difference 
oftheirages,  and  the  number  of  Children,  feek  I 
&    STf  P^-7"  ofthisC%)  the  age  f 
of  the  eldeft   that  is,  thegreateft  Term  of  the 
Progreffion,  fo  you  will  find  -  I 


J35 


*+8 


,— ._ ,      ..„„.,.  ao,     lilt,  git 

Progreffion,  fo  you  will  find 

I  lhTtet}?lX^  of  the  multiplication 
the  firft  and  laft  Terms  of  the  Progreffion  is 


aa-{-8a 


a~\-tx-~x 


(ta-\-txa — xa 
A.  Which 


Refolution  of  Queftions^  &c.  B  O  O  K  I. 

a.  Which  Product  muft  be  equal  to  128  (or  c,)  the  Product  given  in  the  Queftion? 

'  hence  this  Equation,  viz.  aa+Sa  —  128  •,        Or,     aa-\-txa — xa  =  c. 

< .  Wherefore,  by  refolving  the  laft  Equation  according  to  the  Canon  in  Self.  6.  Chap.  1  j. 

'  the  value  of  </,  that  is,  the  age  of  the  youngeft  Child  will  be  difcovered,  viz. 


__  V-ttxx — Itxx+xx-^-^c: — tx — x 

a  —  o ■ 

2 


Which  in  words  is  this  ,,,'„- 

C  A  A  0  N. 

From  the  Product  of  the  number  of  Children  multiplied  into  the  common  differ- 
ence of  their  ages  fubtraO:  the  faid  difference ;  then  to  the  Square  of  the  Remainder 
add  four  times  the  ProducT:  of  the  age  of  theeldeft  Child  multiplied  into  the  age  of 
the  youngeft,  and  extract  the  fquare  Root  of  the  fum  of  that  Addition :  then  from  the 
laid  iquare  Root  fubtracT:  the  Product  of  the  common  difference  of  their  Ages  multi- 
plied into  the  excefs  of  the  number  of  Children  above  Unity  ?  fo  the  half  of  the  Re- 
mainder (hall  be  the  age  of  the  youngeft  Child. 

Whence  thefe  five  numbers  are  difcovered,  viz.  8, 10, 12, 14,  16  ;  which  fhew  the 
number  of  Years  expreffing  the  age  of  every  one  of  the  five  Children :  for  the  ProducT:  of 
the  firft  and  laft  numbers  is  1 28,  and  the  common  difference  is  2,  as  was  required. 

Suefi.  ic.  If  the  fum  of  6  (or  t)  numbers  or  terms  in  Arithmetical  Progreffion  be 
a&Xox  z„)  and  the  Product  of  the  common  difference  multiplied  into  the  leaft  Term 
be  equal'to  the  number  of  Terms  -,  what  are  the  Numbers  of  that  Progreffion? 
RESOLUTION. 

1.  For  the  common  difference  of  the  Terms  put    .    .         a 

2.  Then  according  to  the  condition  in  the  Queftion,  7         6 
'  if  the  number  of  Terms  be  divided  by  the  common  >       — 

difference,  the  Quotient  is  the  leaft  Term,  to  wit,  3         a 
■2 .  Now  by  the  help  of  the  common  difference,  the  "\ 
"leaft  Term,  and  the  number  of  Terms,  leek  ("by/  ,72 

by  eighth  Prop,  of  this  Chap.)  the  double  fum  of  C   30fl+  — 

all  the  Terms,  fo  you  will  find    .:.;..  J 

4.  Which  double  Sum  muft  be  equal  to  twice  48,  the  Sum  given  in  the  Queftion 
hence  this  Equation  arifes,  viz. 

3oa+  Zi  =  96  5 
a 

2tt 

That  is,    .    .    tta+ ta  =  2z. 

5.  Which  Equation  duly  reduced  gives 

ifd  —  aa  =  ^4> 

That  is,    • 


tta+  ?¥.  —tA 


2t 


tt—t               t—r 
6.  Wherefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Se8. 10.  Chap.  15 
'  the  two  values  of  a  will  be  found  thefe,  viz. 

z-\-V:zz+2ttt 2tttt 

a  —  2  —  — ■ ■ : 

tt—t 

_    6    _  z— • V-.zz,-\-  2ttt—2tttt, 
T  tt—t 

•7  Each  of  which  values  of  a,  to  wit,  2  and  f  may  be  taken  for  the  common  differ- 
ence  fought.  Then  becaufe  6  is  prefcribed  in  the  Queftion  for  the  Produft  of  the 
leaft  Term  multiplied  into  the  common  difference,  let  6  be  divided  by  the  faid  2 
and  4  leverally,  and  the  Quotients  3  and  $  fhall  be  the  two  leaft  Terms  of  two 
Arithmetical  Progreffions,  each  of  which  will  folve  the  Queftion  :  And  therefore 
The  fix  numbers  fought  may  be  either  thefe,    3,   5,   7>    9>    IL>    x?  5 

Or  thefe, 5,  6-'«  lr,  %r,  9r,    «• 

In  each  of  which  Progreffions,  the  number  of  Terms  is  6  -,  the  fum  of  all  the  Terms 
is  48  i  and  the  common  difference  multiplied  by  the  leaft  Term  produces  the  number 
of  Terms.    Which  was  prefcribed  in  the  Queftion. 

The  End  of  the  Firjl  BOOK. 
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Concerning  the  Genefis  or  "Production  of  Powers  from  Roots  Bine 
mial,  Trinomial,  &c. 

I.  Tfjjr  Shall  take  it  for  granted,  that  the  Reader  of  this  Second  Book  of  Algebrai- 
cal Elements  is  well  exercifed  in  the  Firft;  and  therefore  without  making 
any  repetition  of  what  has  been  there  explained  at  large,  I  mall  proceed 
to  the  handling  of  new  matter  in  this  Myfterious  Art.    Firft  then   foraf- 
JB^  much  as  the  Extraction  of  Roots  is  undoubtedly  the  hardeft  LelTon  in  Vul- 
m  gar  Arithmetic,  and  the  Reafon  of  the  Rules  delivered  in  moft  Treatifes  of 
Arithmetic  for  extrafting  of  the  Square  and  Cubic  Roots  is  known  but  to  few  praai- 
cal  Arithmeticians,  I  fhall  explain  what  our  learned  Divine  and  famous  Mathemati- 
cian Mr.  miliamOughtred,  hath  fuccinftly  delivered  upon  this  SubiecT:  in  the  twelfth 
thirteenth,  and  fourteenth  Chapters  of  his  Incomparable  Clavis  Mathematics  •  to 
which  end  in  this  and  the  following  fecond  Chapters  I  fhall  firft  fhew  the  Genefis  or 
Produaion  of  Powers  from  Roots  Binomial,  Trinomial,   &c.  and  then  in  the  third 
and  fourth  Chapters  their  Analyfis,  or  the  Extraaion  of  the  Root  or  Side  out  of  any 
given  Power,  whether  it  be  exprefs'd  by  the  Number  or  Letters. 

•  Ir  fij?  Line  or  Number  be  divided  into  any  two  parts,  fuppofe  a  the  greater  and 
etheleffer,  th^feconnefted  by  the  Sign  +  or  —  do  conftitute  a  Binomial  Root  as 
a  +  e  or  a—e,  the  Inter  of  which  fome  call  a  Refidual  Root,  becaufe  it  imports  a  Re- 
mainder, viz.  the  difference  ofthe,  two  Names  or  Parts  of  the  Root.  In  like  manner  thefe 
Compound  Quantities^ -f^-ft^  a—b—c-,  and  the  like,  may  be  called  Trinomial 
Roots,  beguile  each  of  "hem  confifts  of  three  Names  or  Parts ;  and  a  ■+■  b  +  c  -f  d  a 
Quadnnomial  Root,  that  is,  a  Root  confifting  of  four  Parts :  And  fo  of  others. 

;  III.  From  a  Root  Binomial,  Trinomial,  &c.  Algebraical  Powers  may  be  produced 
in  like  manner  as  from  a  fimple  Root,  viz.  by  a  continued  Multiplication  of  the  Root 
into  it  felf.  its  for  Example :  The  Binomial  Root  a+e  being  multiplied  by  it  felf 
that  is,  a+e  by  «+e,  produces  aa+2ac+ee,  the  Square  of  a+e.  Again,  if  the 
Square  aa+zae+ee  be  multiplied  by  its  Root  a+e,  the  Produa  will  be  aaa+ym 
+jaee+eee,  which  is  rhe  Cube  ofthe  Root  a+e  5  and  if  the  faid  Cube  be  multipli- 
ed by  its  Root  a+e,  it  will  produce  the  fourth  Power  :  and  fo  you  may  proceed  to 
find  a  fifth,  fixth,  or  what  Power  you  pleafe  from  the  Binomial  Root  a+e.  But 
tor  the  greater  evidence  view  the  following  Operation. 

S  Binomial 
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Binomial  Root,     .      «+* 
a-^e 


aa-\-ae 
•\-ae-\-ee 


Square,    ....     aa+2ae+ee. 
a\e 


aaa-\-2aae-\-aee 

4-  aae-\- 2aee-\- eee 


Cube*    ....       aaa+iaae+iaee+eee 


aaaa-\-  %aaae-\-  %aaee-\-aeee 

-j-  aaaeJriaaee-\-iaeec-\-eeee 


Biquadrate,     .     .     aaaa-\-qaaae-\-6aaee-{-<\aeee-\-eeee. 

After  the  fame  manner,  if  the  Refidual  Root  a— e  be  multiplied  by  it  lelf,  the  Pro- 
duct will  be  aa — 2ae\ee  the  Square  of  a — e.  Again,  if  the  Square  aa—2ae-\-e» 
be  multiplied  by  its  Root  a — <?,  the  Produft  will  be  aaa — 7,aae-\-  ?aee — eee,  which 
is  the  Cube  of  the  Root  a— e.  And  fo  you  may  proceed  to  find  a  fourth,  fifth,  or  what 
Power  you  pleafe  from  the  Refidual  Root  a— e  j  view  the  following  Work. 


Refidual  Root    . 

a— e 
a — e 

aa — ae 
— ae-\-ee 

Square,    .    .    . 

aa — tae-\-  ee 
a — e 

aaa — 2aae-\-aee 
—aae-\-  zaee—eee 

Cube,    .... 

aaa — 7,aae-\-  %aee — eee. 
a — e 

aaaa — %aaae-\-  ^aaee — aeee 

— aaae-\-  %aaec — ^aeee-\-eeee 

Biquadrate,     :     .        aaaa — ^aaae-\-6aaee — ^aeee-\-eeee. 

By  thofs  two  Examples  it  is  manifeft,  that  the  Powers  from  the  Refidual  Root  a — e 
differ  only  in  the  Signs  +  and —  from  like  Powers  formed  from  the  Binomial  Root 
a  4-  e-,  for  in  every  Power  of  a  Refidual  Root,  the  Signs  prefix'd  before  the  Parts  or 
Members  of  the  Power  are  alternately  -f-  and — ;  viz.  the  greateft  or  firft  Member 
is  Affirmative,  the  fecond  Negative,  the  third  Affirmative,  the  fourth  Negative,  and 
lb  forwards :  as  you  may  fee  in  the  Cube  of  a — ?,  where  aaa  the  greateft  extreme  Mem- 
ber is  Affirmative-,  the  next  Number  in  order  being — -$aae  is  Negative  -,  the  third 
Member  ■+•  laee  is  Affirmative ;  and  the  laft  (to  wit,  the  leaft)  Member — eee  is  Ne- 
gative. But  in  every  Power  produced  from  a  Binomial  Root,  whofe  Parts  are  con- 
nected by  -f ,   as  a-\-e,  all  the  Members  of  the  Power  are  Affirmative. 

IV.  If  according  to  the  Conftru£tion  in  the  laft  preceding  Seiiion  a  Scale  or  Rank 
of  Powers  be  formed  from  a  Binomial  Root,  as  from  <*+<?,  the  Members  of  each 
Power  to  the  tenth  inclufive  will  be  fuch  as  you  fee  in  the  following  Table,  where  the 
two  laft  Powers  are  compendioufly  exprefs'd  according  to  Cartefus  his  way. 

A 
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A  Table  of  Powers  produced  from  the  Binominal  Root  «  + 


«>      »     The  Root. 


\o 

§1 

On 
ft 
ft 

CO 

ft 

ON 

ft 

On 
ft 

03 
TO 

ON 

ft 

ft 

ft 

■^-v 

TO 

TO 

TO 

TO4 

TO 

TO 

<Zy 

-f^ 

M 

N> 

►o 

to 

O 

-~1 

wi 

>-* 

4± 

*-* 

o 

ft 

TO 

<  > 

(> 

o 

TO 

^i 

ft 

o 

s-\ 

lO 

ft 
TO 

ft 
to' 

+1 

ft 

TO 

ft 

TO* 
-I* 

ft 

to' 
TO 

O 

.  V  By  the  foregoing  Table  it  is  evident,  that  the  Square  of  a+e  confix  nf  i 
sae+eei  which  mews,  that  if  a  Number  be  divided  into  an  v  two  nS?  thl  z  + 
of  that  Number  fhall  be  equal  to  the  Squares  of  the  Sffife 
made  by  the  Multiplication  of  the  parts  one  into  tto? other  SS'-S119 
i  o  and  2,  which  may  be  fignified  by  a  and  e,  then  .  «  *  "  be  divided  into 


The  Square  of  io  is    .     .    . 
Product  of  io  multiplied  by  2  "> 
is  20,  which  doubled  makes  j" 
The  Square  of  2  is 


loo 
40 
•  4 


act 

2ae 

ee 


Which  three  Numbers,  to  wit,  100,  40,  and  4  ~)  ~~ 

added  together  make  the  Square  of  1 2,  viz.     y    '44  =  *«+  zae-^te. 

Jr^TI^I  fn  fa'd  Jable mews,  that  the  Cube  or  third  Power  of  theBinomi- 

S?l t.  y  ^F^thus:  Suppofe  j2  to  be  divided  into  loand  2,  which  mwVas 
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The  Cube  of  i o  is iooo 

The  Square  of  iois  ioo,  whichmul-7 

tiplied   by  2  produces  200,  this>  .    6co 

tripled  makes 3 

Again,  10 multiplied  by  4theSquare7 

of  2  produces  40,  the  Triple  where-  S-  .    120 

ofis 3 

The  Cube  of  2  is 8 


l<tee 
eee 


Which  four  Numbers,  was.  1000,  <<oo,  7 

1 2 o,and  8,added  together  make  the  >  .    i-j2S=aaa-\-^aae-\-^aee+eee 
Cube  of  1 2,  (or  1 2X 1 2X 1 2)  that  is  ^ 
After  the  fame  manner  the  reft  of  the  Powers  in  the  Table  might  be  exprefs'd  hy 
Words.    Whence  'tis  evident,  that  this  literal  Method  difcovers  many  Properties  in 
Powers,  which  in  Numeral  Calculations  do  lie  in  obfcurity. 

VI.  Moreover,  by  a  bare  Inlpecf  ion  into  the  laid  Table  it  may  be  perceived,  that 
the  Number  prefix'd  to  every  one  of  the  mean  Membets  of  every  Power  produced  from 
the  Binomial  Root  a+  e,  is  compofed  of  the  two  Numbers  prefix'd  to  the  next  fuperi- 
our  and  inferiour  Members  of  the  next  preceding  Power.  As  for  example  :  If  you 
conceive  the  Line  upon  which  3  aae  is  fet  to  be  continued  forth  at  length,  it  will  pals 
between  aa,  that  is,  laa  and  iae,  in  the  foregoing  fecond  Power  (or  Square.)  Now 
I  fay  that  the  number  3  prefix'd  to  aae  is  the  fum  of  1  and  2  the  Numbers  prefix'd  to 
aa  and  ae.  Likewife  the  number  6  prefix'd  to  aaee,  one  of  the  Members  of  the  fourth 
Power,  is  compofed  of  3  and  3,  the  Numbers  prefix'd  to  aae  and  aee  in  the  third 
Power.  Again,  the  number  15  prefix'd  to  aaaaee  is  the  fum  of  5  and  10,  the  Num- 
bers prefix'd  to  aaaae  and-«««e  in  the  fifth  Power.  Hence  a  Table  may  be  made  to 
(hew  what  Numbers  are  to  be  prefix'd  to  the  mean  Numbers  of  every  Power. 

A 
2      For  the  Square. 


For  the  Cube. 


4      For  the  fourth  Power. 


10  .   10  .    5      For  the  fifth  Power. 


15    .    20  .  15  .    6      For  the  fixth  Power. 


3  j    .35.21.7      For  the  feventh  Power. 


.   28   .   56   .   70  .   56   .  28   .    8      For  the  eighth  Power. 


9    .   36  .   84  .   126  .  126  .  84  .    36  .    9      For  the  ninth  Power. 


10    .  45  •  120  .210  .  272.  210  .  120  .  4J  .  10      For  the  tenth  Power. 


B  C 

In  this  Table  the  Numbers  from  A  to  2?,  and  likewife  from  A  to  C,  do  proceed 
from  2  in  an  Arithmetical  Progreflion,  having  1  (to  wit,  Unity)  for  a  common  dif- 
ference ;  and  every  one  of  the  mean  Numbers  ftanding  between  the  fame  Term  of 
each  Progreflion,  is  compofed  of  the  two  Numbers  which  ftand  next  above  each  mean 
Number  refpecYively  :  As  6,  which  ftands  between  4  and  4,  is  the  Sum  of  3  and  3, 
which  ftand  aboveand  on  each  fide  of  6  :  likewife  10,  which  is  fet  between  5  and  j , 
is  the  Sum  of  6  and  4  which  ftand  above  10  5  and  fo  of  the  reft.  So  that  this  Table 
may  be  eafily  continued  further  at  pleafure. 

VII.  Any  Power  of  a  Binominal  or  Refidual  Root  exprefs'd  by  Letters,may  without 
a  continued  Multiplication  of  the  Root  into  it  felf  be  eafily  formed  by  the  following 
Method,  which  is  deduced  from  the  Premifes,  viz.   Suppofe  the  fifth  Power  of  the 
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(2) 


0) 


aaaaa 

aaaaa 

aaaae 

5 aaaae 

aaaee 

1  oaaaee 

aaeee 

I  oaaeee 

aeeee 

5 aeeee 

eeeee 

eeeee 

Binominal  Root  a+e  be  defired  ;  Firft,  I  write  all  the  fimple  Powers  of  a  defending 
orderly  from  the  fifth  Power  downwards  to  the  Root  a  5  as  aaaaa,  aaaa  aaa  aa 
and  a,  as  here  you  fee  in  the  firft  Columel :  then  to  '       ' 

all  thofe  Powers,  except  the  uppermoft  aaaaa,l  joyn  (1) 

fuch  fimple  Powers  of  e,  that  the  Sum  of  the  Indi- 
ces of  both  Powers  may  make  ?,  viz.  To  aaaa  I  aaaaa 
joyn  e ;  to  aaa,  ee,  to  aa,  eee-,  and  ro  a,  eeee-,  then  aaaa 
I  write  eeeee  underneath  ;  fo  that  there  are  fix  di.  aaa 
ftincfMembers  orTerms,every  one  of  which  confifts  aa 
of  five  Dimenfions,  as  you  feeinthefecondColumel.  a 
That  done,  by  the  Table  in  the  foregoing  Se8.  6. 
I  find  that  the  Numbers  5,  10,  10,  and  5  are  to  be 
prefix'd  before  the  mean  Members  of  the  fifth  Power  ;  and  accordingly  I  fet  ?  before 
aaaae,  10  before  aaaee,  likewife  10  before  aaeee,  and  5  before  aeeee  -,  laftly,  by  prefix- 
ing •+, or  fuppofing  it  to  be  prefix'd  before  every  one  of  the  faid  five  Members  the 
fifth  Power  of  the  Binominal  Root  «-j-  e  is  compleated,  as  you  fee  in  the  third  Columel 
and  in  every  refpecf.  agrees  wirh  the  fifth  Power  in  the  Table  in  the  foregoing  Sett  4. 
But  if  the  Signs+and— be  alternately  prefix'd  before  the  Members  of  the  faid  fifth 
Power,  according  to  what  has  been  laid  at  the  latter  end  of  SeS.  3.  it  will  be  the 
fifth  Power  of  the  RefidualRoot  a — e. 

VIII.  Laftly,  from  a  Root  confifting  of  three,  four,  or  any  number  of  parts  the 
Square,  Cube,  or  any  higher  Power  of  the  Root  may  be  produced  by  a  continued 
Multiplication  of  the  Root  into  it  felf:  As  the  Trinomial  Root  a-\-b-\-c  being  mul- 
tiplied by  it  felf,  its  Square  will  be  found.  aa-\-zab-\-zac-\-bb-\-  zbc\cc  ■  and  this 
Square  multiplied  again  by  its  Root  a+~b+c  produces  the  Cube  of  the  fame  Root 
that  is,  aaa+iaab+iaaq+iabb+Sabc+iacc+bbb+T.bbc+ibcc+ccc.  After  the 
fame  manner  Powers  may  be  produced  from  a  Root  confifting  of  four,  or  any  Num- 
ber of  Parts.  And  if  the  Conftitution  of  Powers  exprefifd  by  Letters  be  ferioufly 
confidered,  it  will  befome  help  todifcover  whether  an  Algebraic  Quantity  confifting 
of  more  than  three  Members  or  Terms  be  a  perfect  Power  or  not,  and  alfo  give  fome 
light  to  difcover  its  Root. 


CHAP.    II. 

Concerning  the  Compofition  of  Towers  in  Numbers  from  a 
Binominal  Root, 


Se£L  I.     Of  the  Compofition  of  a  Square  from  a  Number  given  for  the 
Side  or  Boot. 

1.  QUppofe  the  Square  of  the  Root  28  be  defired :  Firft,  write  down  theRoot  28  in 
O  fuch  manner  that  there  may  be  fpace  enough  to  fet  one  Figure  between  2  and 

8,  and  let  a  Line  be  drawn  under  them-,  as  alfo  two  downright  Lines,  the  one  next  after 

2,  and  the  other  after  8,  to  the  end  the  Numbers  which  are  to  be  found  out  may  be 
orderly  placed  for  Addition:  then  let  the  Root  28  be  conceived  to  be  divided  into 
theft  two  parts  20  and  8,  and  let  a  be  put  for 
the  greater  part,  and  e  for  the  lefTer.  Now 
fcrafmuch  as  the  Square  of  a-\-e  is  aa-\- zae  fl==20 
-fee,  therefore  the  Square  of  28,  or  of  20  e—  g 
4-8  may  be  compofed  thus,  vh.  TheSquare 
of  20  is  400,  (or  aa  -,)  the  double  of  20  is 
40,  (or  2a)  which  multiplied  by  8  (ore)  pro- 
duces 320,  (that  \s,iae;)  and  the  Square  of  8 
is  64  (or  ee.)    Laftly,  the  faid  three  Numbers  400,  320,  and  64,  being  fet  under  one 

ano- 


Root  propofed. 


Square  required. 
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another  in  fuch  order,  that  Units  may  Hand  under  Units,  Tens  under  Tens,  &c.  and 
added  together  the  Sum  makes  784,^  the  Square  of  the  Root  28  ;  as  may  eafily  be 
orovedby  multiplying  28  into  it  felt. 

2  When  the  given  Number  or  Root  whofe  Square  is  defired  confifts  of  three  or 
more  Diace<=  as  47803  •,  firft,  the  Square  of  the  two  foretnoft  Figures  towards  the  left 
Hand  that 'is  of  47,  mull  be  found  out  in  like  manner  as  before  in  the  firft  Example, 
fo  there  will  be  produced  2  209  for  the  Square  of  47,  as  you  fee  in  the  following  Exam- 
ple 2  Secondly,  write  47  in  a  void  place,  and  annex  a  Cypher  to  it,  fo  it  makes  470, 
this  Number  muft  now  be  efteemed  a,  and  8  the  next  following  Character  of  the  Root 
muft  be  taken  for  e ;  and  then  according  to  thefe  values  of  a  and  e  the  Numbers  figni- 
fied  bv  aa  2<u  and  ee,  being  added  together  make  228484  for  the  Square  of  4-78,  (as 
vou  fee  here  underneath.)  Where  obferve,  that  to  find  the  Square  of  470  (that  is, 
of  a)  vou  need  only  annex  two  Cyphers  to  2209,  which  was  before  found  for  the 
Sauare  of  47.  Thirdly,  annexaCypher  to  478  inavoid  place,  and  it  makes478ofor 
a  new  Value  of  <*,  and  the  next  following Chara&er  of  the  Root,  to  wit  o,  is  the  new 
Value  of  e  then  according  to  thefe  Values  of  a  and  e,  the  Value  of  aa-\-  2ae-\-ee  is 
100 'to  wit  aa  only}  for  e=o,  and  confequently  zae-\-ee=o:  fo  the  faid 


22S4S400,  10    vvu    ««  u.»j  »   —   -      -5 t    ixi      I        '        •  r>      i_ 

22848400  is  found  for  thebquare  of  4780.  Laftly,  by  annexing  a  Cypher  to  4780  it 
makes  47800  for  a  new  Value  of  a,  and  3  the  laft  Figure  of  the  Root  is  the  new  Va- 
lue of  e  ■  then  according  to  thefe  Values  of  a  and  e  the  Sum  of  the  Numbers  fignified 
by  act  lae  and  «,  makes  2285126809,  which  is  the  Square  of  the  laid  given  Root 
47803  as 'may  eafily  be  proved  by  multiplying  the  faid  Root  by  it  ielf.  Compare 
the  following  Example  with  the  precedent  Direftions. 


Example 

2 

of  Sea.  I. 

4 

7 

S 

0 

± 

Root  propofed. 

«=4o 

16 

00 

act 

e=  7 

5 

6c 

gae 

49 

ee 

«=47o 

22 

co 

00 

act 

ess      8 

IS 

20 

2ae 

64 

ee 

«=478o 

22 

84 

84 

00 

act 

e—      0 

CO 
CO 

2ae 
ee 

a— 47800 

22 

84 

s4 

OC 

00 

ace 

e=r         5 

2S 

68 

CO 

09 

lae 

ee 

22 

8$ 

12 

68 

-9 

Square  required. 

Sett.  II.    Of  the  Compofition  of  a  Cube  from  a  Number  given  for  the  Side  or  Root. 

1  Let  the  Cube  of  the  Root  28  be  defired  :  Firft,  I  write  the  Root  28  in  fuch 
manner,  that  there  may  be  fpace  enough  to  fet  two  Figures  between  2  and  8-,  then  ha- 
ving drawn  a  Line  under  28,  and  down- 
right Lines  as  before  in  the  Square,  I 
conceive  the  Root  28  to  be  divided  in- 
to 20  and  8,  that  is,  a  and  e.  Now 
forafmuch  as  the  Cube  of  a+e  is 
compofed  of  thefe  tour  Members,  viz. 
aaa,  ^aae,  %aee,  and  eee ,  (as  appears 
by  the  Table  in  Sett.  a.  Chap.  1.  )  there- 
fore the  Cube  of  20+8  (that  is,  of  28)  may  be  compofed  thus,  viz.  Firft,  the 
Cube  of  20  is  8ooo,  (that  is,  aaa.)    Secondly,  the  triple  of  the  Square  of  20  being 

mul- 


2| 

8 

Root  propofed. 

a  — 20 

8000 

aaa 

e=  8 

9600 

laae 

3840 

7,aee 

712 

eee 

21 

952 

Cube  defired. 
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multiplied  by  8  produces  9600,  (chat  is,  iaae;)  thirdly,  the  triple  of  20  being  mul- 
tiplied by  the  Square  of  8  produces  9840,  ('that  is,  *aee  -J  fourthly,  the  Cube  of  8 
is  512,  (that  is,  eee-,  laftly,  .the  faid  four  Numbers  8000,9600,3840,512,  being  fet 
under  one  another  in  fuch  order  that  Units  may  itand  under  Unit?,  Tens  under  Tens 
iffc.  and  added  together  make  21952,  the  Cube  of  the  given  Root  28. 

2.  When  the  given  Number  or  Root  whofe  Cube  is  defifed  conlifts  of  three  or  more 
places,  as  2850?  ;  Firft,  the  Cube  of  the  two  foremoft  Figures,  that  is,  of  28    mult 
be  found  out  in  like  manner  as  before  in  Example  1.  fo  there  will  be  produced  21972 
Secondly,  write  28  in  a  void  place,  and  annexing  a  Cypher  to  it,  it  makes  280    this 
Number  muft  now  be  efteemed  <z,  and  5  the  next  following  Character  of  the  'Root 
muft  be  taken  for  e  ;  then  according  to  thefe  values  of  a  and  e  the  Numbers  fignified 
by  aaa,  %aaet  -$aee,  and  eee,  being  added  together  make  23149125  for  the  Cube  of 
285,  (as  you  fee  in  Example  2.)  where  obferve  that  to  find  the  Cube  of  280    that  is 
of  a,  you  need  only  annex  three  Cyphers  to  21 952,  which  was  before  found  for  the 
Cube  of  28.    Thirdly,  annex  a  Cypher  to  285  after  it  is  fet  in  a  jpare  place   and  it 
makes  1850  for  anew  value  of  a,  and  the  next  following  Character  of  the  Root    to 
wit,  o,  is  the  new  value  of  e  :  Then  according  to  thefe  values  of  a  and  e   the  value 
of  aaa+iaai+iaee-teee  is  23149125000,  that  is,  aaa  only  ;  for  <?=o/and  confe- 
quently  $aae-\-$aee+eee=o,  fo  the  faid  23149123:0000  is  found  for  the  Cube  of 
2870.    Laftly,  by  annexing  a  Cypher  to  2850  it  makes  285-00  for  a  new  value  of 
a,  and  3  the  laft  Figure  of  the  Root  is  the  new  value  of  e ;  then  according  to  thefe 
values  of  a  and  e  the  Sum  of  the  Numbers  fignified  by  00a,  laae,  a««>  and  eee 
.makes  23156436019527,  which  is  the  Cube  of  the  given  Root  28503,  asmayeafily 
be  proved  by  multiplying  the  faid  Root  into  it  felf  Cubically.    Compare  the  follow- 
ing Example  with  the  precedent  Directions. 
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e=  8 


Sect.  III.    0/  ?/:>£  Comport  ion  of  a  Biquadrate,  or  the  fourth  Power,  from  a 
Number  given  for  the  Root. 

i .  Let  the  Root  28  be  propofed,  and  itsBiquadrate  or  fourth  Power  defired.  Firft, 
I  write  the  Root  28  in  fuch  manner  that  there  may  be  fpace  enough  to  kc  threeFigures 
between  2  and  8}  then  having  drawn  a  Line  under  28,  and  downright  Lines,  as  in  for- 
mer Examples,  I  conceive  the  Root  28  to  be  divided  into  20  and  8,  that  is,  *r  and  e; 
nowforafmuchastheBiquadrate,  or  fourth  Power  produced  from  the  Binomial  Root 
a+e  is  aaaa -{■  qaaae -\- 6aaee -\- ^.aeee -\- eeee,  (as  appears  by  the  Table  in  Sett.  4. 
Chap.  1.)  therefore  the  fourth  Power  of  20+8,  (that  is,  of  28)  may  be  compofed 

thus,  vhi.  Firft,  the  fourth 
81    Root  propofed.  Power  of  20   is   160000, 

(that  is  aaaa-,)  fecondly, 
four  times  the  Cube  of  20 
being  multiplied  by  8  pro- 
duces 256000,  (  that  is, 
^aaae  -,)  thirdly,  fix  times 
the  Square  of  20  being 
multiplied  by  the  Square 
of  8  produces  153600, 
(that  is,  6aaee-t)  fourthly,  four  times  20  multiplied  by  the  Cube  of  8  produces 
40960,  that  is,  \aeee-,  fifthly,  the  fourth  Power  of  8  is  4096,  ( that  is,  eeee  -J  laltly, 
the  Sum  of  all  the  faid  fiveNumbers,  to  wit,  160000,  256000,  153600,  40960,  and 
4096  makes  614656,  which  is  the  fourth  Power  of  28  the  Root  propoied  h  as  will 
eafily  appear  by  the  Multiplication  of  28  four  times  into  it  felf. 

2.  When  the  givenNumber  or  Root  whofe  fourth  Power  is  defired  confifts  of  three 
Places  as  285 ;  Firft,  the  fourth  Power  of  the  two  foremoft  Figures  28  muft  be  found 
out  in  like  manner  as  in  Example  1.  of  this  SeEl  fo  there  will  be  produced  614656 
for  the  fourth  Power  of  28.  Secondly,  let  28  be  fet  in  -oid  place,  and  annex  a 
Cypher  to  it,  fo  it  makes  280,  which  muft  new  be  eftei  ..  i  a,  and  5  the  next  fol- 
lowing Charafter  of  the  Root  muft  be  taken  for  e ;  and  ch<  according  t :  thefe  values 
of  a  and  e  the  Numbers  iignified  by  aaaa,  ^aaae,  6ac.ee,  qaeee,  and  eeee  being  added 
together  make  6597500625,  which  is  the  fourrh  Power  of  the  given  Root  285  and 
the  work  will  ftand  as  you  fee  in  the  following  Example  2.  After  the  fame  manner 
the  work  is  to  be  continued  when  the  given  Root  confifts  of  more  than  three  places, 
as  is  manifeft  by  the  following  Example  3. 
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Example  3.  of  Seft.  HI. 
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1 740*06  2  5]  biquadrate  defired. 


3200000 
6400000 

51:20000 

2048000 
409600 

132768 


172,10368 


Seft.  IV.  Of  the  Compofition  of  the  fifth  Power  from  a  Number  given  for  its  Root. 

1.  Let  the  Root  28  be  propofed,  and  its  fifth  Power  defired  :  Firft,  let  the  Root  28' 
be  written  in  fuch  manner,  that  there  may  be  fpace  enough  to  fet  4  Figures  between 

2  and  8  •,  then  having  drawn  a  Line  under  28,  and  downright  Lines,  as  in  the  Exam- 
ples of  the  precedent  Section,  let  28  be  conceived  to  be  divided  into^o  and  8  that  is 
a  and  e  h  now  forafmuch  as  the  fifth  Power  produced  from  the  Binomial  Root  «4  e  is 
aviaa\^aaaae\\oaaaee-\-\oa,xeee-\-^aeeee-\eeeee^  (as  is  manifeft  by  the  Table  in 
lEaSF.  4.  Chap.  1.)  Therefore  the  fifth  Power 
of  20-i-S  (that  is,  of  28)  may  be  compo- 
fed  thus  5   Firft,  the  fifth  Power  of  20  is    <*=2o 

3  200000,  f  that  is,  aaaaa  ^  )  fecondly,  five  e  =:  8 
ti.nes  the  fourth  Power  of  20  being  multi- 
plied by  8  produces  6400000,  (that  is, 
^axaae  •,  )  thirdly,  ten  times  the  Cube  of  20 
being  muliplied  by  the  Square  of  8  produ- 
ces 512C000,  that  is,  loaaaee-, )  fourthly, 
ten  times  the  Square  of  20  multiplied  by  the 
Cube  of  8  produces  2048000,  (that  is,  ioaaeee  5 )  fifthly,  five  times  20  multiplied 
Iby  the  fourth  Power  of  8  produces  409600,  (that  is,  ^aeee-J  fixthly  the  fifth 
Power  of  8  is  32768,  (that  is,  eeeee;  laitly,  the  Sum  of  all  thofe  fixNumbers  viz 
3200000,  6400000,  5120000,  2048000,  409600,  and  32768  makes  17210368° 
which  is  the  fifth  Power  of  2  S  the  Root  propofed,  as  will  eafily  appear  by  multiplying 
28  five  times  into  it  felf.  rr    6 

2.  When  the  given  number  or  Root,  whofe  fifth  Power  is  defired,  confifts  of  three 
places,as  285  ;  Firffthe  fifth  Power  of  the  two  foremoft  Figures  28  muft  be  found  out 
in  likerrunner  as  in  Example  1.  of  this  Sett,  fo  there  will  be  produced  17210368  for 
the  fifth  Power  of  28.  Secondly,  let  28  be  fet  in  a  void  place,  and  annex  a  Cypher 
to  it,  fo  it  makes  280,  which  muft  now  be  eft eemed  a,  and  5  the  next  following  Cha- 
racter of  the  Root  muft  be  taken  for  e  -,  then  according  to  thefe  values  of  a  and  e  the 
Numbers  fignified  by  wms,  ^aaaae,  loaaaee,  ioaaeee,  %aeeee,  and  eeeee,  being  added 
together  make  1 8802876781 25,  which  is  the  fifth  Power  of  the  given  Root  2S5 
and  the  work  will  ftand  as  you  fee  in  the  following  Example  2.  Nor  will  the  Ope- 
ration be  more  difficult  (though  more  laborious)  to  find  the  fifth  Power  of  a  Num- 
ber (or  Root,)  confifting  of  four  or  more  places. 
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Example  z.  of  Sefr.  IV. 
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Fifth  Power  defired. 

By  the  Precedent  Rules  and  Examples  of  this  Chapter,  the  Ingenious  Reader  will 
eafily  apprehend  how  to  compofe  the  fixth,  feventh,  or  any  high.-r  Power,  from  a 
Root  given  in  Number,  and  confideredus  a  Binomial  a.+  c,  as  berore  hath  been  di- 
rected. The  main  Bufinefs  confiftingin  a  right  underftanding  of  the  Number  fignified 
by  a  and  e,  and  in  finding  out  the  Numbers  anfwering  to  the  Members  of  the  defired 
Power  of  rf-fe,  according  to  the  Table  in&#.4.  of  the  precedent  Cbap.  1. 


CHAP.     III. 

Concerning  the  Refolution  of  Powers  expreft  by  Numbers,  or  the 
Extraction  of  all  kinds  of  Roots  out  of  Powers  given  in 
Numbers. 

SeSt.  I.  Of  the  Extraction  of  the  Square  Root  out  of  a  Number  given. 

1.  T  Et  it  be  obferved  in  general,  that  the  Refolution  of  every  Power  given  in 
I  ,  Numbers  confifts  in  a  Regular  Subtraction  of  thole  Numbers  which  arefup- 
pofed  to  be  added  together  in  the  Compofirion  of  each  Power  refpeftively,  accord- 
ing to  the  Rules  of  the  lalt  preceding  Chap'er,  wherein  I  prefuppofe  the  Reader  to 
be  well  exercifed.  And  for  the  more  ready  Extraction  of  any  Root,  it  will  be  conve- 
nient to  have  in  a  readinefs  the  refpeftive  Powers  of  the  nine  fingle  Figures  ;  as  if 
the  Square  Root  be  defired,  then  theSquaresof  1,  2,  3,  4,  5,  6,  7,  8,  o,  will  be  ule- 
ful,  which  Roots  and  Squares  areexprelt  in  the  foilowingTabulet. 

ROOTS. 
SQUARES. 

2.  When  a  whole  Number  is  propoied,  and  its  Square  Root  defired,  the  Number 
propofed  mutt  be  prepared  for  Extraction,  by  diltributingit  into  parts  or  members  af- 
ter this  manner,  van.  Firft,  fet  a  point  over  the  firlt  or  Units  place  of  the  given  Num- 
ber, then  palling  over  the  fecond  place  let  another  Point  over  the  third  ;  alio  palling 
over  the  fourth  place  fet  another  Point  over  the  fifth:  and  in  that  order  if  there  be  more 
places  in  the  given  Number,  Points  are  to  be  fet,  fo  that  between  every  two  Points 
which  ftand  next  to  one  another,  there  will  be  one  place  without  any 
1 19025"      Point  over  it.  Asfor  Example  :  If  the  Square  Root  of  1 19025  be  defi- 
red, I  fet  Points ashere  you  fee,  whereby  the  faid  Number  is  diftributed. 
into  3  Members,  to  wit  11,90,25.  In  like  manner  if  the  Square  Root  of  785  be  defired. 

the 
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the  Points  will  ftand  as  you  fee  here,  whereby  the  faid  78413  diftributed  into  two 
Members  7  and  84.  The  Points  fet  as  aforefaid  (hew  the  number  of 
places  that  will  be  found  in  the  Root  5   for  if  there  be  two  Points,  '  R   • 

there  will  be  two  places  in  the  Root ;  if  three  Points,  then  the  Root'         7  8  4 
will  confift  of  three  places,  &.c,  The  Points  alfolhew  what  Member  of  the  Number  ei 
ven  belongs  to  the  rinding  out  of  every  (ingle  Charafter  of  the  Root  fought   as  is  evi' 
dent  by  the  Rules  in  SeB.i.  of  the  precedent  Chap.  2.  Thefe  things  being  premifed^ 
preparatory  to  the  Extraaion  of  the  Square  Root,  I  ffiall  proceed  to  Examples. 

Example  1. 

[  3.  Let  it  be  required  to  extraft  the  Square  Root  of  784.  By  the  Preceding  Rule  2 
it  is  evident  that  the  defired  Root  confifts  of  two  places,  viz.  of  fome  number  of  Tens 
under  100,  and  of  fome  number  of  Units  under  10  5  which  two  numbers  (agreeable 
to  the  compofitionofaSquare  m&ff.  1  of  the  precedent  a^.  2.Jmay  be  repFefented 
by  a  and  *;  fo  that  a  and  e  figmfie  the  Root  fought ;  and  confidently  the  Square  of 
#+*  that  is,  aa*  2ae+ee  is  equal  to  the  propofed  Number  784.  Now  to  find  out 
the  number  of  Tens,  (that  is;  a)  in  the  Root  j  (after  a  crooked  Line  is  drawn  on  the 
right  hand  of  the  given  Number,  that  the  Root,  like  the  Quotient 
mDivifion,  may  be  fet  next  after  the  faid  crooked  Line  as  alfo  "    ' 

a  downright  Line  next  after  each  of  the  Points,  as  here  you  fie  •)  7 

thefirft  work  in  the  Extraftion  is  always  to  fubtracT:  the  greateft      __1 
Square  whole  Number  contained  in  the  firft  Member  towards  the  I 

left  hand  from  the  ftirl  MpmW  nnA  tr>  write  +ua  d — *  ~r^.  ^  • ,  31' 
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,tt,     ',"£""■  *  *""*""  wiiiamcu  m  me  mil  meinoer  towards  the  ,  qa 

left  hand  from  the  faid  Member,  and  to  write  the  Root  of  the  faid  4 

fquare  Number  in  the  Quotient  for  the  firft  fingle  Figure  of  the  defired  Root-  fo  a  he 
ang  the  greateft  Square  contained  in  the  firft  Member  7, 1  fobferibe  4  under  7  and  fet 
a  the  Root  of  the  faid  4  in  the  Quotient ,  then  after  a  Line  is  drawn  under7!  I  fob 
traa  4Jrom7,  or ^400 from  784,  and  there  remains  the  Refolvend^,  thaJis  Jhat 
part  of  the  given  Number  784  which  is  yet  to  be  refolved.  Now  obferve  that  the 
faid  2  in  the  Quotient  inrefpeft  of  the  next  following  unknown  Charafter  of  he 
Root,  is  really  20,  which  isthe  Number  fignified  by  /in  the  Compofit  on  and  the 
Square  of  20  to  wit  4*0,  is  m,  whichbeing  thefirft  Number  found  in  the ComoofiK 
S?riptrSfilNu?1f  S>be  fubtraaed  in  the  Refolution.  Obferve  alfo,  thatThe  next 
Pcl^t^^  ^^  k  ^  »  b£  3  *%».  ***«  ME* 
^•4VTh!"  ■  Proc,eed  to  find  the  value  of  <?,  that  is,  the  greateft  fingle  Character  wirh 
this  Condition,  that  the  fomof  the  Namb^%nfied  IqS^«SJS£SS 
Refolvend  384  .for  from  this  Number  that  fommuft  be  fobbed.  NowbecSfo? 

under  the  Refolvend;  then  I  divide  the  faid  RefoU  J    ' 

w«ii  3  84  by  40,  and  find  the  Quotient  9  for  the  Jl,  • ,  ,  n 

Numbers,  provided  it  will  anfwer  the  Condition    Snfctrafl-  7   4  ( 

before  mentioned  ;  and  therefore  I  make  Tryal    OUDtract 
(in  a  waft  Paper)  to  fee  whether  9  will  farisfie 
the  faid  Condition  or  not  in  this  manner,  viz.  If    «=2o 
e  be  9,  and  2a  40,  then  confequently  2al  is  360     c=  8 
and  ee  is   81 5   therefore  2ae  -f  ee=A±i     this 
ought  to  be  fobtrafted  from  the  Refolvend  3  84  \    Subtraft 
but  44i  exceeds  384,  and  therefore  cannot  be 
iubtracted  from  it,  fo  as  to  leave  a  real  Remain- 
der .  whence  I  conclude,  that  emuft  be  left  th™  r>.   ™,i  *u     c     T      1 
8  in  like  manner  as  before  wkh  0   '/f  If  4',!fo thereforeJ  ™ketryalwith 
2«=32o,    and  ee=6±-  therZ    o    ±  o     and.2a=4o,  then  confidently 

th,  Refolvend  %l.  wherefefec S?^^  ?M  ^y  ^^edfrom 
Mow  2  in  hi  Ce  s  8  wffir  rJ?"  if'  ^haC-1S  the  Figufe  whichmuft 
and  64  (before  founTund  £  ^W  ^"Vfffi^T  Vth6"1  fubfcribe  3« 
under  Units  and  Ten.  X, •  tv  K  i  8T?  (ln  futh  order  that  Un!ts  may  ftand 
'fum  is"S    JSh  f     under  Tens)  and  adding  the  faid  320  and  64  together   the 
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and  the  Square  Root  of  the  given  Number  784  is  found  28,  which  is  the  true  Root 
fought,  for  28  multiplied  by  28  produces  784. 

NOTE  1. 

The  firft  Operation  in  the  Extraction  of  the  Square  Root  is  always  tofubtract  the 
greateft  (quare  whole  Number,  (that  is,  aa)  contained  in  the  firit  Member  (towards 
the  left  hand,)  of  the  given  number,  from  the  faid  Member,  and  to  let  the  Root  of 
the  faid  Square  in  the  Quotient,  (as  has  been  (hewn  in  the  third  ftep)  which  Root  is 
the  firft  Figure  of  the  Root  fought.  This  Work  is  no  more  repeated  in  the  whole 
Extraction,  but  the  work  in  the  fourth  ftep  is  to  be  renewed  for  the  finding  out  of 
every  following  Character  in  the  Root. 

NOTE  2. 

After  the  firft  Figure  of  the  Root  fought  is  known,  and  let  in  theQuotient,let  it  be 
written  in  a  void  place,  and  multiplied  by  10,  (by  annexing  to  the  faid  firft  Figure  a 
Cypher  towards  the  right  hand  J  then  is  the  ProduCt  to  be  taken  for  the  value  of  a,  in 
order  to  the  finding  out  of  the  firft  Divifor.  Alfo  when  the  firft  and  fecond  Characters 
of  the  Root  are  fet  in  the  Quotient,  and  there  be  yet  another  to  come  forth,  then  the 
Number  confifting  of  thofe  two  Characters  with  a  Cypher  annexed  to  them,  is  to  be 
taken  for  a  new  value  of  a,  in  order  to  the  finding  out  of  the  fecond  Divifor.  Likewife, 
when  the  firft,  fecond,  and  third  Characters  of  the  Root  are  let  in  the  Quotient,and 
there  be  yet  another  to  come  forth,  then  the  number  confifting  of  thofe  three  Cha- 
racters with  a  Cypher  annexed  to  them,  is  to  be  taken  for  a  new  value  of  a ;  and  To 
forwards,  when  there  be  more  Characters  in  the  Root.  The  reafon  of  which  Work 
ismanifeft  from  the  Compofition  of  Powers  in  the  precedent  Cbap.  2. 

But  the  Letter  e  reprefents  every  fingle  unknown  Figure  or  Cypher  next  following 
that  part  of  the  Root  which  is  already  difcovered  and  fet  in  the  Quotient.  This  Note 
concerning  the  Estimation  of  a  and  e  is  to  beobferved  not  only  in  the  Extraction  of 
the  Square  Root,  but  of  any  Root  whatever. 

NOTE  3. 

After  the  Number  fignified  by  a  is  found  out  by  Note  2.  the  Divifor,  which  (hews 
how  to  begin  the  Tryal  in  fearching  out  the  unknown  fingle  Character  reprefented 
by  e,  is  confequently  known  :  for  in  the  Refolution  of  every  Power  produced  from 
the  Binomial  Root  a-\-e,  the  Divifor  confifts  of  fuch  Powers  of  a  as  are  multiplied 
into  the  Powers  of  e  5  and  becaufe  the  Square  Root  of  a-\-e is  aa-{-2ae-\-ee,  therefore 
in  the  Extraction  of  the  Square  Root  the  Divifor  is  2«;  fo  that  when  the  Number  a 
is  known,  the  Divifor  2a  is  confequently  known. 

NOTE  4, 

When  the  Divifor  is  found  out  by  Note  3.  as  alfo  the  Abhtitium,  (tint  is,  the  Num- 
ber to  be  fubtraCted )  which  in  the  Extraction  of  the  Square  Root  is  compos'd  of  2ae 
and  ee,  the  two  numbers  fignified  by  2ae  and  ee  muft  each  of  them  be  fet  in  fuch  order 
under  the  prefent  Refolvend,  ('that  is,  the  number  remaining  to  be  refolved)  that 
Units  may  ftand  under  Units,  Tens  under  Tens,  (J?c.  to  the  end  that  the  Abhtititm 
may  be  rightly  compofed  and  fubtraCted  from  the  prefent  Refolvend. 

NOTE  j. 

When  the  Divifor  is  not  contained  once  in  the  particular  or  prefent  Refolvend,  a 
Cypher  (to  wit,  0)  muft  be  fet  in  the  Quotient;  and  then  the  Refolvend  muft  be  aug- 
mented with  the  next  Member  (towards  the  right  hand)  of  the  Power  propofed,  for 
a  new  particular  Refolvend.  Alio  a  new  Divifor  muft  be  found  out  by  Note  3,  and  the 
like  is  to  be  done  as  often  as  the  Divifor  is  not  contained  once  intheparticular  Refol- 
vend.   The  PraCtice  of  thele  Notes  will  be  (hewn  in  the  following  Example* 

Example 
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Example  x. 

5.  If  the  Square  Root  of  2285126809  be  defired,  it  will  be  found  47803  by  the 
precedent  Rules,  and  the  work  willftand  as  here  you  fee  underneath. 


Subtract 

0  =  40 
e-  7 

Subtract 

a  =  470 

e  =     8 

Subtract 

a  =  4780 
c  =       o 
a  =  47800 
c  =         3 

Subtra£l 


22 

35 

12 

68 

09 

16 

6 

37 

So 

5 

60 

49 

6 

09 

76 

12 

9 

40 

75 

20 
64 

75 

«4 

2b 

6h 

95 

60 

28 

68 

09 

9 

56 

00 

28 

68 

oc 

9 

I28 

68 

09 

Ice 

00 

00 

f478°3- 
act 


Root. 


Refolvend. 


Ablatitmm. 

Refolvend. 


Ablathiurn, 


Refolvend. 


2d.  Divifor. 


Refolvend. 


let.  Divifbr. 


2ae 
ee 


Ablatttitiml 


Explication  of  Example  z. 

The  firft  Figure  of  the  Root  is  4,  (by  the  foregoing  Note  1.)  whofe  Square  16 
fubtra&ed  from  22  the  firft  Member  towards  the  Left-hand  of  the  number  propoied 
leaves  6,  to  which  the  fecond  Member  85  being  annexed,  there  arifes  68;  for  the 
next  Refolvend  :  Or  to  caufe  the  lame  Effecf,  fuppofe  o  ro  be  annexed  to  4  the  firft 
Figure  of  the  Root,  and  it  makes  40,  (that  is,  a,)  whofe  Square  1600  (or  ad)  fub- 
traftedfrom  228;  the  two  firft  Members  of.the  Number  firft  propoied,  leaves  (as 
before)  the  Refolvend  685. 

Then,  the  firft  Figure  of  the  Root  being  found  4,  the  value  of  a  is  40,  (by  Note 
2.)  which  doubled  gives  80  for  a  Divifbr  to  the  Refolvend  685  by  Note  3.)  and 
then  by  dividing  and  making  Tryal  as  is  directed  in  the  precedent  fourth  ftep,  the 
number?  w31  be  found  7  for  the  fecond  Figure  of  the  Root,  and  confequently  the 
numbers  fignified  by  2ae  and  ee  are  560  and 49  -,  thefe  being  fet  orderly  and  added  to- 
gether (according  to  Note  4.)  make  the  Abhtithm  609,  which  iubtracfed  from  the 
f did  Refolvend  685,  there  remains  76,  to  which  annexing  1 2  the  third  Member  of 
the  Number  firft  propoied,  it  makes  76 12  for  a  new  Refolvend. 

Again,  the  two  formoft  figures  of  the  Root  being  found  47,  the  new  value  of  a 
is  470,  (by  Note  2.)  which  doubled  gives  940  for  a  Divifor  to  the  faid  Refolvend 
7612,  (by  Note  ?.)  then  by  dividing  and  making  Tryal  as  is  directed  irt  the  fourth 
ftep,  the  value  of  e  is  found  8  for  the  firft  Figure  of  the  Root  5  whence  the  number 
fignified-  by  2ae  and  ee  are  7520  and  64 ;  thefe  being  fet  orderly  and  added  together 
(according  to  Note  4.)  make  the  Abhtitivm  7584,  which  fubtra&ed  from  the  Re- 
folvend 76 1 2  before-mentioned,  leaves  28,  to  which  annexing  68  the  fourth  Member 
of  the  Number  fiiit  propofed,  it  makes  2868  for  a  new  Refolvend. 


Hti 


The  Extraction  of  the  Square  Root  BOOK  II. 

Again,  the  three  foremoft  figures  of  the  Root  being  478,the  value  of  a  is  47So,(by 
Note2.)which  doubled  gives9s6ofor  adiviforto  the  faid  Refolve?rf  286 8,by  Note?.) 
then  by  dividing  as  aforefaid  the  valueof  e  is  found  o;  therefore,(accordingtoNote  5.) 
I  fet  o  in  the  Quotient,  and  becaufe  in  this  cafe  the  Abhtitmm  is  alfo  o,  the  Refolveni 
2868  from  which  the  faid  Ablathium  ought  to  be  fubtracted  remains  the  fame  with- 
out alteration  •,  therefore  by  annexing  09  thelaft  member  of  the  number  firft  propofed, 
to  the  faid  286S  it  makes  286809  fora  new  (and  thelaft)  Refolvend.  Laftly,  by- 
proceeding  as  before,  thelaft  Figure  of  the  Root  will  be  found  3  ■,  fothat  the  Square 
Root  fought  is  47803  •,  for  this  multiplied  by  it  felf produces  2285126809,  the  num- 
ber whofe  Square  Root  was  defired. 

The  Premiffes  may  fuffice  to  fhew  a  perfect  Method  of  extracting  the  Square  Root 
of  a  whole  number  having  an  exact  Square  Root,  which  I  have  explain'd  at  large,  that 
the  Reafon  and  certainty  of  the  Rules  might  be  apparent.  But  this  Method  may  be 
contracted  into  more  practical  and  compendious  Rules,  as  I  have  fhewn  in  the  3  2 
Chap,  of  Mr.  Jfingates  common  Arithmetic. 

6.  But  when  a  whole  Number  has  not  a  Square  Root  exactly  expreffible  by  any  ra- 
tional or  true  Number,  then  to  approach  infinitely  near  the  exact  Root,  firft,  pairs  of 
Cyphers,  as  eo,  0000, 000000,  or  cooooooo,  iffc.  are  to  be  annexed  to  the  Number 
given  j  then  efteeming  the  number  given  with  the  Cyphers  annexed  to  be  one  whole 
Number,  let  its  Square  Root  be  extracted  according  to  the  Precedent  (or  other  practi- 
cal) Rules ;  that  done,  look  how  many  Points  were  fet  over  the  Number  firft  given,for 
fo  many  of  the  foremoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the 
Root,  and  the  reft  following  thofe  Integers  exprefs  the  Fractional  part  of  the  Root  in 
Decimal  parts.  As  for  Example  :  If  the  Square  Root  of  1 2  be  defired,  I  annex  fix  Cy- 
phers to  I2,thus  1 2.000000,  and  then  the  Square  Root  of  12.000000  being  extracted, 
it  will  be  found  3.464,  that  is,  1^444-  But  becaufe  after  the  Extraction  is  finifhed, 
there  happens  to  be  a  Remainder,!  conclude  that  3-r444  islefsthan  the  true  Root,  but 
5  r%ls  is  greater  than  it.  So  that  by  annexing  three  pairs  of  Cyphers  you  will  not 
m'ifs  -r^r-v  part  of  an  Unit  of  the  true  Root,  and  by  annexing  eight  Cyphers  you  will 
not  want  -j-^-^  part :  and  in  that  order  you  may  approach  as  near  as  you  pleale,  when 
you  cannot  obtain  the  exacl:  Square  Root  of  a  whole  Number  given. 

7.  The  Square  Root  of  a  Vulgat  Fraction  is  found  out  thus,  viz  Firft,  if  the  Fract- 
ion be  not  in  its  leaft  terms,  let  it  be  reduced  to  the  leaft  Terms  •,  then  extract  the 
Square  Root  of  the  Numerator  for  a  new  Numerator,  and  the  Square  Root  of  the 
Denominator  for  a  new  Denominator,  fb  (hall  this  new  Fraction  be  the  Square  Root 
of  the  Fra&ion  propofed.  As  for  Example:  The  Square  Root  of-^is-f-j  likewife 
the  Square  Root  of  4  is  4* 

But  when  either  the  Numerator  or  Denominator  of  a  vulgar  Fraction  has  not  a 
perfect  Square  Root,  then  to  find  the  Square  Root  of  that  Fraction  very  near  ;  firft 
reduce  the  Fraction  to  a  Decimal  Fraction,  whofe  Numerator  may  confift  of  an  even 
number  of  places,  viz.  of  two,  four,  or  fix  places,  £fc.  then  extract:  the  Square  Root 
that  Decimal  as  if  it  were  a  whole  Number,  and  the  Root  that  comes  forth  (hall  be 
a  Decimal  Fraction,  exprefiing  nearly  the  Square  Root  of  the  Fraction  propofed.  As 
for  Example:  If  the  Square  Rootof44.be  defired,  I  firft  reduce  it  to  this  Decimal 
Fraction,  .81250000 ;  (for  as  16.  13 ::  icooooooo.  81250000)  then  by  extracting 
the  Square  Root  of  .81 250000  as  if  it  were  a  whole  Number,  I  find  .9013,  that  is, 
t4444-,  which  is  near  the  Square  Root  of  44,  for  it  wants  not  -^^4  part  of  an  Unit 
of  the  exact  Square  Root  of  44. 

8.  Laftly,  iftheSquare  Root  of  amixt  number  bedefired,  firft  reduce  it  toan  im- 
proper Fraction,  and  then  extract  the  SquareRootofthat  improper  Fraction  as  before  5 
but  if  it  has  not  an  exact  Square  Koot,  then  reduce  the  Fractional  part  of  the  mixt 
number  firft  propofed  to  a  Decimal  Fraction  of  an  even  number  of  places,  and  after 
this  Decimal  is  annexed  to  the  Integers  of  this  mixt  number,  extract  the  Square  Root 
out  of  the  whole,  then  fo  many  Points  as  were  let  over  the  Integers,  fo  many  of  the 
foremoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the  Root,  and  the 
reft  exprefs  the  Fractional  part  of  the  Root  in  Decimal  Parts.  As  for  Example  :  The 
Square  Root  of  3  444,  that  is,  of  ^444,  will  be  found  44  or  54 ;  and  the  Square 
Root  of  74,  that  is,  of  7.666666,  cYc.  is  2.708,  &c.  that  is;  2-^444,  &c* 

Sect. 
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Se£t.  II.   Of  the  Extraction  of  the  Cubic  Root  out  of  a  Number  given. 

1.  For  the  more  ready  extraction  of  the  Cubic  Root  of  a  number  given,  the  fol- 
lowing Tabulet  will  be  ufeful,  which fhews  ac  firftfight  theCubic  Root  of  any  Cu- 
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bical  whole  Number  lefs  than  1000. 
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2.  When  a  whole  number  is  propofed,  and  its  Cubic  Root  defired,  the  Number 
given  mult  be  prepared  for  Extraction,  by  diftributing  it  into  parts  or  members  after 
this  manner ;  ™'z.  Firft,  a  point  is  to  be  fet  over  the  Units  place  of  the  given  number  3 
then  parting  over  the  fecond  and  third  places  towards  the  left  hand,  another  point  is  to 
be  fet  over  the  fourth  place  5  alfopaffing  over  the  fifth  and  fixth  places  another  point 
is  to  be  fet  over  the  leventh  place :  and  in  that  order  as  many  points  are  to  be  fet  as  the 
number  propos'd  will  admit,  and  confequently  between  every 

two  adjacent  points  there  will  be  two  Places  without  Points.  j ,  * 

So  if  the   Cubic  Root  of  1 331  be  defired,   after  Points  n 

are  let  as  is  above  direCted,  the  faid   13  31  will  bediftri-  21952 

buted  into  2  Members,  to  wit,  1,  and  33 1.    In  like  manner        .      .     .  941,1?2 
if  the  Cubic   Root  of  21952    be    required,    the  Points      231 56436019527 
will  ftand  as  you  fee  in  the  Example,  and  the  laid  21952 
will  be  distributed  into  two  members  21  and  952 ;  likewife  this  Number  941 192  being 
pointed  in  the  fame  order  will  bediftributed  into  the  two  members  941  and  192  ;  and 
this  number  231564360195271^0  thefe  five  members,  2?,  156,436,  019,  527/rhe 
points  (hew  the  number  of  places  that  will  be  found  in  the  Root  ^  for  fo  many  points  as 
there  be,  fo  many  places  will  the  Root  confift  of ;  they  likewife  fhew  what  member 
of  the  Number  propos'd  belongs  to  the  Extraction  of  every  fingle  Character  of  the 
Root  fought. 

3.  The  given  number  whole  Cubic  Root  is  defired  may  be  conceived  to  be  pro- 
duced from  the  Cubical  Multiplication  of  the  Binomial  Root  a+e,  and  then  the  laid 
number  will  be  compos'd  of  thefe  four  members  or  folid  numbers,  viz.  acta,  %etat  -i,aee 
and  eee,  (as  appears  by  the  third  Power  in  the  Table  in  SeH.  4.  Chap.  %.)  Now  becaufe 
the  Refolution  of  the  Cubic  number,  viz.  the  Extraction  of  theCubic  Root  is  de- 
ducible  from  the  fteps  of  the  Compofition  of  a  Cubic  number  from  its  Root,  (for 
fuch  numbers  as  are  added  in  the  Compofition  are  to  be  fubtraCted  in  the  Refolution  ) 
refpeCt  mult  be  had  to  Sett.  2.  Chap.  2.  of  this  Book. 

Example  i. 

4.  Let  it  be  required  to  extraCtthe  Cubic  Root  of  21952.  By  the  precedent  fecond 
Rule  it  is  evident  that  the  defited  Root  confilts  of  two  places,  viz.  of  fbme  number  of 
Tens  under  100,  and  of  fome  number  of  Units  under  10,  which  two  Numbers,  (agree- 
able to  the  Compofition  of  a  Cube  mSett.  2  of the  precedent  Chap.  2.)may  be  reprefen- 
ted  by  a  and  e,  fo  that  a-\-e  fignifies  the  Root  fought,  and  confequently  the  Cube  of 
ff-fe,  that  is,  aaa  +  iaae+iaee+eee  is  equal  to  the  given  number  21952.  Now  to 
find  out  the  Number  of  Tens,(that  is,«)in  the  Root,  (after  a  crooked  line  is  drawn  on 
the  right  hand  of  the  given  number,  that  the  Root,  like  the  Quotient  in  Divifion  may 
be  fet  next  after  the  faid  crooked  Line,  as  alio  a  downright  Line 

next  after  each  of  the  Points,  as  here  you  fee.J  The  firft  Work 
in   the  Extraction   is  always  to  fubtraCt  the  greatelt  Cubic      21     952  I    (2 
whole  number  contained  in  the  firft  Member  towards  the  Left        8  1         I 
hand,  from  the  faid  member,  and  to  write  the  Root  of  the  faid      j ,  1  9?2  1 
Cube  number  in  the  Quotient  for  the  firft  fingle  Figure  of  the  ' 

defired  Cubic  Root :   So  8  being  the  greatelt  Cube  contained  in 
the  firft  member  21,  I  fubferibe  8  under  21,  andfet  2  theCubic  Root  of  the  faid  8  in 
the  Quotient,  then  after  a  line  is  drawn  under  8,  Ifubtract  8  from  21,  or,  8000  from 
21952,  and  thereremains  the  Refolvenl  13952,  that  is,  that  part  of  the  propofed  num- 
ber 21952  which  isyet  to  berefolved.   Now  obferve,  that  the  faid  2  in  theQuotienr, 


21 
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in  refpeft  of  the  next  following  unknown  Chara&er  of  the  Root,  is  really  20,  which  is 
the  number  figniried  by  a  in  the  Competition,  and  the  Cube  of  20,  to  wit  8coo,  is  aa.i, 
which  being  the  fivft  Number  found  in  theCompofition,  isfirft  to  befubtracled  in  the 
Refolution.  Ohferve  alio,  that  the  next  fingle  Character  of  the  Root,  whether  it 
happen  to  be  a  Figure  or  a  Cypher  is  called  e,  which  is  yet  unknown. 

5.  Then  1  proceed  to  find  the  value  of  <?,  that  is,  the  greateft  fingle  Character  with 
thiscondition,  that  the  Sumofthe  Numbers  fignified  by  ^aae,  ^aee^ndeee,  may  not 
exceed  the  rema'mmc,Refolvend  1^95 2,for  from  thisNumber that  fum  muft  be lubtracted. 
Now  becaufe  (for  the  Realbn  atorel'aidj  ais  20,  therefore  2,aa=i2oo,  and  5^=60  j 
then  fubferibing  the  laid  1200  and  60  under  the  Refolvend  19952,  (in  fuch  order  that 
Units  may  ftand  under  Units,  and  Tens  under  Tens,  &c)  and  adding  them  together 
the  Sum  is  1260,  which  muft  be  efteemed  a  Divifr,  and  fee  under  the  Refolvend.. 
Then  by  fuppofing  I  were  to  divide  the  laid  Refolvend  13952b}'!  260, 1  find  the  Quo- 
tient exceeds  9,  but  e  always  reprefents  a  fingle  Figure  or  a  Cypher,  and  therefore  it 
cannot  exceed  9 ;  wherefore  I  make  tryal  with  9  (in  a  void  place)  to  fee  whether  it  will 
anfwerthe  before  mentioned  Conditio'),  to  which  e  isfubjecf,  inthismanner,  viz  For- 
afmuch  asit  was  before  found  that  3^=1200  and  3.1=60,  itwill  follow,  ifwefuppole 

c=9,  that  3  aw?  =10800,  alio  iaee= 

952!  (28  4860,  and  eee  =  729  h  therefore  was 

acta  -\--}aee-\- eee— 16^89:  this  ought  to  be 

s,  Refolvend  fubtraaed  from  the  Refolvend  19952 

-  but  1 6 3  89  exceeds  1 3  9 5  2 2  and  t'here- 

200  \  \  fore  cannot  be  really  fubtraaed  from 

\-  - .  it  i  whence  I  conclude  that  e  muft  be 

i6°!  Divtfor  leis  than  9-,  and  therefore  I  make  tryal 

6oo>™e  with  8  in  like  manner  as  before  with  9, 

fyo3aes  V'1Z-  having   before  found  that  3^= 

512'  eee^  1200.  and  3^=60,  it  will  follow  if  we 

952"  Ahlathiwn.  fuppofee=8,  that  3^=9600,  alfo 

—3 3^=3840,  and«e=5i2;  therefore 

^aae  -+•  7,aee -\-  eee  =  13952,  which 
may  be  fubtraaed  from  the  Refolvend  \W  s  wherefore  I  conclude  that  e  (that is, 
the  Figure  which  mult  follow  2  in  the  Quotient;  is  b,  which  I  let  in  the  Quotient: 
then  I  fubicribe  the  three  Numbers  before  found,  to  wit  9600, 3840,  and  512,  under 
the  Refolvend  1 3  9+2,(in  fuch  order  that  the  Units  may  ftand  under  Units,  Tens  under 
TensAjand  adding  together  the  laid  three  Numbers  folubicnbed,their  Sum  makes 
1 2952,  (the  Jbhtitium)  which  fubtraaed  from  the  Refolvend  13952,  leaves  c.  So 
the  Extraaion  is  finifh'd,  and  28  is  found  to  be  the  Cubic  Root  of  the  propofed 
Number  21952  *  for  28  multiplied  into  itlelf  cubically,  v«.  28x28x28  produces 

21952- 

NOTE  1. 

The  firft  Operation  in  the  Extraaion  of  the  Cubic  Root  is  always  to  fubtraa  the 
greateft  Cubic  whole  Number,  (that  is,  aaa)  contained  in  the  tuft  Member  f  towards 
the  left  hand)  of  the  given  Number  5  from  the  fa  id  Member  and  to  fet  the  Root 
of  the  faid  Cube-number  in  the  Quotient*  which  Root  is  the  hrft  Figure  of  the 
Root  foueht,  as  hath  been  ihewn  in  the  fourth  ttep.  This  Work  is  no  more  repeated 
in  the  whole  Extraaion,  but  the  Work  in  the  fifth  ftep  is  to  be  renewed  for  the  find- 
ing out  of  every  following  Character  in  the  Root. 

NOTE  2. 
The  Number  figniried  bv  a  is  to  be  found  out  by  Note  rin&ff.i-  of  this  Chap,  and 
then  the  D/w/wfor  the  finding  of  the  unknown  fingle  Character  repiefemed  by  e  is 
confequently  known  :  For  in  the  Refolution  of  every  Power  produced  from  the  Brno- 
mial  Root  a\e.  theDiwi/"orconiifts  of  fuch  Powers  of  a  as  are  multiplied  into  the 
Powers  of  e  5  and  becaufe,  the  Cube  of  a+e  is«a+  ?*»+  ^ee+eee,  therefore  1.1  the 
Extaclion  of  the  Cubic  Root  the  Divifor  is  compoled  of  laa  and  ?.«-,  lo  that  when 
the  Number  a  is  known,  the  Divifor  3*1+ 1*  is  coniequently  known. 
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out  of  a  Number  given. 


'53 


NOTE    5. 

When  the  Divifor  is  found  out  by  the  precedent  Note  2.  as  alfo  the  Abhtitium, 
which  in  the  Extraction  of  the  Cubic  Root  is  compos'd  of  ^aae,  iaee,  and  eee  •  the 
Numbers  fignified  by  the  faid  ^aae,  iaee,  and  eee,  muft  each  of  them' be  fet  in'fuch 
order  under  the  particular  or  prefent  Refohend,  that  Units  may  ftand  under  Units, 
Tens  under  Tens,  &c.  to  the  end  the  Abhtitium  may  be  rightly  compofed  and  fub- 
trafted  from  the  Refohend. 

NOTE.    4. 

When  the  Divifor  is  not  contained  once  in  the  particular  or  prefent  Refohend,  a  Cy- 
pher (to  wit,  o;  muft  be  fet  in  the  Quotient  ■,  and  then  the  Refohend  muft  be  aug- 
mented with  the  next  Member  (towards  the  right  Hand)  of  the  Power  propofed,  tor 
a  new  particular  Refohend.  Alfo  a  new  Divifor  muft  be  found  out  by  Note  2.  of  this 
SeS  and  the  like  is  to  be  done  as  often  as  the  Divifor  is  lefs  than  the  Refohend. 

The  Pra&ice  of  thefe  Notes  will  be  fhewn  in  the  following  Example. 

Example  2. 
6.  If  the  Cubic  Root  of  23156436019527  be  defired,  it  will  be  found  28503  by 
the  precedent  Rules,  and  the  Work  will  ftand  as  here  you  fee  underneath. 


Subtract 


t-  8 

Subtraft 

«=28o 

ir=s     5 

Subtract 
0=2850 

e==        o 
fl=28soo 

e=        3 
Subtract 


23 

156 

436 

019 

527 

(^285  03     Root 

8 

aaa 

21 

i$6 

Refohend. 

1 

200 

60 

1 

260 

Divifor. 

9 

600 

7,aae 

3 

840 

7,ae& 

5_I2 

eee 

23 

9*2 

Abhtitium. 

1 

204436 

2351200 

840 

— 

— 

Refohend. 
3  a '■& 

236040 

Divifor. 

1 

176000 
21 000 

125 

"$aae 

^aee 

eee 

1 

t 97J25 

Abhtitium. 

c 

007 3II 

019 

Refohend. 

24iF67 

50b 

3  act 

8 

5_5_o 

1?_. 

_^4j376 

050 
019 

Divifor. 

7 

2 

311 

527 

Refohend. 

436 

7*° 

000 

iaJ 

85 

500 

1* 



2436 

835 

500 

Divifor. 

7 

310 

250 

000 

%aae 

769 

500 

%aee 

019 

27 
527 

eee 

_J 

091 

Abhtitium. 

0 

000 

00 

000 

Explication  of  Example  z. 
The  firft Figure  of  theRoot  is  2  (by  Note  1.)  whofeCube  8  fubtraEted  from  23,  the 
firft  Member  of  the  Number  propos'd  leaves  1 5,to  which  the  fecond  Member  1 5  6  being 

V  an 
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annexed,  there  arifes  15156  for  the  next  Refolvend.'  Or  to  caufe  the  lame  effect:,  fup- 
pofe  o  to  be  annexed  to  2,  the  firlt  Figure  of  the  Root,  and  it  makes  20,  (that  is,  a) 
whofe  Cube  8000  for  acta)  fubtra&ed  from  23156,  the  two  foremoft  Members  of 
the  Number  firlt  propos'd,  leaves  fas  before;  the  Rcfolveni  15156. 

Then  the  firft  Figure  of  the  Root  being  found  2,  the  value  of  a  is  20,  and  the  Dra- 
per is  1260,  (by  Note  2.)  and  then  by  dividing  and  making  tryal,  as  is  directed  in  the 
foregoing  fifth  ftep,  the  Number  e  will  be  found  8  for  the  fecond  Figure  of  the  Root, 
and  conlequently  the  Numbers  fignified  by  3<we,  -}aee,  and  eee,  are  9600,  3840,  and 
512  ;  thele  being  fet  orderly  and  added  together  faccording  to  Note  3. )  make  the 
Ahlatitium  n?>2,  which  fubtracfed  from  the  Refolvend  15156  leaves  1204,  to  which 
annexing  436,  the  third  Member  of  the  Number  firft  propofed,  it  makes  1204435 
for  a  new  Refolvend.  The  reft  of  the  Operation  in  Example  2.  being  but  aRepetition 
of  what  has  been  directed  for  finding  out  the  fecond  Figure  of  the  Root,  I  (hall 
leave  it  to  the  Learner's  Practice. 

The  precedent  Rules  and  Notes  in  this  SeB.  2.  for  extracting  the  Cubic  Root  of  a 
whole  Number,  having  an  exacf  Cubic  Root,areexprefs'd  at  large,thattheReafonof  the 
Work  might  be  apparent ;  but  this  Method  may  be  contra&ed  into  more  practical  and 
compendious  Rules,as  I  have  (hewn  in  the  3  3  Cb.  of  Mr.  Wivgates  Common  Arithmetic. 

7.  But  when  a  whole  Number  has  not  a  Cubic  Root  exactly  expreflible  by  any  ra- 
tional or  true  Number,  then  to  approach  infinitely  near  the  exact  Root,  firft,  Ternaries 
of  Cyphers,  viz.  three,  or  fix,  or  nine,  or  twelve,  &c.  Cyphersareto  be  annexed  to  the 
whole  Number  given ;  then  efteeming  the  Number  given  with  the  Cyphers  annexed  to 
be  one  whole  Number,  let  its  Cubic  Root  be  extracted  by  the  precedent  (or  other  pra- 
ctical) Rules.  That  done,  look  how  many  Points  were  fet  over  the  Number  firft  given, 
for  lb  many  of  the  foremoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the 
Root,  and  the  reft  following  thofe  Integers  exprefs  the  Fractional  part  of  the  Root  in 
Decimal  Parts.  As  for  Example :  If  the  Cubic  Root  of  8302348  be  defired,  I  annex 
fix  Cyphers  to  8302348  thus,  8302348.000000,  and  then  the  Cubic  Root' of 
8302348  ccoooo  being  extra£ted,it  will  be  found  202.48,  that  is,  202Ti^  but  becauls 
after  the  Extraction  is  finifh'd  there  happens  to  be  a  Remainder,I  conclude  that  202-144. 
is  lefs  than  the  true  Cubic  Root  fought,but  202144  is  greater  than  it,fo  that  by  annex- 
ing fix  Cyphers  you  will  not  mils  —4-  part  of  an  Unit  of  the  true  Root,  and  by  annexing 
nine  Cyphers  you  will  not  want  T— 4-  part;  and  in  that  order  you  may  approach  as  near 
as  you  pleafe  when  you  cannot  obtain  the  exacf  Cubic  Root  of  a  whole  Number  given; 

8.  TheCubic  Root  of  a  Vulgar  Fraction  is  found  out  thus,  viz.  firft,  if  theFracfion 
be  not  in  its  leaft  Terms,  let  it  be  reduced  to  the  leaft  Terms  ;  then  extract:  the  Cubic 
Root  of  the  Numerator  for  a  new  Numerator,  and  the  Cubic  Root  of  the  Denomi- 
nator for  a  new  Denominator,  10  fhall  this  new  Fraction  be  the  Cubic  Root  of  the 
Fraction  propofed.  As  for  Example  :  The  Cubic  Root  of  .-fis  f,  and  the  Cubic 
Root  of  4-  is  '-. 

9.  But  when  either  the  Numerator  or  Denominator  of  a  Vulgar  Fraction  has  not  a 
perfect  Cubic  Root,  then  to  find  the  Cubic  Root  of  that  Fraction  very  near,  firft  re- 
duce the  Fraction  to  a  Decimal  Fra£tion,whole  Numerator  may  confift  of  Ternaiies  of 
places,  viz.  either  of  three,  fix,  nine,  or  twelve,  tffc.  places,  and  then  extract:  the  Cubic 
Root  of  that  Decimal  as  if  it  were  a  wholeNumber,and  the  Root  that  comes  forth  fha'J 
be  a  Decimal  Fraction  expreffing  nearly  the  Cubic  Root  of  the  Vulgar  Fraction  propo- 
fed. Asfor  Example:  IftheCubic  Root  of  4-  be  defired,  I  firftreduce  it  to  this  Decimal 
Fraction,  .666666666666,  and  then  by  extracting  the  Cubic  Root  of  the  faid  Decimal 
as  if  it  were  a  whole  Number,  I  find  .8735,  that  is,  Ti444  ;  which  is  near  the  Cu- 
bic Root  of-2,  for  it  wants  not  T—r- '  part  of  an  Unit  of  the  exact:  Cubic  Root  of -f. 

1  o.  Laftly,  if  the  Cubic  Root  of  a  mixt  Number,  that  is,  of  a  whole  Number  with  a 
Fraction  in  its'  leaft  Terms,  be  defired  h  firft  reduce  it  to  an  improper  Fraction,  and  then 
extract:  the  Cubic  Root  of  that  improper  Fraction  in  like  manner  as  before  in  the  eighth 
ftepibut  if  it  has  not  an  exact:  Cubic  Root,  then  reduce  the  Fractional  part  of  the  mixt 
Number  firft  propofed  to  a  Decimal  Fraction,whofe  Numerator  may  contift  of  Ternaries 
of  places,and  after  rhisDecimal  is  annexed  to  the  Integers  of  the  mixtNumber,extra£t  the 
Cubic  Root  out  of  the  whole,then  fo  many  Points  as  were  fet  over  the  Integers.fo  many 
of  the  foremoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the  Root,  and 
the  reft  exprefs  the  Fractional  part  of  the  Root  in  Decimal  parts.  Asfor  Example:  The 

Cubic 


CHAP.   3. 


out  of  a  Number  given. 
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Cubic  Root  of  12:4,  that  is,  of  '44,  will  be  found  I  or  2-f ;  and  the  Cubic  Root  of 
2-I-,  that  is,  of  3.375000000,  &c  will  be  found  1.334,  &c'  lnat  is,  i-riii,  ©V. 


Se£t.  III.    Of  the  Extraction  of  the  Biquadratic  Root  out  of  a  Numher  given. 

1.  The  briefeft  way  to  extracb  the  Root  of  a  Biquadratic  Number,  that  is,  of  a1 
Number  produced  by  theMultiplicarion  of  fomeNumber  or  Root  four  times  into  it  felf 
is  firft  to  extract  the  Square  Root  of  the  Number  propofed,  and  then  to  extracb  the 
Square  Root  of  that  Root.  As  for  Example .-  If  the  Root  of  the  Biquadratic  Number 
or  fourth  Power  256  bedefired;  firft,  the  Square  Root  of  256  being  extracted  is  16' 
and  then  the  Square  Root  of  16  is  4,  which  is  the  Root  of  the  fourth  Power  256;for4X 
4x4x4  produces  if 6.  But  my  purpofe  being  to  explain  the  general  Method  'for  the 
Extraction  of  all  kinds  of  Roots,  I  fhall  upon  that  Foundation  (hew  how  to  extract 
the  Root  of  a  Biquadratic  Number. 

2.  For  the  more  ready  Extracfionof  the  Biquadratic  Root,  the  following  Tabulet 
will  be  ufeful,  which  fhews  at  firft  fight  the  Root  of  any  Biquadratic  whole  Number 
under  iocoo. 


Roots     .     .     . 

I             2 

3 

4 

i  !  k 

7 

8 

9 

Fourth  Powers 

1 

16 

81     I    2J6 

1 

625     1296 

2401 

4096 

6561 

3.  When  a  whole  Number  is  propofed,  and  it  is  deilred  to  extraft  the  Biquadratic 
Root  of  that  Number,  fet  Points  over  the  given  Number  in  this  manner,  viz  firft 
fet  a  Point  over  the  Units  place,  then  pairing  over  the  three  next  places  towards  the 
left  Hand  fet  another  Point  over  the  fifth  place,  and  in  that  order  as  many  Points  are 
to  be  fet  as  the  given  Number  will  admit,  that  there  may  be  three  places  between 
every  two  adjacent  Points.    So  if  the  Biquadratic  Root  of  6 146  5  6 

bedefired,  after  Points  are  let  as  is  above  directed,  the  laid  614656  61*4656* 

will  be  diftributed  into  two  Members,  to  wit,  61  and  4656.    In 
like  manner  this  Number  6597500625  being  pointed  in  the  fame     6597500625 
order  will  be  diftributed  into  thefe  three  Members,  65,  9750,  and 
0625.    The  Points  (hew  the  number  of  places  that  will  be  found  in  the  Root   as  alio 
what  Member  of  theNumber  propos'd  belongs  to  the  Extraction  of  every  fingle  Cha- 
racter of  the  Root  fought. 

4.  The  given  Number,  whofe  Biquadratic  Root  is  defired  may  be  conceived  to  ba 
produced  from  the  Multiplication  of  the  Binomial  Root  a-\-e  four  times  into  it  felf 
and  then  the  faid  Number  will  be  compofed  of  thefe  five  Members  or  Numbers  viz. 
aaaa,  waae,  Saaee,  qaecejeee,  (  as  is  manifeft  by  the  fourth  Power  in  the  Table  in 
Sett.  4.  Chip  1.  of  this  Book.)  Now  becaufe  the Refolution  of  a  Biquadratic  Num- 
ber, viz  the  Extraction  of  the  Biquadratic  Root  is  deducible  from  the  fteps  of  the 
Compcfition  of  a  Biquadratic  Number  from  its  Root,  (for  fuch  Numbers  as  are 
added  in  the  Compofition  are  to  be  fubtrafted  in  the  Refolution)  refpeft  muft  be  had 
to  Sett.  3.  Chip.  2.  of  this  Book. 

Example, 

5.  Let  it  be  required  to  extract  the  Biquadratic  Root  of  614656.  After  the  Num- 
ber given  is  prepared  by  Punftations  as  before  is  direcled,  I  feek  in  the  Tabulet  in  the 


precedent  fecond  ftep  of  this  Sett  3.  for  the  greateft  Biquadratic 
whole  Number  contained  in  61,  the  firft  Member  (towards  the 
left  Hand  J  of  theNumber  propofed,  and  finding  it  ro  be  16,  I 
fubferibe  16  under  61,  and  write  2  the  Root  of  the  faid  fourth 
Power  16  in  the  Quotient,  for  the  firft  Figure  of  the  Root 
fought  •,  then  after  a  Line  is  drawn  under  16  I  fubtraci  16  from 


4656 


61,  or  i6ccgo  from  614656,  and  there  remains  to  be  refolved  454656. 


4656 


(2 


The 


i5* 
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The  Divifor  for  the  finding  out  of  <?,  that  is,  every  Chara&er  which  is  to  follow  2, 
the  firft  Figure  of  the  Root,  is  always  in  the  Extraction  of  the  Biquadratic  Root  com- 

pofed  of  thefe  Numbers,  viz.  qaaa^Saa 


Subtract 


«  =  20 


Subtract        45 


46?6 


(28.     Root 


4656 

2000 
2400 
_8o 
4480 
6000 
?6co 
0960 
4096 


Rejblvend. 


and  4<r,  for  thefe  are  all  the  Powers  of  a 
that  are  drawn  into  the  Powers  of?  in  the 
fourth  Power  of  a-f  e ;  (as  is  evident  by 
theTable  in  Sell.  4.  Cbajj.  1.)  and  becaufe 
the  firft  Figure  of  the  Root  is  found  2, 
and  confequently  (by  Note  2.  in  Sett.  r.  of 
this  Chap.)  the  Number  fignified  by  a  is 
20,  therefore  the  Sum  of  the  Numbers 
fignified  by  ^.aaa^  6aa,and  4a,  is  54480, 
which  is  the  Divifor  h  then  fuppofing  I 
were  to  divide  the  Refolvevd 474656  by 
the  Divifor  34480J  find  the  Quotient  ex- 
ceeds 9  h  but  in  regard  e  always  reprefents 
either  a  fingle  Figure  or  a  Cypher,  it  can- 
not exceed  9  :  and  therefore  I  make  tryal 
(in  a  waft  Pa  per)  with  9,  to  fee  whether  it 
will  conttitute  an  Abhtithm  that  does  not  exceed  the  Refolvend 454656,  viz.  I  fuppoft 
e=9;  then  becaufe  a  was  before  found  20,  the  Abhtitium,  which  in  the  Extracf  ion  of 
the  Biquadratic  Root  is  always  compos'd  of  qaaae^  6aaee,  ^.aeee,  and  eeee,  will  exceed 
theRefolvend,  from  which  it  ought  to  be  fubtrafted.  Butife=8,  then  the  Abhtitium 
will  be  equal  to  the  Refclvend,  andconkquently  that  being  fubtracfed  from  this,  there 
will  remain  o,  wherefore  I  let  8  in  the  Quotient,  and  conclude  that  the  Biquadratic 
Root  of  the  given  Number  614656  is  28  h  for  28x28x28x28  produces  614656. 


4656 


\aaci 

6aa 
\a_ 

Divifoti 

\aaat 

6aaee 

q.aeee 

eeec 

Abhtitium. 


Se£r.  IV.    Of  the  Extraction  of  the  Root  of  the  fifth  Power  given  in  Numher. 

1.  For  the  more  ready  Extraction  of  the  Root  of  any  fifth  Power  given  in  Num- 
ber, this  Tabulet  will  be  ufeful,  which  Ihews  at  firft  fight  the  filth  Powers  of  every 
fingle  Figure,  and  confequently  any  fifth  Power  in  Number  tinder  100000  being 
given,  its  Root  is  hereby  difcovered. 


Roots. 
1 

5th  Towers. 

1 

2 

32 

3. 

243 

4 

1024 

5 

6 

7 
8 

3125 

1116 
16807 
32768 

9 

59049 

2.  When  a  whole  Number  is  given  for  a  fifth  Power,  and  its  Root  defired,  that  is, 
fuch  a  Number  which  being  multiplied  five  times  into  it  felf  will  produce  the  given 
Number,  it  mutt  be  prepared  for  Extraction  by  Pun&ations  in  this  manner,  viz.  Firft, 
lee  a  Point  be  let  over  the  Units  place  of  thegivenNumber,  then  palling  over  the  four 
next  places  towards  the  left  Hand,  fet  another  Point  over  the  fixth  place ;  and  in  that 
order  as  many  Points  are  to  be  fet  as  the  given  Number  will  admit,  that  there  may  be 
four  places  between  every  two  adjacent  Points.  So  if  the  Root  of 
the  fifth  Power  172 10368  be  defired,  after  Points  are  fet  as  is 
above  directed,  the  faid  17210368  will  be  diftributed  into  two 
Members,  to  wit,  172  and  10368.  In  like  manner  this  Number 
1880287678125  will  be  diftributed  into  thefe  thtee  Members, 
188,  02876,  and  78125.  The  Points  (as  before  hath  been  faid)  (hew  the  number 
of  Places  that  will  be  found  in  the  Root,  as  alfo  what  Member  of  the  Number  given 
belongs  to  the  Extraction  of  every  fingle  Characl er  of  the  Root  ibughc 

3.  Every 


17210368 
1880287678127 


C  H  A  P.   3-       °f  the  fifth  Power  given  in  Number. 


157 


1721031 

32 


1 40 


I0368 


f* 


3.  Every  Number  confidered  as  a  fifth  Power  may  be  conceived  to  be  produced  from 
the  Multiplication  of  theBinomial  Root  a-+  e  five  times  into  it  felf,  and  then  the  faid 
Number  will  be  compofed  of  thefe  fix  Members  or  Numbers,  viz..  aaaaa  saaaae 
loaaaee,  loaaeee,  <;aeeee,  and  eeeee,  (as  is  manifeft  by  the  fifth  Power  in  the  Table  in 
Seff.4.  Chap.  1.  of  this  Book.)  Now  becaufe  the  Refolution  of  the  fifth  Power  viz 
the  Extraftion  of  V($)  out  of  a  given  Number,  is  deducible  from  the  fteps  of  the 
Compofition  of  a  fifth  Power  from  its  Root  given  in  Number  ;  (  for  fuch  Numbers 
as  are  added  in  the  Compofition  are  to  be  fubtracfed  in  the  Refolution  )  the  Learner 
muft  beexercis'd  in  SeS.  4.  Untf.  2.  of  this  Book. 

Example. 

Let  it  berequired  to  extraa  V($)  out  of  17210368,  viz.  to  find  a  Root  or  Number 
which  being  multiplied  five  times  into  it  felf  will  produce  17210368  After  thegiveri 
Number  is  prepared  by  Purgations  as  before  is  direfted,  I  feek  in  theTabulet  in  the 
firlt  ftep  of  this  Section  4.  for  the  greatelt  fifth  Power  contained 
in  172  the  firft  Member  (towards  the  left  Hand)  of  the  given 
Number,  and  finding  it.  to  be  52,  I  fubfcribeg2  under  172  and 
write  2  the  Root  of  the  faid  fifth  Power  32  in  the  Quotient  for 
the  firft  Figure  of  the  Root  fought ;  then  after  having  drawn  a 
Line  under  32,  I  fubtraft  32  from  172,  or  3200000  from 
17210368,  and  there  remains  to  be  refolved  14010368. 

Then  to  difcover  the  Divifor,  which  fhews  how  to  begin  the  tryal  in  the  findins? 
out  of  e,  that  is,  every  Charafter  (whether  it  be  a  Figure  or  Cypher)  which  is  to 
follow  the  firft  Figure  of  the  Root  I  take  fuch  Powers  of  a  as  are  multiplied  into  the 
Powers  of  e  in  the  fifth  Power  produced  from  *+*,  viz.  $aaaa,  loaaa,  ioaa,  and  <a- 
fo  the  Sum  of  thefe  four  Numbers  make  the  Divifor.  And  becaufe  the  firft  Fieure 
of  the  Root  is  found  2,  and  confequently  (by  Note  2.  in  SeS.  1.  of  this  CZ™f  the 
Number  fignified  by  a  is  20,  therefore  the  Sum  of  the  Numbers  fignified  bv  too* 
loaaa,  ioaa,  and  ja  is  884100,  which  is  the  Divifor  -,  then  fuppofing  I  were  todi' 
vide  the  Refolvend  14010368  by  the  Divifor  8841 00,  I  find  the  Quotient  exceeds  q  ■ 
but  in  regard  e  always  reprefents  a  fingle  Figure  or  Cypher,  it  cannot  exceed  0  •  there' 
fore  I  make  tryal  (m  a  void  place)  with  9,  to  fee  whether  it  will  conftitute  a'n  Abh- 
titium that  does  not  exceed  the  Refolvend  14010368,  viz.  I  fuppofe  e=9  then  becaufe 
a  was  found  20,  the  Abhtitium  iaaaae+ 1  oaaaee+ 1  oaaeee-\-  $aeeee  exceeds  the  Refol 
vend  horn  which  it  ought  to  be  fubtraaed  But  if  e=8,  then  the  Abhtitium  will  be 
equal  to  the  Rejohend,  and  confequently  that  being  fubtraaed  from  this  there  will 
remain  o,  wherefore  I  fet  8  in  the  Quotient  -,  fo  28  is  found  to  be  the  VM  of  the 
giyenNumber  17210368,  for  28x28x28x28x28  produces  17210368.  Cornnare  tha 
following  Work  with  the  precedent  Rules  of  SeS. 4.  '       *         compare  tha 


172 
32 

140 


10368 
00000 
10368 


«  =  20 


e=  8 


0000c 

8000c 

400c 

100 


84100 


oocoo 

20000 

4800c 

40960c 

I32768 


140  10368 


000  0060c 


(28.  Root, 
aaaaa 


Ablatitium. 


By  the  precedent  Rules  and  Examples  of  this  Chap,  the  Ingenious  Reader  will  eafily 
perceive  how  to  extend  this  general  Method  to  the  Extraaion  of  the  Roots  of  all  kinds 

cf 
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of  Powers  in  Numbers,  viz.; of  the  fixth,  feventh,  eighth,  iSfc.  Powers;  as  alio 
to  find  out  the  Roots  infinitely  near  of  fuch  Powers  as  have  not  Roors  exactly  ex- 
preffible  by  any  rational  or  true  Number. 

CHAP.    IV. 

Concerning  the  Extraction  of  Roots  out  of  Powers  expefsd 
by  Letters. 

I.  TN  a  Series  or  Scale  of  Powers  produced  from  a  Root,  fuppofe  from  a,  as  in 
J.  this  Series,  a%aa,aaa,aaaa,aaaaa,ac  ,ai  ,a% ,  d?V.  thole  Powers  only  whole  Indices 
are  even  Numbers  are  Squares  •,  as  aa^aaaa,a6,a%,  &e.  (  whofe  Indices  are  2, 4, 6,  8, 
&c.  )  are  Squares.  And  thofe  Powers  only  whofe  Indices  are  divifible  by  2.  are 
Cubes,  as  aaajutaaaa,a\  &c.  (  whofe  Indices  are  3,  6,  9,  &c.)  are  Cubes.  There- 
fore every  Power  whofe  Index  is  a  Prime  Number  greater  than  3,  as  aaaaa^tP^a"^ 
&c.  (  whofe  Indices  are  5,  7, 11,  &c)  is  neither  a  Square  nor  a  Cube.  But  every 
Power  whofe  Index  is  divifible  by  6,  as  a  V  V8,  &c.  is  both  a  Square  and  a  Cube, 
becaufe  the  Index  is  divifible  both  by  2  and  by  3. 

II.  If  a  Simple  Quantity  be  exprefs'd  by  the  fame  Letter  repeated  an  even  number 
of  times,  the  Square  Root  thereof  is  eafily  extracted  ;  for  the  Root  mutt  be  fuch  that 
its  Index  may  be  the  half  of  the  Index  of  the  Quantity  propofed  :  As,  Yaa  (that  is, 
the  Square  Root  of  aa)  is  at,  for  1,  the  Index  of  the  Root  a  is  the  half  of  2,  the  In- 
dex of  the  Square  aa.  In  like  manner  Yaaaa  is  aa,  whole  Index  2  is  the  half  of  4, 
the  Index  ot  the  Square  aa'aa.  Again,  Yaaaaaa  is  aaa,  whole  Index  3  is  the  half  of 
6,  the  Index  of  the  Square  afi. 

III.  And  with  the  like  facility  you  may  extract:  the  Cubic  Root  of  a  Simple  Quan- 
tity, which  is  exprefs'd  by  one  and  the  fame  Letter  repeated  fuch  a  Number  of  times 
as  is  divifible  by  2  •,  for  the  Cubic  Root  muft  be  fuch  that  its  Index  may  be  -j-  of  the 
Index  of  the  Cube  propofed  :  As  Y(^)aaa  (that  is,  the  Cubic  Root  of  the 
Quantity  aaa)  is  a,  whole  Index  1  is  ~  of  3  the  Index  of  aaa.  In  like  manner  •/(?) 
a6  is  aa,  whofe  Index  2  is  -j-  of  6  the  Index  of  the  Cube  a6. 

IV.  If  the  Index  of  a  Simple  Power  exprefs'd  by  the  fame  Letter  be  lome  Prime 
Number  greater  than  2,  as  ?,  7,  11,  &c  then  neither  V(2)nor  /(?),  nor  any  other 
Root,  except  that  denoted  by  fuch  Index  or  Prime  Number  can  be  exactly  extracted 
out  of  the  faid  Power  :  fo  no  Root  can  be  exactly  extracted  out  dfctoaaa  or  a\  but 
■/(5),  which  is  a -,  nor  any  Root  out  of  a"  but  ^(7),  which  is  alfo  a.  But  when  the 
Root  cannot  be  exactly  extracted,  the  Sign  of  theRoot  is  to  be  prefix'd  to  the  Quan- 
tity •,  as  toexprefs  the  Square  Root  of  aaaaa  or.^',  I  write  Yaaaaa  or  YaK  Like- 
wife  I  exprefs  the  Cubic  Root  of  a*  thus,  Y(%)  a>  •,  and  Y(a)  of  a?  thus,  V(4>7  i 
and  fo  of  others. 

V.  When  ibme  Power  of  an  unknown  Simple  Root  a  is  found  equal  to  fome  known 
Number,  and  the  Index  of  that  unknown  Power  is  not  a  Prime  Number,  then  the 
value  of  the  Root  a  iu  Number  may  oftentimes  bedifcovered  by  two  or  moreExtracti- 
ons,  more  eafily  than  by  one  fingle  Extraction  of  a  Root  out  of  the  faid  unknown 
Number.    As  for  Example  : 

If  there  be  propofed  or  found  out     .    .     .     s aaaaaa=-]2^ 

Then  to  find  out  the  value  of  a  you  need  not  extract  the  Y(6)  of 
729,  by  the  general  Method  before  delivered  in  Chap,  3.  but  flrlt ~) 
by  that  Method  extract  the  Square  Root  of  729^  and  then  by  Se3.  v.     .    «aa=  27 
2.  of  this  Chap,  the  Square  Root  of  aaaaaa,  fo  thofe  two  Roots  \ 

compared  give  this  Equation,   viz ,   ,J 

Lalfjy,  by  extracting  the  Cubic  Root  of  each  part  of  the  lalt  ?  a__. 

Equation,  the  value  of  a  the  Root  fought  is  difcovered,  viz.    .    .  j" 

Or 
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Or  thus,  • 

Firft,  by  extra&ing  the  Cubic  Root  of  each  patt  of  the  Equation  >  __ 

tion  propofed,  there  arifes 3      •  aa~  9 

And  then  by  extracting  the  Square  Root  of  each  part  of  the  laft  )  _ 

Equation,the  lame  value  of  the  Root  a  is  found  out  as  before,to  wit,  >     '    a~? 

In  like  manner  if «9=i968? 

Firft  by  extracting  the  Cubic  Root,  it  gives «>  —       2y 

And  again,  by  extracting  the  Cubic  Root  of  that  Root  the  Root")  _ 

a  is  made  known,  viz ,         .    J    •    a~         5 

VI.  When  two  or  more  Squares,  Cubes,  or  other  Powers'  exprefs'd  by  different 
Letters,  be  multiplied  one  into  another,  then  if  the  Root  of  each  Power,  viz.  the 
Square  Root  if  they  be  Squares,  or  the  Cubic  Root  if  they  be  Cubes,  £5c.  be  extracted, 
the  Product  made  by  the  Multiplication  of  thele  Roots  one  into  another,  mall  be  a 
like  Root  of  the  Power  or  Producf  firft  given.  As  for  Example :  Vaabb  is  ab,  which 
is  the  Product  of  the  Square  Roots  of  aa  and  bb.  Likewife,  Y(i)aaabbb  is  ab,  which 
is  the  Producf  of  the  Cubic  Roots  of  aaa  and  bbb. 

Again,  Vaabbcc  is  abc,  which  is  the  Product  of  the  Square  Roots  of  aa,  bb,  andcc. 
In  like  manner,  Y(i)2-jaaabbb  is  o,ab,  which  is  the  Product  of  theCubic  Roots  of  27 
aaa  and  bbb  ;  and  Vi6aabbcc  is  yibc,  which  is  the  Product:  of  the  Square  Roots  of  16 
aa,  bb,  and  cc.    The  like  is  to  be  underftood  of  others. 

But  if  the  Square  Root  oF$aabb  be  defired,  becaufe  5  is  not  a  Square,  the  laid  Root 
is  to  be  exprefs'd  either  thus,  Y^aabb  •,  or  thus,  V^xab  •,  or  thus,  abV<$.  In  like 
manner,  to  denote  the  Square  Root  of  aaabbb  I  write  Vaibh  And  to  fignifie  the 
Cubic  Root  ofaabb  I  write  V(i)aabb;  but  the  Cubic  Root  of  ^aaabbb  may  be  writ- 
ten either  thus,  V(3)iasbs  j  or  thus,  V(3)i*ab ;  or  thus,  «bV(i)i. 

Concerning  the  Extraction  of  Boots  out  of  Compound  Quantities  exprefs'd  By  Letters. 

VII.  Before  the  Learner  enters  upon  the  Extraction  of  Roots  out  of  Compound 
Squares,  Cubes,  or  other  Powers  exprefs'd  by  Letters,  he  ought  to  be  well  exercis'd 
in  the  eighth  and  ninth  Chapters  of  my  firft  Book  of  Algebraical  Elements  -,  as  alfo  in 
the  foregoing  firft,  fecond,  and  third  Chapters  of  this  Book,  and  in  the  precedent 
Rules  of  thisChapter ;  all  which  well  underftood  will  render  the  following  Rules  and 
Examples  of  this  Chapter  very  plain  and  eafie. 

VIII.  Rules  for  the  Extraction  of  Square  Roots  out  of  Compound  Ouantities  ex* 

prefsd  hj  Letters. 

Rule  1.  Set  the  particular  Members  of  the  Compound  Algebraic  Quantity,  whole 
Square  Root  is  required,  in  fuch  order,  that  one  of  the  Simple  Squares  may  ftand 
outermoft  towards  the  left  Hand  ;  and  next  after  the  fame  fuch  other  Member  or 
Members,  wherein  you  find  the  fame  Letter  or  Letters  as  are  in  the  faid  Simple  Square. 
Then  the  Square  Root  of  the  faid  Simple  Square  is  to  be  let  in  the  Quotient  for  the 
firft  Number  of  the  Compound  Root  lought,  and  the  Square  it  felf  is  the  firft  Quan- 
tity to  be  fubtracled  from  the  Compound  Quantity  propofed.  This  is  the  firft  Work 
which  is  no  more  to  be  repeated  in  the  whole  Extraction. 

Rule  2.  Double  the  Root  before  fet  in  the  Quotient  for  the  firft  Divifor  ■,  likewife 
to  find  every  following  Divifor  double  every  Simple  Quantity  that  ftands  in  the  Quo- 
tient, and  take  tbe  Sum  of  the  Produces  for  the  Divifor. 

Rule  3.  When  the  Divifor  is  found  out,  divide  only  the  firft  Simple  Quantity  (to- 
wards the  left  Hand)  in  the  Refohmi,  by  thefirft  Simple  Quantity  in  the  Divifor,  and 
fet  that  which  comes  forth  next  after  the  Member  or  Members  of  the  Root  fought 
that  was  before  found  out. 

Rule^.  After  thefirft  Simple  Square  is  fubtrafted  (according  to  Rule  1.)  then  every 
following  Ablat'itium,  that  is,  the  Sum  of  the  Quantities  to  be  fubtracfed  from  the 
refpective  Refohmi,  muft  be  compofed  of  thefe  two  Products,  viz.  the  Product:  made 
by  the  Multiplication  of  the  whole  Divifor  by  that  particular  Quantity  which  was 
laft  fet  in  the  Quotient,  and  the  Square  of  the  fame  Simple  Quantity. 

The  Practice  of  thefe  Rules  will  be  apparent  in  the  following  Examples. 

Example 
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Example  i. 

Let  it  be  required  to  extract  theSquareRoot  of  aa-\-2ab-\-bb. 

Firft,  I  extract  the  Square  Root  of  aa,  and  it  is  a,  which  I  fet  in  the  Quotient ; 
then  multiplying  a  by  it  felf,  I  fet  the  Produft  aa  under,  and  fubtract  it  from  the 
Qnantity  firft  propofed,  and  there  remains  2ab\bb.  This  is  the  firft  work  which 
anfwers  to  Rule  i.  and  is  no  more  to  be  repeated. 


The  Square, 

Subtract 

Remainder, 
Divifor, 
Subtract 


aa-\-2ab-\-bb 
aa 

+  2ab-\-bb 
-\-2ab-\-bb 


(a+b    The  Root. 


Remainder,  o       o    | 

Secondly,  the  Divifor  (according  to  Rule  2.)  is  2«,  which  I  fet  under  zab< 

Thirdly,  I  divide  +2ab  by  the  Divifor  +2«,  and  the  Quotient  is  +  £,  which  I  fet 
next  after  a,  (the  particular  Root  before  found  out)  according  to  Rule  3. 

Fourthly,  I  multiply  the  Divifor  -\-  2a  by  -\-b,  (that  was  laft  fet  in  the  Quotient) 
and  the  Product  is  -\-2ab,  to  which  adding  -\-bb\  (  the  Square  of  -\-b)  the  Sum  is 
-¥2ab-\-bb^  which  (according  to  Rule  4.)  I  fet  under  and  fubtract  from  the  Kefolvend 
-\-2ab-\-bb,  and  there  remains  o  :  So  the  Extraction  being  finifh'd,  the  Root  fought 
is  found  a-\-b^  for  if  it  be  multiplied  by  it  lelf  it  produces  aa-\-zab+bb,  the  Quan- 
tity firft  propofed. 

Note.  By  what  I  have  laid  in  the  eighth  and  ninth  Chapters  of  my  Firft  Book  of 
Algebraical  Elements ,  'tis  eafie  to  difcover  at  firft  fight  whether  a  Compound  Algebraic 
Quantity  confifting  of  three  Terms  be  a  perfect  Square  or  not,  and  if  a  Square  what 
its  Root  is.  Neverthelefs  in  this  firft  Example  I  have  exprefs'd  the  Work  at  large 
according-to  the  four  Rules  before  given,  that  the  like  Opertion  may  the  more  eafiiy 
be  perceived  in  the  following  Examples. 

Example  x. 
If  the  Square  Root  of  aa—2ab-\-2ac—2bc+bb+cc  be  defired,  it  will  be  foun^ 
a—b-\-c  by  the  precedent  Rules,  and  the  Work  ftands  as  here  you  fee  underneath. 


The  Square, 
Subtract 
Remainder, 
Divifor, 
Subtract 
Remainder, 
Divifor, 
Subtract 
Remainder, 


aa — 2ab-\-2ac — 2bcJrbb-\-cc 
aa 

— 2ab-\r  2ac — 2bc-\-  bb-\-cc 

+  2a) 

— 2ab-\-bb 


-\-2ac — 2bc-\-cc 
-f  2a  — 2b) 
-+-2itc — 2bc-\cc 


Example  3. 


(a— He  The  Root. 


In  like  manner  the  Square  Root  of  6^aabb-\-^2abc — 144^+40:— 3 6c+ 81  will  be 
found  8^+26—9,  as  is  manifeftby  the  following  Operation. 


The  Square, 

Subtract 
Remainder, 
Divifor, 
Subtract 


d^aabb-\-7,2abc — Id^ab-^-^cc — 3<5c-f  81 

6\aabb 

-\-?,2abc — i^ab-^qcc — 36H  81 
■\-\6ab) 


Remainder, 
Divifor, 
Subtraft 
Remainder, 


-\-  3  2abc 


+4cc 


— 144^         — 36c  -1-  81 
-+-   \6ab         -f  Ac) 


o  o         o 


(%ab\2c— 9 


Exam- 
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Example  4. 
Again,  the  Square  Root  o1dddd-\-2dddb-\-iddbb\2dbbb-\-bbbb  will  be  found  dd+ 
_l  AA .'  and  the  Extraction  itands  thus: 


d-i+idib-i-  ld*b--\-2db'>  +  b+ 
d* 


ib\bb  ;  and  the  Extraction  itands  thus 

The  Square. 
Subtract 

Remainder,  -\-2d-=b->r?,d--bz  +  2dbs-+b* 

Divifor,  +  2d-) 

Subtract 


■±2d->b+d-b1 


Remainder, 
Divifor, 
Subtract 
Remainder, 


-\-2d-b'+2db  =  -\-b^ 
+  2d~-    +2db) 
-\-2d-b-+zdbi+b+ 


(dd\db\bb. 


IX.    Rules  for  the  Extraction  of  Cubic  Roots  out  of  Compound  Quantities 
exprejsd  by  Letters. 

Ride  1.  Set  the  particular  Members  or  Parts  of  the  Compound  Algebraic  Quantity 
whofeCubic  Root  is  required,  in  fuch  order,  that  one  of  the  Simple  Cubes  may  ftand 
outermoft  towards  the  left  Hand,  and  next  after  the  fame  fuch  other  Members  wherein 
yon  find  the  fame  Letter  or  Letters  as  are  in  the  faid  Simple  Cube  ;  then  the  Cubic 
Root  of  the  faid  Simple  Cube  is  to  be  fet  in  the  Quotient  for  the  firft  Member  of  the 
Root  fought,  and  the  Simple  Cube  it  felf  is  the  firft  Quantity  to  be  fubtracted  from 
the  Compound  Qua ntity  propofed.  This  is  the  firft  Work,  and  no  more  to  be  repeated 
in  the  whole  Extraction. 

Ride  2.  The  firft  Divifor  muft  be  compofed  of  the  Triple  of  theSquare  of  the  Root 
before  fet  in  the  Quotient,  (which  Triple  Square  I  call  the  firft  part  of  the  Divifor) 
and  the  I  riple  of  the  fame  Root,  ( which  Triple  Root  I  call  the  latter  part  of  the  Di- 
vifor.) Likewifeevery  following  Divifor  muft  be  compofed  of  the  Triple  of  theSquare 
of  the  Sum  of  all  the  fingle  Quantities  or  Parts  of  the  Root  already  found  out  and  fet 
in  the  Quotient,  and  of  the  Triple  of  the  fame  Sum. 

Ride  3.  When  theDivifor  is  found  out,  divide  only  the  firft  Simple  Quantity  (to- 
wards the  left  Hand)  in  the  Refolvend,  by  the  firft  Simple  Quantity  in  the  Divifor,  and 
fet  that  which  comes  forth  in  the  Quotient  next  after  the  Member  or  Members  of  the 
Root  fought  before  found  ovit. 

Ride  4.  After  the  firft  Simple  Cube  is  fubtracted  (according  to  Rule  1.)  then  every 
following  Abhthhim,  that  is,  the  Sum  of  the  Quantities  to  be  fubtracted  from  the  Re- 
folvend, muft  be  compofed  of  thefe  three  Produces,  viz.  Firft,  the  Product  made  by 
theMultiplication  of  the  firft  Part  of  theDivifor,  (to  wit,  the  Triple  Square  mentioned 
in  Rule  2.)  by  the  fimple  Quantity  laft  fet  in  the  Quotient.  Secondly,  the  Product 
made  by  the  Multiplication  of  the  latter  part  of  the  Divifor,  (to  wit,  the  Triple  Root 
or  Sum  mentioned  in  Rule  2.)  by  the  Square  of  the  fame  fimple  Quantity.  And 
thirdly,  the  Cube  of  the  faid  fimple  Quantity  laft  fet  in  the  Quotient. 

The  Pracf  ice  of  thefe  Rules  will  appear  in  the  following  Examples. 

Example  1. 

Let  it  be  required  to  extract  theCubic  Root  out  of  aaa+?aac-\-  laee+eee. 

Firft,  beginning  at  the  left  Hand  I  extract  the  Cubic  Root  of  out,  and  it  is  a,  which 
I  fet  in  the  Quotient,  then  multiplying  the  faid  Root  aCubically  it  makes  «««,  which 
I  fubtraft  from  the  Compound  Quantity  firft  propofed  for  Extraction,  and  there  re- 
mains to  be  refolved  Jtiaas+?aee-\-eee.  This  is  the  firft  Work,  which  anfwers  to- 
Rule  1.  and  is  no  more  to  be  repeated  in  the  whole  Extraction. 


The  Cube, 
Subtract 

Remainder, 

Divifor, 

Subtract 
Remainder, 


aaa-Jf-  7,aae-\-  ^aee-\-ee 
dad 

-\-Xaae-\-^aee-\-eee 
+fgg  +  3<0 
-+■  iaae-\-  ^aee-\-eee 
o  00 

X 


(a-Y e.    The  Root. 


Se- 
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Secondly,  IfeekaDivifor  thus,  viz.  to +300,  which  is  the  triple  of  00  the  Square 
of  theRootfl,  Iadd  +  30,  the  triple  of  the  fjid  Root  0,  and  the  Sum  300+ 3a  is  the 
Divifor,  which  I  fet  underneath  the  remaining  Refohend,  according  to  Rule  2. 

Thirdly,  according  to  Rule  3.  I  divide  +  300?  by  +  3<*0,  and  it  gives  +  <?,  which 
I  fet  in  the  Quotient  next  after  0. 

Fourthly,  to  find  out  the  Ablatitium  (or  Quantity  next  to  be  fubtra&ed)  I  make  a 
threefold  Multiplication,  viz.  Firft,  I  multiply  +  300  (thefirft  part  of  the  Divifor) 
by  +  e  the  Root  laft  fet  in  the  Quotient,  and  the  Product  is  +  300*.  Secondly,  I 
multiply  +  30,  the  latter  part  of  the  Divifor  by  +ee,  the  Square  of  the  iaid  Root  e, 
and  the  Product  is  +  ?aee.  Thirdly,  I  multiply  the  faid  Root  e  Cubicaily,  and  the 
Product  is  eee.  Laftly,  I  fubtraft  the  Sum  of  the  faid  three  ProduQs  from  the  Refol- 
ve?id,  and  there  remains  o.  So  the  Extraction  is  finifh'd,  and  a-\-e  is  the  true  Cubic 
Root  fought;  for  if  it  be  multiplied  cubicaily,  it  will  produce  000+3  a  ae-\-  3  aee\  eee 
firft  propofed. 

Example  2. 

In  like  manner  the  Cubic  Root  extracted  out  of  125000+  225005+ 13  50^+27^ 
is  50+3^  and  the  Work  ftand  thus  : 


The  Cube. 
Subtract 
Remainder, 
Divifor, 
Subtract 
Remainder, 


125000-*-  2  2  5005+ 1 350^+27^    I    (50+ 3c     Root. 
1 25000 


+  22  5002+ 13  5002+ 27^ 
+  7500  +    1 50) 


+  2  2  %aae-\- 1 3  %aee-\-  z-jeee 
000 


Example  3. 


So  the  Cubic  Root  of  27a* — 540J  +  17104 — 18803+28500— -1500+125  will  be 
found  300 — 20+ 5,  and  the  Operation  ftands  thus: 


Cube,        27a* — 5405+ 17134 — IS 
Subtract    270* 


(3+2851*0 — 1500+125 


Remainder,  — 5405+17104 — 18803+28500 — 1500+125 

Divilbr,        +  2704+     9^-) 

Subtract 


-lJ40>  +    i6a+- 


Sai 


Remainder, 
Divifor, 

Add  thefe, 

Subtraa 
Remainder, 


+  13  534 — 1  SO034-  28500 — 1 5oa+ 1 2% 

{-\-  2704 —  360'+   1200 
+     900 — 6a 


+  13504 — 18003-^  6000 

+  22500—1500 
+125 


+  13504—18005+  28500 — 1 500+ 125 


(300— 20+ 5.  Root. 


If  there  be  occafion  to  extraft  the  Root  of  the  fourth,  fifth,  or  other  higher  Com- 
pound Power,  the  Divifors  and  Ablatitious  Quantities  may  be  drawn  out  of  the  Ta- 
ble in  Sett.  4.  Chap.  1 .  of  this  Book. 

X.  Concerning  the  Extraclion  of  Roots  out  of  Algebraical  Fnftions. 

1 .  Forafmuch  as  in  the  Extraclion  of  Roots  out  of  Fractions,  the  Root  of  the 
Numerator  and  Denominator  being  ieverally  extracted  gives  the  Root  fought ;  there- 
fore if  the  Square  Root  of  — -  be  to  be  extracted,  I  write  —  for  the  Root  fought ; 

for  the  Square  Root  of  the  Numerator  aabl/isab,  and  the  Square  Root  of  the  Deno- 
minator cg  is  c 

In 
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In  like  manner  if  the  Square  Root  of  fff=^+^>  bedefi 

aa+qab     -\-4bb  '  ,-AllcU'UII5 

the  Square  Root  out  of  the  Numerator  and  Denominator,  there  arifes  ™—M  for 

the  Root  fought. 

And  for  the  fame  Reafon  the  Cubic  Root  of  this  Fraction 
*7a'-,4*<+iV**-iSto>  +  2*,a*-iSoa+r2,  ^        ,aa-2a'+,'     '     ' '     ' 
aaa — ^aa-\-2-ja — 27  a^2 '  n     s 

found  by  extracting  the  Cubic  Root  out  of  the  Numerator  and  Denominator  of  the 
Fraction  propofed. 

J\  B^ if  ?e?°,0t  f?U^ht  ca/nnotT,be  ex«aaed  out  of  the  Numerator  and  Demoni- 
nator,  then  the  Radical  Sign  V  with  the  Index  of  the  Power,  if  it  exceed  a  Square, 

is  to  be  prefix'd  to  the  Fraaion  j  as  to  denote  the  Square  Root  of  CS^L  —ac ,  that  is, 
f  ccxx—^abbc    r       .       ,ccxx— ±abbc  .,         _    ,     rt  4 
^T~'  '  W      f~   4^    '  '  or  ^becaufe  the  Square  Root  of  the  Denomi- 

natorj^  the  Square  Root  of  the  Quantity  propofed  may  be  exprefs'd  thus 
Yccxx^abbc  ,  likew.fe  thg  Cub.c  Ropt  of_g^  ^    ^   ^^   ^    ^ 

^SlF  °r  (beCaufe  the  Numerat°t  is  a  Cube)  thus,-        «'.    The  like  is 
to  be  underftood  in  expreffing  the  irrational  Roots  of  higher  Powels.  a 


CHAP.    V. 

Concerning  Geometrical  Proportion. 

1  T  URea?o'feZn(£  ft  'W0,Numbers  Js  f^nd  out  by  Subtraction  •  but  the  Rath, 
Antecedent  SSftf  f  °nlN*mber  ^  another  is  differed  by  dividing  the 
Antecedent  (or  felt  Number)  by  the  Confequent  (or  fecond  Number-) 1  for  the  Quo- 

Am  cedent  to  £&6  ^\<*.(*  fome  call  it)  the  Proportion  whfcSte 
JS&         Confequent.    As  if  6  be  compared  to  2,  then  £,  that  is  1   or 

to  2  as  *  to  i     fc  f  P  tReaf°n  t0  5'  Vh'  6  contains  2  thrice>  or  6  S  in  Ptopot  ion 

Re  fo    to %   4    2  is  '  partoTf^of  ?i  ^  ^  *  °r  *  fteWS'  that  2  haS  fubtriPIe 
u  o,  wz.  2  is  _  part  of  6,  or  2  is  m  proportion  to  6  as  1  to  }.    H  like  man- 
ner if  the  Quantity  .  be  compared  to  the  Quantity  ft,  then  |  expreffes  the  to  or 

Reafon  of*  to  b,  and  i.  fhews  the  Reafon  of  b  to  a 
a 

fmSdr V2^er Xraf°v?f  ?  Numbers  or Q-uantities  oughtto  be  exprefs'd  by  the 
SSStaSrftSS?  Z'f"  P°ffibly  bef°Und  t0exPrefs  thatReafon.  So  the 
SeftS,!^  wf  "£*#  t0J2  'S^  Where  l6  and^i  2  are  nrft  reduced  to  the 
^?2St£?2!  ^dlv,ldlnSthei^ndi2feverally  by  their  grea tell  common 
SefTes4the  Re,r  P lng  *•  Antfedent  4  by  the  Confequent  3f  the  Quotient  | 
exprelies  the  Reafonor  Proportion  of  16  to  I2,  nt  16  is  to  12  as  4  to  3;   In  like 

manner  the  Reafon  of  bb  to  ba,  or  of  bbb  to  £&,  is  L 

afiiSSnSSS,1^?  I7  ^  Di?erenc?es  are  faid  to  be  in  a  continued 
S/ZSf  \  i  rr°greiTl?n'  ^as  has  been  fhewn  in  Chap.  17.  Book  i.  of  my  Ahebrakal 
fo  be  n  jin  /  ^ r Itl£S  whichPr°ceed  by  equal  Reafons  (or  P  opordL  )  are  fafd 
to  be  in  acontinuedGeometncalProgreffion  or  Proportion.   So  thefeNumbers  2  6,18 

X  2  '  'h' 
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54,  16?  are  continually  proportional,  becaufe  the  Reafon  (or  Proportion)  of  the firft 
the  fecond  is  equal  to  the  Reafon  of  the  fecond  to  the  third,  alfo  of  the  third  to  the 
fourth,  and  fo  forward;  viz.  %  (or  -f )  —^—\^—~g%\  or  backward,  JLf:-=j_i— 
4f.=|  (or  3.  )    In  like  manner  if   thefe  Quantities  a,  b,  c,  d,  e,  be  fuch,7hat 

^.=_=-C=r-5  or  backwards,  if  l.=_=f-=_s  then  thofe  Quantities  are  con- 
b      c       a      e  a       c      b      a 

tinually  proportional ;  viz.  as  the  firft  is  in  proportion  to  the  fecond,  fo  is  the  fe- 
cond to  the  third,  the  third  to  the  fourth,  c7c. 

But  if  there  be  four  fuch  Quantities,  that  the  Reafon  (or  Proportion)  of  the  firft 
to  the  fecond,  is  equal  to  the  Reafon  of  the  third  to  the  fourth  ^  but  the  Reafon  of 
the  fecond  to  the  third,  is  not  equal  to  the  Reafon  of  the  firft  to  the  fecond,  then 
thofe  Quantities  are  fa  id  ro  be  in  Geometrical  Proportion  difcontinued  or  interrupted  • 
fuch  are  thefe  four  Numbers  2  .  6  : :  12  .  36  ^  for  4  (or  -f)  =44,  but  Ti.  (or  i.) 
is  not  equal  to  ^  or  -f.    In  like  manner,  if  a,  by  c,  d,  be  fuch  Quantities  that 

*  — -'L  but—  is  not  equal  to  a    (or 4 0 then are«,£,<v?,difcontinual Proportionals 
b      a  c  0  d 

III.  If  three  Quantities  be  Proportionals,  the  Producf  made  by  the  mutual  Multi- 
plication of  the  Extremes  is  equal  to  the  Square  of  the  Mean  -,  as, 

Iftherebepropofed {  *<M' *'  2 

Then  this  Equation  enfues    .    .    .    «    .....    .      ac=b!>~i6 

For  fince  by  fuppofition a  .bwb  ,c 

It  follows  (by  Se3.  1.  and  2.)  that -j  -^-=_  =  3 

<■  b      c 

Whence  by  multiplying  each  part  by  c,    ......      <a^-=b=6 

And  by  multiplying  each  part  of  the  laft  Equation  by  b,    C        bh—if, 

it  produces s \  0—3° 

Which  was  to  be  proved. 

IV.  If  four  Quantities  be  Proportionals,  whether  they  be  continual  or  difcontinual, 
the  Produft  made  by  the  mutual  Multiplication  of  the  Extremes  is  equal  to  the  Pro- 
duct of  the  Means ;  and  confequently  if  the  ProducT:  of  the  Means  be  divided  by  either 
of  the  Extremes,  the  Quotient  is  the  other  Extreme.    As  for  Example  : 

Let  four  difcontinual  Proportionals  be  propofed,        .    .4       *  6 ;;    '  '  * 

Then  by  the  foregoing  Se3.  2 <  — =_=  3 

L  c      a 
And  by  multiplying  each  part  of  that  Equation  by  a  this  (  da_.  _ 

is  produced,  viz \  ~c :~  ~ !^ 

And  by  multiplying  each  part  of  the  laft  Equation  by  c,  f    t  _  ,_, 

the  firft  part  ot  the  Propofition  is  manifeft,  viz.    .    .\    a—c°—?Q 

And  by  dividing  each  part  by  d  there  arifes    .    .    .    A      a=——  5 

Which  laft  Equation  being  compared  with  the  four  Proportionals  firft  propofed 
doesfhew,  that  if  three  Quantities  d,  c,  b,  begiven,  to  find  fuch  a  fourth  as  fliall  have 
the  fame  Proportion  to  b  as  c  has  to  d,  then  the  Product  of  the  fecond  and  third  Terms, 
to  wit  cb,  being  divided  by  the  firft  Term  d  will  give  the  fourth  Proportional  fought, 
which  is  the  very  Operation  in  the  Rule  of  Three  DirecT:. 

V.  If  three  Quantities  a,  /;,  c  be  Proportionals,  and  the  firft  and  fecond,  to  wit  a  and 
b  be  given  feverally,  the  third  is  alfo  given;  lor  by  Se3.  3.  of  this  Chap,  ac—bb, 

whence  by  dividing  each  part  by  a  there  arife  c=—  whichfhews,  that  if  the  Square  of 

a 

the  Mean  or  fecond  Term  be  divided  by  the  firft,  the  Quotient  is  the  third  Proporti* 

hi) 

onal ;  hence  a,  />,  and  -  -  are  continual  Proportionals.    In  like  manner  if  three  Quan- 
a 

ti;ies  in  continual  Proportion  be  given  feverally,  and  a  fourth  Proportional  be  defired, 

the 
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the  Square  of  the  third  Term  divided  by  the  fecond  gives  the  fourth :  as  if  there  be 

given  thefe  three,  «,  b,  -* ;  then  by  dividing  the  Square  of  bb,  to  wit,  ^by  J.the 
«  a  aa 

Quotient—  (hall  be  the  fourth  continual  Proportional:  Hence «,  £,  — -Marecon- 

<&t  # '  aa 

tinual  Proportionals.  Likewife  if  the  Square  of  the  fourth  continual  Proportional  be 
divided  by  the  third,  the  Quotient  will  be  the  fifth  5  fo  to  thofe  four  continual  Pro- 
portionals this  fifth  will  be  found,  to  wit,  - —  •  and  fo  forwards  infinitely.  Therefore, 
r  aaa  J 

VI.  If  Numbers,  how  many  foever,  be  continually  Proportionals,  and  the  leaft  Term 
be  efteemed  the  firit,  that  next  greater  than  the  leaft  the  fecond,  and  fo  forwards ;  then 
the  fecond  Term  is  produced  by  the  Multiplication  of  the  firit  into  theReafon  of  the 
fecond  Term  to  the  firft,  the  third  Term  is  produced  by  the  Multiplication  of  the  firft 
into  the  Square  of  the  fame  Reafon,  the  fourth  Term  is  produced  by  the  Multiplication 
of  the  firft  into  the  Cube  of  the  fame  Reefon  ;  and  in  like  manner  every  following 
Term  is  produced  by  the  Multiplication  of  the  firft  into  fuch  a  Power  of  the  Reafon 
of  the  fecond  Term  to  the  firft,  as  has  fewer  dimenfions  by  one  than  the  Number  of 
Terms  has  Units :  as  in  thefe  following  fix  continual  Proportionals,  to  wit, 

,    bb    bbb    bbbb    bbbbb 

<*-,  h  — ,  —  ,  -  ■  --  ,   * 

a      aa       aaa     aaaa 

2,  6}  18,  74  ,  162  ,   486     ~r 
Suppofing  a  to  be  the  firft  and  leaft  Term,  the  fecond  Term  b  is  equal  to  the  Produ£t 

of  the  firft  Term  a  into—,  to  wit,  the  Reafon  of  the  fecond  Term  to  the  firft;  alfo 
a  ' 

the  third  Term  —  is  produced  by  the  Multiplication  of  the  firft  Term  a  into  the  Square 

of  the  fame  Reafon,  that  is,  Into  _•,  and  the  fourth  Term  _  is  produced  bv  the 

aa  aa  } 

Multiplication  of  the  firft  Term  a  into  the  Cube  of  the  fame  R  eafon,  that  is   into 

LI  k  111k  '3 

— ;  an  d  the  fifth  Term is  produced  by  the  Multiplication  of  the  firft  Term  a  into 

aaa  aaa 

the  fourth  Power  of  the  fameReafon,that  is,into  ^--:  and  fo  forwards. 

aaaa 
Eut  if  the  greateft  Term  be  efteemed  the  firft,  that  next  lefs  than  the  greateft  the 
fecond,  and  fo  downwards  ;  then  the  fecond  Term  is  equal  to  theQuotient  that  arifes 
by  dividing  the  firft  forgreareft)  Term  bv  the  Reafon  of  the  firft  to  the  fecond  ;  the 
third  is  equal  to  the  Quotient  that  arifes  by  dividing  the  fitft  Term  by  the  Square  of 
the  fame  Reafon ;  the  fourth  Term  is  equal  to  the  Quotient  that  arifes  by  dividing  the 
firft  Term  by  the  Cube  of  the  fame  Reafon  5  and  in  like  manner  every  Term  beneath 
the  greateft  is  equal  to  the  Quotient  that  atifes  by  dividing  the  firft  (  or  greateft  ) 
Term  by  fuch  a  Power  of  the  Reafon  of  the  greateft  to  the  greateft  but  one  (  or  fe- 
cond )  Term,  as  has  fewer  Dimenfions  by  one  thanvthe  number  of  Terms :  as  in  thefe 
following  fix  continual  Proportionals,  to  wit, 

bbbbb    bbbb    bbb    bb    t 

■ )  ;    — -,  — ,  b,  a    if 

aaaa      aaa^    aa  '   a 

486      l62'    J4'18'  6'  2   * 
If  we  fuppofe£^_  to  be  the  firft  and  greateft  Term,  then  the  fecond  Term  hhhl  is 
aaaa  °  '  aM 

equal  to  the  Quotient  of  the  firft  Term  b-bbb-  divided  by  b    to  wit,  by  the  Reafon  of 

aaaa  a 

the  firft  Term  to  the  fecond  5  alfo  the  third  Term  bbb  is  equal  to  the  Quotient  of  the 

aa 

firft  Term  __.  divided  by   b,  that  is,    by  the  Square  of  the  Reafon  ~h  and  the 

aaaa  aa  *  a 

fourth 
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bb  ■    ^„„i  ^  t.Uvn^timt  nfthn  firft  TSfm  bbbbb  ,.  -,   ,  ...  W£ 


fourth  Term  _  is  equal  to  the  Quotient  of  the  firft  Term  — -  divided  by  —  the 

a  aaaa  acta 

Cube  of  the  fame  Reafon.     And  fo  of  the  reft. 

VII.  From  thelaft  preceding  Seftion  it  follows,  that  if  in  a  Series  or  Rank  of  Num- 
bers which  are  in  continual  proportion,  the  firft  Term,  the  fecond  Term,  and  the  Num- 
ber of  Terms  be  given  feveraliy,  the  laft  Term  (hall  be  alfo  given  by  this  Rule,  viz. 
firft,  (according  to  the  Note  in  Sett,  i.  of  this  Chap.)  find  out  the  fmalleft  Numbers 
that  may  ihew  the  Reafon  of  the  greater  of  the  two  given  Terms  to  the  lefs  ;  then 
efteeming  the  laid  Reafon  as  a  Root,  find  fuch  a  Power  thereof  whofe  Index  may  be 
equal  to  the  given  multitude  of  Terms  lefs  by  Unity,  which  Power  multiplied  by  the 
firft  Term,  when  the  firft  Term  is  lefs  than  the  fecond,  gives  the  laft,  to  wit,  the 
greateft  Term.  But  when  the  firft  Term  is  greater  than  the  fecond,  then  the  firft  Term 
divided  by  the  fa  id  Power  gives  the  laft  Term.  As  if  there  be  given  a  and  b,  the  firft 
and  fecond  of  fix  Numbers  in  continual  proportion,  and  that  b  is  greater  than  a ; 

then  the  Reafon  of  b  to  a  is  — ,  (  by  SeB.  i.  of  this  Chap.  )  and  the  fifth  Power  of 
a 

t  is  ^S;  this  multiplied  by  the  firft  Term  a  produces  h^\  which  is  the  fixth 

a       aaaaa  aaaa 

Proportional  fought,  (as  is  evident  by  SeB.  6.)  but  if  the  firft  Term  a  be  greater  than 

the  fecond  Term  b,  then  the  Reafon  of  a  to  b  is  ~,  whofe  fifth  Power  is  ~aaa ,  by 

b  b  bbb 

which  if  you  divide  the  firft  Term  a,  the  Quotient  is  the  fixth  Term       — . 

aaaa 

This  Rule  may  be  exemplified  by  the  four  following  Ranks  of  Numbers  in  conti- 
nual Proportion. 

'18b 


2,6. 

18 

I     S4  • 

162 

3072  ,  768  , 

192 

,  48 

12 

2    ,   3 

T 

)  ~ * 

—r 

VIII.  If  there  be  given  two  Integers  exprefiing  a  Reafon  in  theleaft  Terms,  and  it 
be  defired  to  find  out  a  given  multitude  of  continual  Proportionals  in  the  lame  Rea- 
fon, and  that  all  the  Terms  may  be  Integers  ;  Firft,  to  thole  *  wo  Integers,  or  riift  and 
fecond  Proportionals  given,  find  out  (by  <SW?.  5.  or  6.  of  this  Chap.)  io  many  Propor- 
tionals as  withthofegiven  may  make  thedefired  multitude :  then  multiply  every  Term 
by  the  Denominator  of  the  laft  Term,  fo  fhall  the  Products  be  continual  Proportionals 
in  Integers  in  the  fame  Reafon  as  the  two  Terms  firft  given.  As  for  Example  :  If  a 
and  b  be  given,  and  it  be  defired  to  find  three  Proportionals  in  Integers  in  the  Reafon 

of  a  to  b  ,  firft,  to  a  and  b  I  find  a  third  Proportional,  which  (by  SeB.  5.)  is  — 

a 

then  a,  b,  —  being  multiplied  feveraliy  by  the  Denominator  a,  the  Produces  aa,  ab, 

a 
bb,  are  Proportionals  exprefs'd  by  Integers,  and  in  the  Reafon  of  a  to  b,  as  was  defired. 

Hence  ir«=2,  and  b  =  i  ;  then  aa,-  ab>  and  bb  will  give  4,  6,  and  9,  which  are 
conrinual  Proportionals  in  Integers  in  the  given  Reafon  of  2  to  ?. 

So  if  four  continual  Proportionals  in  the  Reafons  of  a  to  b,  be  defired  ;  firft,  (by 

SeB.  ■?.  or  6.)  thefe  will  be  found  continual  Proportionals,    to  wit,  a.  b,  —    — 

a1    act 

which  multiplied  feveraliy  by  aa,  ( the  Denominator  of  the  laft  Term  )  will  produce 
aaa,aab,abb,bbb,  which  are  four  continual  Proportionals  in  Integers  in  the  given  Rea- 
fon of  a  to  b.  Hence  if  a=  2,  and  b—  3,  then  aaa,aab,abb  ,znd  bbb,  will  give  8, 1 2, 1 8, 
and  27,  which  are  continual  Proportionals  in  Integers  in  the  given  Reafon  of  2  to  3. 
In  like  manner  thefe  five  Quantities  aaaa,  aaab,  aabb,  abbb,  and  bbbb,  will  be  found 
continual  Preportionals  in  the  Reafon  of  a  to  b;  fothatif«  =  2,  and  6=3,  then  thofe 
five  Proportionals  will  give  thefe  five,  to  wit,  16,  24,  36.  54,  and  81  -h-  in  the  Reafon 
of  2  to  3.    After  the  fame  manner  you  may  proceed  infinitely. 

IX.  If 
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IX.  If  there  be  Quantities  in  continual  Proportion    h  ^w  m™„  r  777 

made  by  the  Multiplication  of  the  Extremes  is equal »  ttelSS^^  theP^duit 
equally  diitant  frorn  the  Extremes  ,  anHfo  tX  We SSftf V0  Means 

i.  By  fuppofition,  (and  by  &ff.  1.  and  2.)    .     .  _^__  1 

2.  Therefore  by  multiplying  each  part  by  /,  it  produces    .        g=l 


K  f 


|.  AndbymuItipIyingeachpartofthelaftEquationby^itgives     af=:be 
4.  Again,  by  fuppofition b  -__  1 

a  T  J5refT  (by  *&$&&  «  ®*  manner  as  before)  U-L 

™°%2£  the.third  and  fifth  W  *r  *^w/^ 

Multiplication  of  the  iofi8E£S  JW1*  * ', then  theProduft  made  by  the 
Termi,   viz.  ag=dd.  X*xtremes  <* and  «  ■  equal  to  the  Square  of  the  middle 

1.  By  fuppofition  (and  by  SeS. 1.  and  2.)    .  ±_  i 

2'  itTmakesre  ^  mWtW^  each  P«  of  that  Equation  by  d,  >  ' "| 

3*P^smuitipiyingeach  pa"  °f  the  kii  ^n  by;,  *r_  J 

4>  prnoPoSat  ha*  ^^  ^ in  *e  ^  p-t  tf  u  r 

for  further  Illuftration  •  ineretore  the  Propofition  is  every  way  manifeft  ;  but 

Let  there  be  propofed  thefe  fix  continual  ) 
Proportionals  in  Numbers,  to  wit,    .   .       $  2  ,  6  ,  18  ,  54,  162  ,  486  ~ 

Then  according  to  the  firft  part  of  the  > 
ProP°fi"on, ...      J  2x486  =  6x162  =  18x54=™ 

Again  let  there  be  propofed  thefe  feven  ? 
continual  Proportionals,  to  wit,    ...      >  2  ,6  ,   18  ,  54  s  162,486,1458 

Then  according  to  the  latter  part  of  the  ? 
Propofition,  j-  2  x  1458  =  54*  54=2916. 

It  J       a     •     0     :  :     c     .     <£      "> 

_L_JL_i_4__LLJ2  •    8     y 

Then  Alternly,      5      a    •    c     : :    &    .     T~Y„ 

I       ^    •    12    ::    4    .      8      J-  «*■  1 6.  Prop.  5 .  ffcffj.  £W7. 

And  Inverfly,        S     c    •    *     :  :    d    ,  b  7  _, 

_L_I2__L_6_j_^8    .  4  J**" c'01'-  of  Prop.  4.  £/<?>«.  j. 

And  Compofedly,T^+^~^~::c+rf.  d  >  „ 

J     'o     •    4     ::  20   .  8  j*Per  l8-  Pj"^-  ?•  Elan. 

And  Dividedly,    -j   *~ b  •    *     ::c— rf.     i     }  n 

j      2      ■    4     ::     4    ,      8      fPer  17.  Prop.  5.  Elm. 

And  Converfly,    S     a     ■"+!>■.■.    c    .  c+d  >  „    _      „ 

t     6      •   10   ::   12    .    20     $PerCor'°fProp.i9.Ekm.5. 

But 
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But  that  the  Learner  may  the  better  perceive  the  meaning  and  ufe  of  thefe  ways  of 
arguing  about  Proportionals,  I  (hall  apply  fome  of  them  to  the  Refolution  of  this 
following 

QU  E  S  T. 

The  Difference  (/;)  between  the  greater  extreme  and  mean  of  three  Quantities  con- 
tinually proportional  being  given,  as  alfo  the  Difference  (c)  between  the  mean  and 
the  letfer  Extreme,  to  find  the  Proportionals  -,  but  the  firlt  Difference  muft  be  greater 
than  the  latter. 

RESOLUTION. 

i.  For  the  mean  Proportional  ibught  put .    .    a 

2.  To  which  adding  the  given  Difference  (b)  the  Sum  is  )  ,  , 
the  greater  Extreme,  to  wit, y    '     a~^l> 

3.  But  if  from  the  Mean  (a)  the  given  Difference  (c)  be  1  

fubtrafted,  the  Remainder  is  the  leffer  Extreme,  to  wit,  y    ;     a    c 

4.  Then  (according  to  the  Queftion)  thefe  threeQuantities>         ,, 
a-\-b.  a,  and  a — c  muft  be  in  continual  proportion,  viz.  j     a'~     •  a  ■•  a 

■).  Therefore  by  Divifion  of  Reafon.,     t    .  .    .     .    .    .    .      b     .awe.  a — c 

6.  And  alternately  (or  by  Permutation) b     .  c  : :  a  .  a — e 

7.  And  by  Divifion  of  Reafon, .•      b — c  .  c-.-.c.  a — c 

8.  Wherefore  by  Converfion  of  Reafon, b — c  .  b  :-.  c  .  a 

Which  laft  Analogy  if  it  be  exprefs'd  by  Words  gives  this 

CANON. 

As  the  Difference  between  the  two  given  Differences  is  to  either  of  them,  To  is  the 
other  to  the  mean  Proportional  fought. 

Therefore  if  36  =b,  and  I2=c,  the  Canon  will  difcover  18  for  the  mean  Propor- 
tional fought,  (to  wit,  a  in  the  Refolution)  which  increafed  with  36,  and  leffened  by 
12,  gives  54  and  6  for  the  Extremes.  Therefore  the  three  Proportionals  fought  are 
jnanifeftly  54,  18,  and  6. 

Note.  If  the  Analogy  in  the  fourth  ftepof  the  Refolution  be  converted  into  an  Equa- 
tion, by  comparing  the  Prod  ucf  made  by  the  mutual  Multiplication  of  the  Extremes 
to  the  Product  of  the  Means,  that  Equation  after  due  Reduction  will  give  the  fame 
Canon  as  above ;  fo  that  the  Argumentation  in  the  four  lalt  fteps  of  the  Refolution  is 
not  of  neceffity,  but  only  to  fhew  how  without  the  help  of  any  Equation  the  Num- 
ber fought  may  fometimes  be  made  thefourthTerm  of  an  Analogy,  whole  three  firft 
Terms  are  known,  whence  by  the  Rule  of  Three  the  Number  fought  is  alfo  known. 
Which  ways  of  inferring  one  Analogy  out  of  another  are  more  proper  when  the  Na- 
ture of  a  Queftion  will  admit  the  fame,  than  the  common  way  of  proceeding  by  Equa- 
tions, efpecially  in  the  Refolution  of  Geometrical  Problems,  where  every  ftep  ought 
to  be  exprefs'd  in  the  moft  fimple  Terms,  to  the  end  the  Compofition  of  the  Problem 
may  the  more  eaiily  be  formed  by  the  fteps  of  the  Refolution ;  but  in  a  retrograde  or' 
backward  Order,as  I  fhall  hereafter  fhew  in  the  fourth  Book  of  my  Algebraical  Elements. 

XI.  If  Proportionals  be  multiplied  or  divided  by  Proportionals,  the  Produces  alfo 
or  Quotients  fhall  be  Proportionals ;  as, 

If  thefe  four  Proportional  Numbers,  i  a      .      b    : :      ca  cb. 

to  wit, )    2      •       4     :  :     3x2      .       3x4 

be  multiplied  by  thefe  four  Propor-  >   d      .      f    : :     gd      .       gf. 

tional  Numbers, jj      .       6     :  :    7x7     .      7x6 

there  will  be  produced  thefe  four  Pro-  \ad    .      bf    : :    egad     .      egbf 
portional  Numbers,  to  wit,    .    .    .    32x5    .    4x6    1:3x7x2x5.3X7x4X15 
whereby  the  firft  part  of  the  Propofition  is  manifeft. 

And  if  thefe  four  ProportionalNumO    ^  hf    .         d  bf- 

bers,  to  wit, j  ,  -•- 

be  divided  by  thefe  four  Proportionals,  *)    ,  f    •       sd  xf. 

to  wit, j" 

the  Quotients  will  be  thefe  four  Pro-  )  b    1:    ca  cb.  .".*"* 

portionals,  to  wit,    ......  y 

whereby  the  latter  part  of  the  Propofxtion  is  manifeft. 

Hencd 
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Hence  it  may  eaiily  be  proved,  that  the  Squares,  Cubes,  fourth  Powers,  fifth  Pow- 
ers, &c.  of  proportional  Numbers  ftiall  be  alfo  Proportionals  j  as, 

If ' a  .    b  ::  ca         .  cb 

.  Then  their  Squares  alfofhall  be  proportionals,™"*;,  act  .  bb  :-.  ccaa     .  ccbb 

And  the  Cubes  of  the  firft  four  Proportionals ")  , , ,  ,,, 

fhall  alfo  be  Proportionals,  viz $aaa  .  bbb  ::  cccaaa  .  cccbbb 

And  fo  of  higher  Powers. 

XII.  In  every  Series  or  Rank  of  Quantities  continually  proportional,  all  the  mean 
Terms  between  the  firft  and  the  laft  are  both  Antecedents  and  Confequents  of  Rea- 
ibns;  as 

If a  »  h  c,  &■>  e,  f  s 

That  is, «  ■  b  ::  b  .  c  : :  c  .  d  ::  d  .  e  ::  e  .  f 

It  is  evident  that  every  Term  except  the  laft  (f)  is  a  Antecedent  of  a  Reafon,  and 
every  Term  except  the  firft  (a)  is  a  Confequent  5  wherefore  if(j)  be  put  for  the  fum 
of  all  the  Terms  in  the  Series,  then  s—f  fhall  be  the  fum  of  all  the  Antecedents,  and 
s — a  the  fum  of  all  the  Confequents.    Therefore, 

From  the  premifles  (per  1 2  Prop.  5 .  Elan.  End.)  \       ,  - 

this  Analogy  arifes,  viz J*  •  *  :;  *~ t  •  '—" 

Whence  by  comparing  the  Product  of  the  Ex-  ">  *      ,- 

tremestotheProduaofthe  Means    ....    }■»-*«-*'-*/ 

Therefore  by  due  Tranfpofition  in  that  Equa-  \,f  , 

tion  when  b  is  greater  than  *, J#    *»-**-<» 

And  by  dividing  each  part  of  the  laft  Equa-  ~i \hf-~aa—i 
tion  by  b — «,  there  arifes X  b — a 

But  if  a  exceed  £,  then  there  will  arife   .    :  .  r~i 

a-—o 

Which  two  laft  Equations  give  a  Cannon  to  find  the  fum  of  all  the  Terms  of  a 
Geometrical  Progreffion,  the  firft,  fecond,  and  laft  Term  being  feverally  given. 

C  A  NO  N. 
Divide  the  difference  between  the  fquare  of  the  firft  Term,  and  the  Produ£l  made 
by  the  Multiplication  of  the  fecond  Term  into  the  laft,  by  the  difference  of  the  firft 
and  fecond  Terms,  fo  the  Quotient  fhall  be  the  fum  of  all  the  Terms  of  the  Geo- 
metrical Progreffion  propofed. 

Examples  in  Numhers. 

Let  the  Values  of  thefe «,£,c,    <?,«,/- 

be  exprefs'd  by  thefe  Numbers,  .    .   32   ,  48    72  ,  108, 162,243  rr 

Then  by  the  Canon W~aa-66$  the  fum  of  all. 

J  b — a 
But   if  the  Values    of  the  fame  V  ,  ■,  f  . 

Proportionals j   a  f    "   >   c   '    tf  »    c    ' •  ■»..* 

be  expounded  by  thefe  Numbers   .    .    243,1152,108,  72  ,  48  ,  32 -K- 

Then  by  the  Canon    .    .    .    :      J-ffT"fj  =665  the  fum  of  all. 

J  a — b 

XIII.  If  what  has  been  faid  in  the  eight  Sett.  0fthisC6ap.be  compared  with  the 
Table  mSeft.  4.  C%?.i.  of  this  Book,  itwillbemanifsft,  that  ifwecaft  away  the  Num- 
bers of  Multitude  which  are  prefixed  to  all  the  mean  Terms  or  Members  belonging 
to  any  Compound  Power  producedfrom  a  Binomial  Root,  fuppofefroma-t-e,  thenall 
the  Members  or  fimple  Quantities  whereof  the  faid  Compound  Power  is  compofed,are 
in  continual  Proportion  As  for  Example :  T  he  Members  whereof  the  fquare  of  a  -f« 
is  compofed  are  aa,  2ae,  and  ee  ;  now  if 2  which  isprefix'dto ae  be  caft  away,  thenar, 
ae,  and  ee  are  Continual  Proportionals,  fas  is  evident  by  the  preceeding  eight  SeS.of 
this  Chap) 

Again,  it  appears  by  the  faid  Table,  that  the  Members  whereof  the  Cube  of  «-f  e 
is  compofed  are  aaa,  laae,  %aee,  and  eee  -,  here  if  3  and  3  which  are  prefix'd  to  the 
mean  Terms  be  caft  away,  then  thefe  four  Quantities  aaa,  aae^  aee,  and  eee  will  be  in 
Continual  Proportion.  - 

Y  Like 
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Likewife,  forafmuch  as  the  fourth  Power  of  a-\-e  is  compofed  of  thefe  Members, 
aaaa,  <\.aaae,  6aaee,  qaeee,  and  eeee;  by  calling  away  the  Numbers  of  Multitude  4,  6, 
and  4,  thefe  five  Quantities  aaaa,aaae,'aaee,  aeee,  and  eeee,  fhall  be  continual  Propor- 
tionals,  And  fo  of  higher  Powers  infinitely. 

XI V.  Forafmuch  as  by  the  laft  preceding  SeB.  \ 
thefe  Quantities  are  in  continual  proportion  to  wit,  j     '     '   >  ae  >  ee  - 
Therefore  their  fquareRoots  alfo  fhall  bein  conti-  I  ,  ^ 

nual  proportion/^  2  Frop.6.Elem.Eucl.)towu,  y     \        '     a »   e  ■• 

Hence  if  a  mean  Proportional  between  any  two  given  Numbers  a  and  e  be  defired 
it  fhall  beVae;  as  if  0=12' and  e=3,  then  02=  3  6,  and  vW  or  •/ 3  6,  that  is,  6  isa 
mean  Proportional  between  12  and  35  for  as  12  is  to  6,  fois6  to  3. 

Again     forafmuch  as  thefe  Quantities  are  in  >  flce  ^ 

continual  Proportion,  to  wir,    ......   3  »        V-  -  *' 

Therefore  theirCubicRoots  alfo  fhall  be  continual  ">       ,,  v  ^^    ,,  N 
Proportionals,  (pen-1.Prop.11.Ekm.Eucl.)  to  wit,  J"»  V(3W  V(?>^  e- 

Hence  if  two  mean  Proportionals  between  any  two  given  Numbers  (a  the 
greater  and  c  the  leffer)  be  defired,  thenar?)  00U  fhall  be  the  greater  Mean,  and 
^(3>f?ethelelTer  •,  as  if  0=54  and  <?= 2,  then  001?  =5  83  2,  and  •/('3)00e='/(3)s832• 
thereforev'(3)  5832,  that  is,  18  is  the  greater  Mean  fought-,  alfo  aee=zi6,  'and 
therefore  1/(3)2 1 6,  that  is,  6  is  the  leffer  Mean :  fothati8  and  6  are  the  two  defired 
Mean  Proportionals  between  5; 4 and  2 ;  for  54,  18,  6,  and  2,  are  in  continual  pro- 
portion. But  when  one  Mean  next  to  either  of  the  Extremes  is  found  out,  the  other 
Mean  may  be  found  out  by  SeB.  5.  of  this  Chap,  without  extracting  any  Root. 

After  the  fame  manner  by  the  help  of  the  laid  Table  in  SeB.  4  Chap.  1.  of  this  Book- 
continued  to  higher  Powers  if  need  be,  you  may  find  outas  many  mean  Proportional 
Numbers  as  fhall  be  defired  between  any  two  given  Numbers.  As,  if  you  would  find 
five  mean  proportional  Numbers  between  14J8  ("or  a)  and  2  (or  e-J  look  into  the 
laid  Table  for  the  fixth  Power,  Cto  wit,  a  Power  whofe  Index  exceeds  by  Unity  the 
number  of  Means  fought  J  and  you  will  find  000000,  6aaaaae,  1  $aaaaee,  zcajam 
i^aaeeee,  Saeeeee,  and  eeeeee  -,  then  calling  away  6,  15,  20,  ij,  and  6,  which  arepre- 
fix'd  to  the  mean  terms,  and  extracf  Y(6)  out  of  every  one  of  thofe  fix  Terms  after 
the  laid  Numbers  prefix'd  are  calt  away,  there  will  arife  0,  Y(6)aaaaae,  V(6)aaaaee 
Y(6)aaaeee,  V(6)aaeeeee,  Y(6)aeeee,  and  e-H- ;  now  to  find  thefive  mean  proportional 
Numbers  anfwering  to  thofe  five  proportional  Roots  exprefs'd  by  Letters  which  fall 
between  a  and  e,  it  will  be  convenient  to  find  the  fmalleftMean  firft,  viz.  forafmuch 
as  0  was  put  for  1458,  and  e  for  2  ;  therefore  aeeeee— 46656,  and  Y(6)aeeeee= 
Y( 6)4.6656,  that  is,  6  fhall  be  the  leaftMean  fought :  then  2  being  the  firft  Pro- 
portional, or  leffer  Extreme,  and  6  the  fecond,  the  third  will  (by  SeB.  j.  of  this 
Chap.)  be  found  18,  the  fourth  54,  the  fifth  162,  the  fixth  486,  and  the  feventh,  to 
wit,  the  greater  Extreme,  was  firft  given  1458  :  fo  that  between  2  and  1458'five 
mean  Proportionals  are  found  out,  as  was  defired  ;  and  the  feven  continual  Propor- 
tionals are  thefe,  to  wit,  2,  6,  18,  54,  162,  486,  and  1458. 

Many  other  admirable  Properties  adherent  to  Numbets  in  Geometrical  Proportion 
continued,  are  deducible  from  the  faid  Table  of  Powers  in  SeB.  4.  Chap  1.  of  this 
Book,  as  will  partly  appear  by  the  Theorems  in  the  following  fixth  Chapter,  which  I 
find  difperfed  in  feveral  Algebraical  Treatifes. 
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CHAP.    VI. 

Various  Theorems  about  Quantities  in  Continual  Proportion. 

Theorem  i.   .    . 

F  three  Numbers  be  Proportionals,  the  Solid  Number  made  by  the  Continual  Mul- 
tiplication of  all  the  three  is  equal  to  the  Cube  of  the  Mean. 

Let  three  Proportionals  be  expqfed  in  Integers  ac-  \  aa  i  ae  ,  ee  -■ 
cording  to  Sett.  8.  or  13.  of  the  preceding  Chap.  5.  }    9   ,   6  '   4  4 

Thence  it  is  evident,  that  aaaeee%  the  Produclmade  by  the  Multiplication  of  all  the 
three  Proportionals  one  into  another,  is  equal  to  the  Cube  of  the  Mean  ae  as  is 
affirmed  by  the  Theorem. 

Theorem  2. 

If  three  Numbers  be  Proportionals,  the  Produft  made  by  the  Multiplication  of 
the  Square  of  the  rirft  by  the  third,  is  equal  to  the  Product  of  the  Square  of  the 
fecond  by  the  firft.  ■ 

As  in  thefe  three,    .     .    .   \  ■ !«*,«,«* 

3    9,6    ,  4  a 
It  is  evident  that  aaaax.ee =aaee-\~ aa—aaaaee. 

.  Theorem  3.    •     .     .    . 

If  three  Numbers  be  Proportionals,  the  Square  of  the  Sum  of  the  Extremes  is  equal 
to  both  the  Squares  of  the  Extremes,  together  with  twice  the  Square  of  the  Mean. 
As  in  thefe  three,    .    .  ,,  •.    .    .    .    .        I  aa  *  ae  »  «  s  . 

The  Square  of  aa-\-ee  is  aaaa-\-2aaee-\-eeee,  which  is  manifeftly  equal  to 
the  Squares  of  aa  and  te.  together  with  twice  the  Square  of  ae. 

Theorem  4. 
If  three  Numbers  be  Proportionals,  the  Produft  of  the  lefTer  Extreme  multiplied 
by  the  difference  of  the  Extremes,  is  equal  to  the  difference  of  the  Squares  of  the 
mean  and  lefTer  Extreme. 

As  in  thefe  three,    .    .     .    .    .    .     .    .    .    !««,«*,«* 

it  is  evident  that  eexia<—ee—aaee — eeee 

* 
Theorem  5. 

If  three  Numbers  be  Proportionals,  the  Produft  of  the  greater  Extreme  multiplied 
by  the  difference  of  the  Extremes,  is  equal  to  the  difference  of  the  Squares  of  the 
greater  Extreme  and  the  Mean. 

As  in   thefe  three \aa  ^  ae  ,  ee  ~ 

It  is  evident  that  aaxaa — ce=aaaa-*-aaee. 

Theorem  6. 
If  three  Numbers  be  Proportionals,  the  difference  of  the  Squares  of  the  Extremes 
is  equal  to  the  Square  of  the  difference  of  the  Extremes,  together  with  twice  the 
difference  of  the  Squares  of  the  mean  and  lefler  Extreme. 

As  in  thefe  three, "  1  a*  >  f  >  e?  f 

)     9 i   ,  6    ,   4  -H- 

r.  The  difference  of  the  Squares  of  the  Extremes  is  aaaa — eeee 

2.  The  fquareof  aa — ee  (the  difference  of  the")  . 

Extremes)  is    ............    J«W^-f««+«w 

-  3.  The  double  of  the  difference  of  the  Squires  of  7  , 

the  mean  and  lefTer  Extreme  is    .    .    .     .    .     J        +2MM"m 

Now  the  Sum  of  the  two  later  of  thole  three  Quantities  is  manifeftly  equai  to  the 

firft,  as  the  Theorem  affirms.  Y  2  Theorem 
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Theorem  7. 
If  three  Numbers  be  Proportionals,  the  difference  of  the  Squares  of  the  greater 
Kxtreme  and   the  Mean  is  equal  to  the  Square  of  the  difference  of  the  Extremes, 
and  to  the  difference  of  the  Squares  of  the  Mean  and  the  lefler  Extreme, 
.    .      ,    r    1  }   aa     <ze  ,  ce  —■ 

As  in  thefe  three, S  9  \  6      ± 

1.  The  difference  of  the  Squares  of  the  greater  Ex-f  a<MJ_Je(5 
treme  and  the  Mean  is    .     .     .    .    •    .     .    .     .   J 

2.  The  Square  of  aa-ee  (the  difference  of  the  Ex- ")  <MM_2MM+WM 
tremesj  is •    •    •    •    •    j 

3.  The  difference  of  the  Squares  of  the  Mean  and  \         +aaee_eeee 
leffer  Extreme  is -    i     ' 

Now  the  Sum  of  the  two  latter  of  thofe  three  Quantities  is  manifeftly  equal  to 
the  firft,  as  the  Theorem  affirms. 

Theorem  8. 

If  three  Numbers  be  Proportionals,  then  as  the -firft  is  to  the  third,  foisthe 
Square  of  the  firft  to  the  Square  of  the  fecond  5  and  fo  is  the  Square  of  the  fecor.d 
to  the  Square  of  the  third. 

As  in  thefe  three,    .    . |  "'"''"* 

1.  It  is  evident  that j    .    .     .     .        aa.ee::aa.ee 

2 .  Therefore  by  drawing  aa  as  a  common  Fa&or  into  the  7 

two    latter   Terms  of  that    Analogy,    this    ari-><*«  .   ee   :-.  aaaa   .  aaee 
fes  3 

3.  And  by  drawing  ee  as  a  common  Faftor  into  the 7 

two  latter  Terms  of  the  firft  Analogy,  this  ari-  >aa  ,   ee  : :  aaee    .  eeee 

rifes, •    •     j 

By  which  two  laft  Analogies  the  truth  of  the  Theorem  is  manifeft. 

Theorem  9. 

If  three  Numbers  be  Proportionals,  then  as  the  firft  is  to  the  fecond,  (or  as  the 
fecond  is  to  the  third)  fo  is  the  difference  of  the  firft  and  fecond,  to  the  difference  of 
the  fecond  and  third. 

As  in  thefe  three,     .    .    ,    ....:.    \  "*  '  "1  '  "  " 

1.  It  is  evident  (as  before  hath  been  fhewn  in  Theo-\       — — - 

wu„,                                                                     f  eeMa — ee=aaee — eeee 
rem  4.  J  that, }  . 

2.  And  by  Multiplication  it  will  appear  that,    .     .    .    ae+ eexae — ee—aaee — eeee 

2    Therefore  from  the  two  laft  Equations  (per  1  Ax.  \,r~ — 7     — .- -  

'    1  Blew.  Eucl.) \     .     .         .    .      ^aa-ee=ae+eeycae-ee 

4  Therefore  by   reviving    the  laft   Equation   intof    ^ 

Proportionals, y  t«««« 

5.  Therefore  by  divifionof  Realbn,    ....;.      aa — ae  .  ae — ee  ::  ae  .  ee 
Which  was  to*  be  Dcmonft rated. 

Theorem  1  o. 

If  four  Numbers  be  continually  proportional,  the  Sum  of  the  Means  is  a  mean  Pro- 
portional  between  the  fum  of  the  firft  and  fecond,  and  the  fumof  the  third  and  fourth. 
Let  four  continual  Proportionals  be  expos'd  in  In-  \ acta  ,  aae  ,  aee  ,  eee  ~ 

tegers,  to  wit,    .     .  ^ |  8    ,    4   ,    2   ,    1    ^ 

Then  according  to  the  import  of  the  Theorem,  it  mult  be  proved  that  thefe  three 
Quantities  are  Proportionals,  viz. 

aaa^-aae  .  aae-\-aee  .  aee-\-ece  ^ 
But  that  they  are  Proportionals  it  will  be  evident  by  Multiplication,  for  the  Pro- 
duel  of  the  Extremes  is  equal  to  the  Square  of  the  Mean :  therefore  the  Truth  of 
the  Theorem  is  manifeft. 

TIjeorsTn. 
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Theorem  n. 

If  four  Numbers  be  continual  Proportionals,  the  Sura  of  all  is  to  the  Sum  of  the 
Means,  as  the  Sum  of  the  firft  and  third  to  the  fecond. 

Asinthefefour, Xadf >  aae  »  aee >  eee  ~? 

rnr  '      '       '  'J     8  ,     4  ,     2    ,     I    ~ 

1.  The  Sum  ot  all  tour  is ;    .     ,    .  aaa+aae+aee+eee 

2.  The  Sum  of  the  Mean  is -\-aae-\-ae6 

3.  The  Sum  of  the  firft  and  third  is    ...     .    .'.   .    aaa       \-aee 

4.  And  the  fecond  is     <     ;R -\-aae 

I  lay,  thofe  four  Quantities  are  Proportionals  in  fuch  order  as  they  are  above  writ- 
ten •,  for  it  will  appear  by  Multiplication,  that  the  Product  of  the  Extremes  is  equal 
to  the  Product  of  the  Means :  therefore  the  Theorem  is  manifeft. 

Theorem  12. 

If  four  Numbers  be  in  continual  Proportion,  the  Sum  of  all  is  to  the  Sum  of  the 
Means,  as  the  Sum  of  the  Squares  of  the  Means  is  to  the  Producl  of  the  Means  or 
Extremes. 

As  in  thefe  four,    .  .     ........    .   laa0a  >  aae  >  aee  ,  eee  x 

J     o     ,     4     ,      2     ,     I     rr 

1 .  The  Sum  of  all  is a^-\-aze-{-aei-{-ei 

2.  The  Sum  of  the  Mean  is     . +a2e+aez 

3.  The  Sum  of  the  Squares  of  the  Means  is    ....    .  .    +a*ei+a*e* 

4.  The  ProduQ:  of  the  Means  or  Extremes  is    ....    .  -\-aie'> 

I  fay,  thofe  four  Quantities  are  Proportionals,  in  fuch  order  as  they  are  above  writ- 
ten ;  tor  it  will  appear  by  Multiplication,  that  theProduft  of  the  Extremes  is  equal 
to  theProduft  of  the  Means :  therefore  the  Theorem  is  manifeft. 

Theorem  13. 

If  four  Numbers  be  continual  Proportionals,  the  Sum  of  the  Squares  of  the  Mean 
is  a  mean  Proportional  between  the  Sum  of  the  Squares  of  the  firft  and  fecond,  and 
the  Sum  of  the  Squares  of  the  third  and  fourth. 

Asinthefefour,    :   .    .   .    ......    ,!««*,  "»e  ,««,  «e  » 

38,4,2,1s 

1.  The  fum  of  the  Squares  of  the  firft  and  fecond  ">      ,  ,    .  , 

2.  The  Sum  of  the  Squares  of  the  Means  is     .....  aW-\-a-e* 

5.  The  Sum  of  the  Squares  of  the  third  and  fourth  7     ,     ,    , 
3  .  *  >  a7e*+e6 

is _ y         r 

I  fay,  thole  three  Quantities  are  Proportionals  in  fiich  order  as  they  are  above  writ' 
ten  •,  for  it  will  appear  by  Multiplication  that  the  Square  of  the  Mean  Cor  fecond  Quan- 
tity) is  equal  to  the  Product  of  the  Extremes :  therefore  the  Theorem  is  manifeft. 

Theorem  14. 

If  four  Numbers  be  continual  Proportionals  the  Square  of  the  Sum  of  the  Means 
is  equal  to  the  Square  of  their  difference,  together  with  four  times  the  Producl  of  the 
Extremes  or  Means. 

Asinthefefour,    "......:    .  V"?  >  aae  >  aee  >  eee  * 

'  j     8    ,      4     ,  2     ,     I    -. 

1.  The    Square   of   a-e+ae*     ("the    fum    of  thel  ,  ,  ,  .  .,,.    _. 
Means)  is     .    .     . J**+4«*i+rt* 

2.  The  Square  of  a*e — af-   (the   difference  of  the  7   ,  ,        ,  ,  ,    ,  . 
Means  is J"^        ^ 

3.  The  Quadruple  of  the  Product  of  the  Extremes  V    V    Jei 
or  Means  is .- y  '  +4fl'e 

Now  it  is  Evidentthat  the  firft  of  thofe  three  Quantities  is  equal  to  the  Sum  of  the 
fecond  and  third ;  therefore  the  Theorem  is  manifeft. 

Theorem 
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Theorem  1 5. 
If  four  Numbers  be  continual  Proportionals,  the  Sum  of  their  Squares  fhall  be  to 
the  Sum  of  the  Products  of  the  firlt  into  the  fecond,  and  the  third  into  the  fourth  • 
as  the  fum  of  all  the  four  Proportionals  to  the  fum  of  the  Means. 

>    •      1    r-  c                                  ■  \ aaa  •»  aa&  -  zee* .  eee  -^ 

As  in  thefe  four, j    8        1         ->       r    ^ 

1.  The  fum  of  the  Squares  of  the  four  Proportio- 1^1^^'   ' 
rials  is 3 

2.  The  fum  of  the  Produfts  of  the  firft  into  the  fe-  >  y.      ~ 
'  cond,  and  the  third  into  the  fourth  is 4b^~T 

->.  The  fum  of  all  the  four  Proportionals  is   .     .     .     .    a^A-a'e+ae-+ei 

4.  The  film  of  the  Means  is '.'•»'    •     •     aze-\-ae'- 

I  fay,  thofe  four  Quantities  are  Proportionals  in  fnch  order  as  they  are  above  feared' ' 
for  it  will  appear  by  Multiplication,  that  the  Producf  of  the  Extremes  is  equal  to 
the  Produtt  of  the  Means.   Therefore  the  Theorem  is  manifeft. 

Tljeorem  16. 

If  from  the  fquare  of  the  fum  of  four  Numbers  in  continual  proportion  the  fum  of 
their  fquares  be  fubtrafted,  and  from  half  the  Remainder  there  bealfofubtracled  the 
fquaie  of  the  fum  of  the  two  Means,  this  latter  Remainder  fhall  be  the  fum  of  the 
Produces  of  the  firlt  Proportional  into  thefecond,  and  of  the  third  into  the  fourth 
and  fhall  be  to  the  fum  of  the  fquares  of  thofe  four  Proportionals,  as  the  fum  of  the 
two  Means  is  to  the  fum  of  all  the  Proportionals. 

As  in  thefe  four, >  Q  '        5        " 

)     o    ,      4    ,.    2,  ■  i    I    ~ 

1.  Thefquareof  the  fum  of  the  four  Proportionals  will  by  Multiplication  be  found 

2.  The  Sum  of  the  fquares  of  the  four  Proportionals  is 

a6  -t-a+e-  -\-are*  -\-e6. 

3.  Which  Sum  of  the  fquares  being  fubtrafted  from  the  faid  fquare  of  the  fum,  the 
half  of  the  Remainder  will  be 

-\-ate-\-a  «e1-+2aW*\<aze*->rae'i 

4.  Thefquareof  the  fum  of  the  two  Means,  to  wit,  of  a'e-\-ae~-  is 

•+^4ei-r-  2ti'e>-\-a*e*. 

5.  Which  laft  mentioned  fquare  being  fubtra&ed  from  the  half  Remainder  in  the 
third  ltep,  there  will  remain  the  fum  of  the  Produ&sof  the  firft  Proportional  into 
thefecond,  and  of  the  third  into  thefourth,  to  wit, 

6.  Now  according  to  the  import  and  meaning  of  the  Theorem  it  remains  to  prove 
that  the  Remainder  in  the  laft  ftep  is  to  the  fum  of  the  fquares  in  the  fecond  itep* 
as  the  fum  of  the  two  mean  Proportionals  is  to  the  fum  of  all  four,  viz.  that 

f  -^-a'c-^ae') 

Thefe  four  Quantities  are  Proportionals,  <  A  alg\  agt  '       ^ 

C  ■\-ai-\-a~-e-\-ae~--\-e-. 
■j.  But  that  they  are  Proportionals  will  be  evident  by  Multiplication  ;  for  the  Pro- 
duel  of  the  Extremes  is  equal  to  the  Producf  of  the  Means,  each  Product  being 

Therefore  the  Theorem  is  manifeft. 

Theorem  17.  ... 

If  four  Numbers  be  Continual  Proportionals,the  fum  of  all  their  Squares  fhall  be  to 
the  fum  of  the  fquares  of  rhe  Means,  as  the  fum  of  the  Products  of  the  firlt  into  the 
Iecond,  and  the  third  into  the  fourth,  to  the  Product  of  the  Means  or  Extremes. 

This  is  inferred  fromI7;«ra»  12.  and  15.  by  exchange  of  equal  Reafons. 

Theorem  18. 

If  four  Numbers  be  Continual  Pro  portionals,thc  fum  of  the  fquares  of  the  Extremes 
fhall  be  to  the  fum  of  the  fquares  of  the  Means  >  as  the  Excefs  whereby  the  fum  of 

the 
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the  Produfts  of  rhe  firft  into  the  fecond,  and  third  into  the  fnn^i, "  " " — ' 

dua  of  the  Means,  is  to  the  Produft  of  the  Means  or  Extremef '  S  the  Pr°- 

This  is  inferr'd  from  Theorem  1 7.  by  Divifion  of  Reafon. 

Theorem  19. 

If  four  Numbers  be  Continual  Proportionals   the  fnm  nf*w  £,«.     it,.. 
be  to  the  fecond  ,  as  the  fum  of  the  himaS^SSS^S^SL  S^311 
Means  or  Extremes.  4  Means  1S  t0  the  froduft  of  the 

This  is  deduced  from  Theorem  1 1 .  and  1 2;  by  exchange  of  equal  Reafons. 

Theorem  20.  *"* 

If  four  Numbers  be  continual  Proportionals    the  fum  nf  oil  *u  •  o 
to  the  fum  of  theftodufts  of  ttafirfiitoSBsS  %,££  fiS  -SqUareS  flla11  be 
as  the  furfi  of  the  firft  and  third  is  to  the  fecond        '  ^  lnt0the  fourrh  i 

3  his  isdeduced  from  ftSM  i7.  and  i9.  by  exchange  of  equal  Reafons. 

Theorem  21. 
If  four  Numbers  be  continual  Proportionals,  the  fum  of  thPr„uD    r  ,    , 
is  equal  to  the  Produft  made  by  the  rilultiplica  ion  of S fum ?£S?  f  the  Means 
the  Produd  of  the  Means  or  Extremes.  m  °f  the  Extremes  into 

As  in  thefe  four,    .    j    .    ..-'.'.    T'**4>  <*<*?,  *«,  eee  -. 

1.  The  Sum  of  the  Cubes  of  the  Means  is    .   JeUtu*  *  '   *    * 

2.  The  fum  of  the  Extremes  is    .    .    .    .        ai     \gi   • 

3.  The  Produft  of  the  Means  or  Extremes'is  '.  a3ej 

Now  it  is  evident,  thatthe  firft  of  thofe  three  bnnrittoi  L    1      ,    „ 
thefecondauantitymultipnedby.thethird,ra^^ 


w^/w  Z2. 


If  four  Numbers  be  continual  Proportionals,  the  Cub?  nf  ri,e  r,«,    r  , 

As  in  thele  four,      .    .    .     ;    .     :  \aaa,  aae,  aee,  eee  ~. 

1.  The  Cube  of  <u+8»  (the  fum  of  the  Ex- f  8  '   4,  2,  1   -. 
tremes)  is t  fa9-\-la':e>+3aie6+e!> 

2.  The  Cubes  of  the  Extremes  is    .    .    .'    .'     a9_±.  , 


3.  The  triple  fum  of  the  Cubes  ofthe  Means  is  .  la'ei+Hij,* 


Now  it  is  manifeft,  that  the  firft  of  thofe  thrw'  r»!«  S?    • 
theothertwo,  as  the  Theorem  affirms. ^  three  ^antI«^s  equal  to  the  fum  of 

Theorem  23. 

If  four  Numbers  be  continual  Proportionals,  the  different  of  *»,„  r  t      r-  , 

Extremes  is  equal  to  the  triple  of  the  difference  ofthe  Cubes  of ?tZ t f CubeS  °f  th* 

With  the  Cube  of  the  difference  of  the  Extremes  h  MeanS>  t0Sether 

As  in  thele  four, \     \aaat  a<?e,  aee,   eee  ~~ 

I  ^difference  ofthe  Cubes  ofthe  Extremes  is  ?»lj'  *\    *    * 
a.  The  Triple  of  the  difference  ofthe  Cubes  of  > 

the  Means  is >$a6ei-r- ^aie* 

3.  The  Cube  of  a'— e3  (th'e  difference  of  the  7 

Extremes)  is .      j-«9 — sa'ei-t-ia^—e* 
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Theorem  24. 

If  four  Numbers  be  Continual  Proportionate,  the  Cube  of  the  Sum  of  the  firft  and 
fecond  is  equal  to  the  Product  made  by  the  Multiplication  of  the  fquare  of  the  firft  by 
the  Aggregate  of  the  fum  of  the  Extremes  and  the  triple  fum  of  the  Means. 
.    .     ,    r  c  \  <*<*<*  ,  ate  ,  aee  ,  eee  ^ 

As  in  thefe  four, j"  8  J    4  ,  2       1    «. 

i.   The  Cube  of  the  fum  of  the  firft  and  >       '    %e"      ] '       6' 

fecond  towit,  ofa3-fflaeis J       lp  "        l 

i    The  Square  of  the  firft  is a6 

3.  The  Aggregate  of  the  Extremes  and  the  tri- > 

pie  of  the  ium  of  the  Means  is    .    .    ,   $  ^  5     T  ° 

Now  it  is  evident  that  the  firft  of  thofe  three  Quantities  is  equal  to  the  Product 
made  by  the  Multiplication  of  the  third  by  the  fecond  j  which  was  to  be  proved. 

Theorem  25. 

If  four  Numbers  be  continual  Proportionals,  the  Cube  of  the  fum  of  the  Means  is 
equal  to  the  Produ£t  made  by  the  Multiplication  of  the  Produft  of  the  Extremes  or 
Means  into  the  Aggregate  of  the  Extremes  and  the  triple  fum  of  the  Means. 
,    .     ,    r-  r  "i  aaa  i  <*ae  ,  aee  ,  eee  —■ 

As  in  thefe  four, I8421- 

,.  The  Cube  of  the  fum  of  the  Means,  to7fl,   ^      '       '      +j 
wit,  of  «<?+«*  is J  '  - 

2.  The  Product  of  the  Extremes  or  Means  is  .  aw 

3.  The  Aggregate  of  the  Ext,  ernes  and  the  > 
triple  fum  of  the  Means  is ) 

Now  it  is  evident  that  the  firft  of  thofe  three  Quantities  is  equal  to  the  Produft  of 
the  two  latter ;  which  was  to  be  proved. 

Theorem  z6. 

If  four  Numbers  be  continual  Proportionals,  the  ProducT:  made  by  theMultiplication 

of  the  fum  of  the  Extremes  by  the  Sum  of  the  Squares  of  the  Extremes,  is  equal 

to  the  Cubes  of  the  four  Proportionals. 

.    .     ,    r  r  1  ctaa  ,  aae  ,  aee  ,  eee  -rf 

As  in  thefe  four,    .......      >  s   '        >        '        .. 

1.  The  fum  of  the  Extremes  is a*+ei 

2.  The  fum  of  the  fquaresot  the  Extremes  is  .  a6\e6 

3.  The  Prod n £t  of   thefe  two  fums  is    .    .    .    a'-f  a6ei-{-aie6-\-e!> 

4.  The  fum  of  the  Cubes  of  the  four  Propor-  \a9jta«eijt.a&jLe, 
nals  is , .  5 

But  the  Product  in  the  third  ftep  is  manifeftly  equal  to  the  fum  in  the  fourth  •,  as 
the  Theorem  affirms. 

Theorem.  27. 

If  five  Number  be  continual  Proportionals,  the  Product  of  the  Mean  (or  third 
Proportional;  into  the  fum  of  the  Extremes,  is  equal  to  the  Squares  of  the  fecond 
and  fourth. 

As  in  thefe  five, yaa^aaae^aae^aeee,ne* 

1.  The  Product  of  the  Mean  into  the  Sum  of  7    -  .,„,o6 
,    v.  .  >a °e  -r-a  e° 

the  Extremes  is j         ' 

2.  And  the  fum  of  the  Squares  of  the  fecond  \  ,    ,  ^5 
and  fourth  is  alfo )        ;    -  J 

Therefore  the  Theorem  is  manifeft. 

Tljeorer 
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Theorem  28. 

.If  five  Numbers  be  continual  Proportionals,  the  Turn  of  the  firft,  third,  and  fifth 
fhall  be  to  the  third;  as  the  fum  of  the  Squares  of  thefecond,  third,  and  fourth,  is 
to  the  fquare  of  the  third. 

As  in  thefe  five, :     :    .].*«*«,  ™J«i  "*«,««*,  ewi 

J     16,     8,4,2       I 

1.  The  fum  of  the  firft,  third,  and  fifth  is    ......    a*+aH'i+  e* 

2.  The  third  is     .     . aHl     ; : 

a.  The  fum  of  the  Squares  of  the  fecond,  third:  and")    >  '  , 

fourth  is .    .    .-    ;j-«*«M-«*H-*«« 

4.  The  fquare  of  the  third  is aw  . 

I  fay,  thofe  four  Quantities  are  Proportionals,  in  fuch  order  as  they  are  above 
feated ;  for  it  will  appear  by  Multiplication,  that  the  Produft  of  the  Extremes  is  equal 
to  the  Product  of  the  Means;  each  Product  being  a%e^-\-a6e6-\-aHz  i  Therefore  the 
Theorem  is  manifeft. 

Theorem  29. 

If  five  Numbers  be  continual  Proportionals,  the  fum  of  the  Extremes  more  by  the 
double  of  the  Mean,  the  fum  of  the  fecond  and  fourth,  and  the  Mean,  are  alfo  con- 
tinual Proportionals. 

As  in  thefe  five,     . \«***,  <**&,  aaee,  aeee,  ecet 

'j   16,    8,    42,    I 
j.  The  fum  of  the  Extremes  more  by  the  double  of  the  7 

Mean  is |**+*4+2«v 

2.  The  fum  of  the  fecond  and  fourth  is die+aei 

5.  The  Mean  is «*«* 

I  fay,  thofe  three  Quantities  are  Proportionals ;  for  it  will  be  evident  by  Multipli- 
cation that  the  Product  of  the  firft  and  third  is  equal  to  the  fquare  of  the  fecond: 
therefore  the  Theorem  is  manifeft, 

Theorem  30. 

If  five  Numbers  be  continual  Proportionals,  the  Sum  of  the  Extremes  is  to  the 
Mean ;  as  the  difference  of  the  Squares  of  the  Extremes,  to  the  difference  of  the  Squares 
of  the  fecond  and  fourth.  # 

As  in  thefe  five  •  \aaaa,  aaae,  aaee,  aeee,  eeee 

„     r        -  ,     r  V  ''•"*•     'I  16,     8  ,    4,     2,    1 

1.  The  fum  of  the  Extremes  is    .  i    . a*+e*  . 

2.  The  Means  is     ....... a-e>  : : 

3.  The  difference  of  the  Squares  of  the  Extremes  is    .    .    a8 — e8  . 

4.  The  difference  of  theSquares  of  the  fecond  and  fourth  )    , 

~  -  t-t  >a6eza2 — aze6  . 

I  fay,  thofe  four  Quantities  are  Proportionals  in  fuch  order  as  they  are  above  pla- 
ced ;  for  it  will  be  evident  by  Multiplication,  that  the  Produft  of  the  Extremes  is 
equal  to  the  Prod utt  of  the  Means,  each  Product  being  «I0el — aV° :  Therefore  the 
Theorem  is  manifeft. 

Theorem  31. 

If  five  Numbers  be  continual  Proportionals,  the  fum  of  the  Squares  of  the  fecond 
and  fourth  mail  be  to  the  fquare  of  the  Mean,  as  the  difference  of  the  Squares  of  the 
Extremes  to  the  difference  of  the  Squares  of  the  fecond  and  fourth. 

As  in  thefe  five,       .......  \aaaa,  aaae,  aaee,  aeee,  eeee 

j    16  ,      S  ,      4,      2,      I 

1.  The  fum  of  the  Squares  of  the  fecond  and  fourth  is    .    a  V+aV  . 

2.  The  Square  of  the  Mean  is a*e*  : : 

3.  The  difference  of  the  Squares  of  the  Extremes  is    .    a8 — cs    . 

4.  The  difference  of  the  Squares  of  the  fecond  and ")    -  s 
fourth  is    ••    .     *     .     . $*'—**  • 

2  I 
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I  fay  thofe  four  Quantities  are  Proportionals  in  fuch  order  as  they  are  above  feat- 
ed  •  for  it  will  be  evident  by  Multiplication,  that  the  Produtt  of  the  Extremes  is 
equal  to  the  Produft  of  the  Means ;  therefore  the  Theorem  is  manifeft. 

Tbeorcfn  32. 
If  five  Numbers  be  continual  Proportionals,  the  Sum  of  the  Exrremes  fhall  be  to  the 
Mean   as  the  Sum  of  the  Squares  ot  the  fecond  and  fourth  is  to  the  Square  of  the  Mean. 
This  is  evident  from  the  two  laft  preceding  Theorems  by  exchange  of  equal  Reafons. 

Theorem  33. 
If  five  Numbers  be  continual  Proportionals,  the  Sum  of  the  Squares  of  the  fecond 
and  fourth  fhall  be  equal  to  the  ProduO:  made  by  the  Multiplication  of  the  third  into 
the  Sum  of  the  firft  and  fifth. 

,    _  r  \aaaa   aaae,  aaee.   aeee,  eeee 

As  in  thefe  five, £  16  ,     8  ,    4  .     2 |    1 

1.  The  Sum  of  the  Squares  of  the  fecond  and  Ifl«c*^.a»e« 
foutth  is 5 

2.  The  Mean  or  third  is <**ez 

3.  The  Sum  of  the  firft  and  fifth  is    .    .    .    a*+e* 

But  the  Produ£l  of  the  fecond  and  third  of  thofe  three  Quantities  above  written  it 
equal  to  the  firft  •,  therefore  the  Theorem  is  manifeft. 


CHAP.     VII. 

Quejlions  about  Quantities  in  Continual  fropottion  refolved  by 
Literal  Algebra. 


T 


QUE  ST.    1. 

HE  Sum  (})  of  three  Proportional  Quantities  being  given,  as  alio  (c)  the  Sum 
of  their  Squares,  to  find  the  Proportionals. 

RESOLUTION. 

i,  For  the  Mean  Proportional  fought  put    ......     a 

2.  Then  fubrra&ing  the  faid Mean  from  (b)  thegivenSum7 

of  all  the  three  Proportionals,  there  will  remain'the  Sum  >b — » 
of  the  Extremes,    to  wit, •'•'•*  O 

3.  Therefore  the  Square  of  the  Sum  of  the  Extremes  is    .    bb — 2ba-\ax 

4.  From  which  Square  if  there  be  fubtra&ed  the  double  of )  2aa 
the  Square  of  the  Mean,  to  wit, j" 

5.  There  willremain(as  is  manifeft  by  Th.  ?.  of  the  preceding  \^ 2ya a(t 

Chap.  6.)  the  Sum  of  the  Squares  of  the  Extremes,  to  wit,  j" 

6.  To  which  Sum  of  the  Squares  of  the  Extremes  if  you  add  ) 

(aa)  the  Square  of  the  Mean,theAggregate  fhall  be  thefum>^— m2ba 
©f  the  Squares  of  the  three  Proportionals  fought,  to  wit,  ^ 

7.  Which  fum  in  the  laft  ftep  mult  be  equal  to  (c)  the  gi-  1^ 2ba=t 

ven  fum  of  the  Squares ;  hence  this  Equation,  viz.    .    .  j 

§.  Which  Equation  after  due  Reduction  gives    .    .    .    ;  > — —=« 

And  the  laft  Equation  in  words  is  this 

CANON. 
From  the  Square  of  the  given  fum  of  the  three  Proportionals  fought  fubtracT:  the 
given  i'um  of  their  Squares ;  then  divide  rhe  Remainder  by  the  double  of  the  fum  of 
the  three  Proportionals,  and  the  Quotient  is  the  mean  Proportional. 

Therefore  if  i4be  given  for  the  fum  of  the  three  Numbers  in  continual  proportion, 
and  S4  for  the  fum  of  their  Squares,  the  mean  Proportional  will  be  found  4  by  the 
find  Canon.    Then  the  Mean  being  given  4,  as  alfo  10  the  fum  of  the  Extremes,  the 

Ex- 
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Extremes  will  be  found  2  and  8,  (by  the  Canon  of  giiefl.  4.  Chap.  1 6.  of  my  Firft 
Book  of  Algebraical  Elements  ,)  and  therefore  the  three  Proportionals  fought  are  2, 4, 
and  8. 


QUE  ST.    2. 

The  Sum  (b)  of  three  proportional  Quantities  being  given,  asalfo  (c)  the  Sum  of 
the  Squares,  of  the  Extremes,  to  find  the  Proportionals. 

RESOLUTION. 

1.  For  the  mean  Proportional  fought  put a 

2.  Then  fubtructing  the  faid  Mean  from  (b)  the  given  Sum  7 

of  all  the  three  Proportionals,  there  will  remain  the  Sum  >b — a 
of  the  Extremes,  to  wit, \ 

3.  Therefore  the  Square  of  the  Sum  of  the  Extremes  is    . "  bb — 2ba-\-aa 

4.  From  which  fquare  if  you  fubtracf  the  double  of  the  "> 
Square  of  the  Mean,  to  wit, 3  2M 

5.  There  will  remain  (as  is  manifeft  by  the  third  Theorem  7 

of  the  preceding  fixth  Chap.)  the  Sum  of  the  Squares  ot>bb — ibk — aa 
the  Extremes,   to  wit, \ 

6.  Which  Sum  ofthe  Squares  of  the  Extremes  muft  be  equal  \ ,, ,  _, 

to  the  given  Sum  (c,)  hence  this  Equation,  viz.  y       2ba    aa~c 

7.  Fiom  which  Equation  after  due  Reduction  this  will  arile    bb — c=aa-\-  ibct 

8.  Therefore  by  refolving  the  laft  Equation,  (according  to  *\ 

the  Canon  in  SeS.  6.  Chap.  1.  of  my  Firft  Book  of  Algebrai-  /,    , , 7 ,  __ 

<al  Elements  0  the  value  of  (a)  the  mean  Proportional  C  c: 

will  be  made  known,  viz j 

Which  laft  Equation  in  words  is  this 

CANON. 

From  the  double  of  the  Square  of  the  given  Sum  of  all  the  three  Proportionals 
fought  fubtraft  the  given  Sum  of  the  Squares  ofthe  Exttemes  ;  then  from  the  fquare 
Root  of  the  Remainder  fubtraft  the  Sum  ofthe  three  Proportionals,  fofhall  this  laft 
Remainder  be  the  mean  Proportional  fought. 

Therefore  if  14  be  given  for  the  Sum  of  three  Continual  Proportionals,  and  68  for 
the  Sum  of  the  Squares  of  the  Extremes,  the  mean  Proportional  will' be  found  4  by  the 
faid  Canon  Then  the  Mean  being  given  4,  as  alfo  1  o  the  Sum  of  the  Extremes,  the 
Extremes  will  be  found  2  and  8,  (by  the  Canon  of  $uefi.  4.  Chap.\%.  of  my  Firft  Book 
of  Algebraical  Elements-,)  and  therefore  the  three  Proportionals  lcjpght  are  2,  8,  and  4. 

QUE  ST.    3. 
The  difference  (b)  of  the  Extremes  of  three  proportional  Quantities  being  given,  as 
alfb  (c)  the  Sum  ofthe  Squares  ofthe  three  Proportionals-,  to  find  the  Proportionals. 

RESOLUTION. 

1.  For  the  Sum  of  the  Extremes,  (to  wit,  ofthe  firft  and  7 
third  Proportionals  fought)  put     . y 

2.  Then  forafmuch  as  the  difference  of  the  Extremes  is  gi-  -\ 

ven  (£,)  and  their  Sum  is  affumed  to  be  (<*,)  therefore/,  ,  ,, 
(by  the  Theorem  in  Queft.  1.  Chap.  14.  of  my  Firft  Book  rT'a!"'"v 
of  Algebraical  Elements)  the  greater  Extreme  fhall  be    .  ) 

3.  And  by  the  fame  Theorem  the  leffer  Extreme  is    .    .    .    \<x — \b 

4.  Then  the  Product  made  by  the  Multiplication  of  the? 
Extremes  in  the  fecond  and  third  fteps  will  give  the  >%aa — \bb 
Square  of  the  Mean,    to  wit, \ 

5.  And  from  the  iecond  ftep  the  Square  ofthe  greater  Ex-  ],      ■  ,   ,  ,  ,  •■ 
.tremeis .J^+t^+t** 

6.  And  from  the  third  ftep  theSquare  ofthe  leffer  Extreme  is    %aa — ±ab-\-±bb 

7.  Therefore  from  the  fourth,  fifth,   and  fixth  fteps  the  \  ,      ,  ,,, 
Sum  of  the  Squares  of  all  the  three  Proportionals  is    .  J  *aa~T"*°° 

Z  a  8.  Which 
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8.  Which  fum  in  the  laft  ftep  muft  be  equal  to  (c)  the  7 

fum  of  the  Squares  given  in  the  Queftion,  hence  this>-^-r--^=c 
'  Equation  arifes,  to  wit, 3  ,. 

9.  Which  Equation  after  due  Reduction  will  give    .    .     .    aa=z7     ?(L 

10.  Therefore  by  extra&ing  the  fquare  Root  out  of  each7  3 
part  of  the  laft  Equation  the  fum  of  the  extreme  Propor-  >a= y'4c~~ ^ 
tionals  is  difcovered,  to  wit y  3 

Which  laft  Equation  gives  this 

CANON. 

From  four  times  the  given  fum  of  the  fquares  of  the  three  Proportionals  fought 
fubtracl  the  fquare  of  the  given  difference  of  the  Extremes  ;  then  the  fquare  Root  of 
one  third  part  of  that  Remainder  fliall  be  the  fum  of  the  extreme  Proportionals. 

Then  half  the  fum  of  the  Extremes  increafed  with  half  their  difference  gives  the 
greater  Extreme,  and  half  the  faid  fum  leffened  by  half  the  laid  difference  leaves  the 
letter  Extreme. 

Laftly,  the  fquare  Koot  of  the  Product  made  by  the  mutual  Multiplication  of  the 
Extreme  is  the  mean  Proportional. 

Therefore  if  1 6  be  given  for  the  difference  of  the  Extremes  of  three  Proportionals 
and  364  for  the  fum  of  the  fquares  of  all  the  three  Proportionals,  the  Proportionals 
are  alfo  given  feverally,  to  wit.  2,  6,  1 8  ~ 

QUE  ST.    4. 

•  One  Extreme  (£)  of  three  ProportionalQuantities  being  givei7,asalfb(e)the  fum  of  the 

fquares  of  the  other  Extreme  and  the  Mean,  to  find  out  that  other  Extreme  and  Mean 

RESOLUTION. 

1.  For  the  extreme  Proportional  fought  put "> 

2.  Which  multiplied  by  the  given  Extreme  (b)  produces  y 
the  fquare  of  the  Mean,  to  wit, ba 

3.  But  from  the  flrft  ftep  the  fquare  of  the  extreme  Pro- 
portional fought  is '  .    .    .  _ 

4.  Therefore  from  the  fecond  and  third  fteps  the  fum  of  ">      ,  , 
the  fquares  of  the  two  Proportionals  fought  is    .    .     .  $aa~Tl}a 

5.  Which  fum  in  the  laft  ftep  muft  be  equal  to  (c)  the  fum  >      ,  ,  _ 
given  in  the  Queftion;   hence  this  Equation  arifes,  viz.  $aa~rt>a— c 

6.  Which  Equation  being  refolved  by  the  Canon  in  Seft.6.1         

Chap.  15.   of  my  Firlt  Book  of  Algebraic  Elements,  will  >a=Y  :c-{-$bb:-- ~b 
difcover  the  extreme  Proportional  fought,  to  wit,    .     .j 

The  laft  Equation  in  words  is  this 

CANON. 
To  the  given  fum  add  the  fquare  of  half  the  extreme  Proportional  given,  and  out 
of  this  fum  extraft  the  fquare  Root  -,  then  this  fquare  Root  leffened  by  half  the  given 
Extreme  will  give  the  other  Extreme. 

Therefore  if  18  be  given  for  one  of  the  Extremes  of  three  Proportionals,  and  40  for 
the  fum  of  the  fquares  of  the  other  two  Proportionals,  the  Canon  will  difcover  2  for 
the  Extreme  fought.  Laftly,  the  fquare  Root  of  the  ProducT:  of  the  Extremes,  to  wit, 
6  is  the  Mean  fought  $  therefore  the  three  Proportionals  are  1 8,  6,  and  2. 

gU  EST.    5. 

The  difference  (b)  between  the  Extremes  of  three  proportional  Quantities  being 
given,  as  alfo  the  Proportion  which  the  difference  of  the  fquares  of  the  Extremes  has 
to  the  fum  of  the  fquares  of  all  the  three  Proportionals,  fuppoie  the  difference  be  to 
the  fum  as  (r)  to  (s-J  to  find  the  Proportionals.    But  (r)  muft  belefsthan  0.) 
RE  SOLUTION. 

1.  For  the  fum  of  the  Extremes  put a 

2.  Then  foralmuch  as  their  difference  is  given    .     .     .    .    b 

3.  Therefore  the  difference  of  the  fquares  of  the  Extremes") 
fhall  be  ba  ■,  (for  the  Product  of  the  Multiplication  of( , 
the  fum  of  any  two  Numbers  into  their  difference  isr 

equal  to  the  difference  of  their  fquaresj  J  4.  Then 


}aa 
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4   Then  from  the  firft  and  fecond  fteps  (by  the  Theorem  of? 
guejl.  1.  Chap.  14.  of  my  Firft  Book  of  Algebraical  Ele-*>±A-\-±.b 
merits)  the  greater  Extreme  fhall  be •    •  j 

5.  And  (by  the  fame  Theorem)  the  leffer  Extreme  fhall  be      .la — 0 

6.  Therefore  from  the  fourth  ftep  the  fquare  of  the  greater  > 

Extreme  is |*w+*M+44* 

7.  And  from  the  fifth  ftep  the  fquare  of  the  leffer  Extreme  is    ±aa+±bb~-^ba. 

8.  And  becaufe  rhe  Product  made  by  the  mutual  Multiple  -» 
cation  of  the  Extremes  is  equal  to  the  Square  of  the  f 
Mean,  therefore  the  Extremes  in  the  fourth  and  fifth  fteps  \^aa~-^>b 
being  multiplied  one  by  the  other,  will  give  the  Square  £ 

of  the  Mean,  to  wit, j 

9.  Therefore  by  adding  together  the  Squares  in  the  three? 

laft  fteps,  the  Sum  of  the  fquares  of  the  three  Proportio-  >±ax-\-  iJbb 
nals  (hall  be 3 

10.  Then  according  to  the  Queftion  asr  is  to  s,  fo  muft  the  difference  in  the  third 
ftep  be  to  the  fum  in  the  ninth  ftep  5  hence  this  Analogy  arifes,  viz. 

r    .     s     :  :     ba     .    laa — 0k 

11.  Whence  by  comparing  the  Produ£t  made  by  the  mutual  Multiplication  of  the 
Extreme  to  the  Product  of  the  Means  this  Equation  comes  forth,  viz. 

sba  =.  i-raa  -\-  \rbb. 

12.  From  whichEquation  after  dueReducfion  there  will  arife  ^Za—aa=  — 

13.  Therefore  (per  Canon  in  Sett.  \o.  Chap.  15.  Book  1.)  the  two  Roots  or  Values  of  a 
in  the  laft  Equation  are  thefe,  to  wit, 

a  =  2jb±y-AsM^rrbb:  ^  ^^  .  a=2sb-V:^sbb-,rrbb:  ^  ^ 

1 4.  But  the  greater  of  thofe  two  Values  of  (a)  is  the  defired  fum  of  the  extreme  Pro- 
portionals fought ;  for  if  we  fhould  fuppofe  the  leffer  Value  to  be  the  fum  of  the 
Extremes,  it  ought  to  exceed  (b)  the  difference  of  the  Extremes :  but  from  that 
fuppofition  it  will  follow  that  (r)  is  greater  than  (sj  and  confequently  that  the  dif- 
ference of  the  fquares  of  the  Extremes  is  greater  than  the  fum  of  the  fquares  of  all 
the  three  Proportionals,  which  is  impoffible.    Now  to  prove  the  faidiConfequence, 

15.  Suppofe l^b—V-.^sbb—^rrbb:  ^ 

1 6.  Then  by  multiplying  each  part  by  3  r,  1  ^^^  "&    fc 
it  follows  that     .    .     .     ■  .   .  3  ?  3 

37    And  by  adding  V :  ^ssbb-^rrbb :  to  7  2,j  c  ^  :^bb__,rrbh, 

each  part  in  the  fixteenth  ftep ;    .      .  3  1  •  »T 

1 8.  And  by  fubtraaing  irb  from  each  part  1  2sb  _  b  'c  V:.ssbb_wbb: 

in  the  ieventeenth  ltep, 3 

l9teen"th  ftefqUaringeaChPart  •"  thedSh"  }4W^~I2^+  wbbtr¥sbb-irrhb. 
20.  And  by  adding  vrbb  to  each  part  inV,jW_I2JrW+  J2rrbbcr     bk 

the  nineteenth  ltep,    .     .    .     .     .  •  .  j   ■  T 

si    And  by  adding  1 2^  to  each  part  in  7  ,ss^I2rrhbc-  A$sb^i2srbb. 

the  twentieth  ftep,    ......  3 

22.  And  by  fubtraaing  asM  from  each  V     r     lmbh  ^  lzM 
part  m  the  twenty  nrlt  ltep,    .     .     .y 

23.  Wherefore  by  dividing  each  part  in  5  :    I     .         rC-s 
the  twenty  fecond  ftep  by  1 2rbb,    .    .  3 ' 

24.  Thus  from  a  fuppofition  that  the  lefferValueof  (a)  in  the  thirteenth  ftep  is  greater 
than  (b)  the  given  difference  of  theExtremes,it  follows  by  juft  confequence  that  (r)  is 
greater  than(*,)which  is  impoflible  5  for  in  regard  the  difference  of  the  fquares  of  the 
Extremes  is  lefsthan  the  fum  of  the  Squares  of  all  3  Proportionals,  and  that  accord- 
ing to  the  Queftion  the  faid  difference  is  to  the  faid  fum  as  (r)  to  (s,)  therefore  (r)  is 
left  than  (s.)  And  becaufe  the  feries  of  Inferences  drawn  from  the  faid  fuppofition  ends 
in  an  Impoffibility,  therefore  that  which  was  fuppofed  cannot  be  true,  viz.  The  leffer 
'    '  Value 
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value  of  (a )  is  not  greater  than  (b)  the  given  difference  of  the  Extremes,  andconle- 
quently  it  cannot  be  equal  to  the  Sum  of  the  Extremes,  which  was  to  be  proved. 
But  by  the  like  Argumentation  it  may  be  proved,  that  the  greater  value  of  (a) 
in  the  thirteenth  ftep  exceeds  (b)  the  given  difference  of  the  Extremes  5  and  if  it 
be  exprefs'd  by  words,  it  will  give  the  following  Ganon  to  find  out  the  Sum  of  th* 
extreme  Proportionals  fought 5  whence  by  the  help  of  the  given  difference  of  the 
Extremes,  the  Extremes  are  feverally  given. 

C  A  NO  N 
From  four  times  the  fquare  of  the  latter  or  greater  Term  (s)  of  the  given  Reafoa 
fubtraft  thrice  the  fquare  of  the  firftTerm  (r,j  and  multiply  the  Remainder  by  the 
fquare  of  the  given  difference  of  the  extreme  Proporcionals  fought;  then  add  the 
fquare  Root  of  that  Product  to  the  double  of  the  Producl  made  by  the  Multiplica- 
tion of  the  latter  Term  (s)  into  the  difference  of  the  Extremes,  and  divide  the  Sum 
of  that  Addition  by  the  triple  of  the  firft  Term  (r  -,)  fo  fhall  the  Quotient  be  the  Sum 
of  the  extreme  Proportionals.  Laftly,  half  the  Sum  of  the  Extremes  increafed  with 
half  their  difference  gives  the  greater  Extreme,  but  the  laid  half  Sum  leflened  by  the 
faid  half  difference  leaves  the  lefler  Extreme. 

As  for  Example:  If  6  be  given  for  the  difference  of  the  Extremes  of  three  Conti- 
nual Proportionals,  and  the  difference  of  the  fquares  of  the  Extremes  has  fuch  pro- 
portion to  the  Sum  of  the  Squares  of  all  the  three  Proportionals  as  5  to  7,  then  by  the 
Canon  the  three  Proportionals  will  be  found  2,  4,  and  8. 

Again,  if  2^  be  given  for  the  difference  of  the  Extremes,  and  the  difference  of  the 
Squares  of  the  Extremes  be  to  the  Sum  of  the  Squares  of  all  the  three  Proportionals, 
as  123  to  427,  the  Proportionals  will  be  found  4,  5,  and  6^. 

QUE  S  T.    6. 

TheSum  (Jb)  of  the  Extremes,  and  the  Sum  (c)  of  the  Means  of  four  Quantities  in 
Continual  Proportion  being  given,  to  find  out  the  Proportionals ;  but  (b)  muft  ex- 
ceed (c.) 

RESOLUTION. 

1.  For  one  of  the  Means  put a 

2.  Then  by  fubtracYing  the  Mean  from  (c)  the  given  Sum  ">   _a 
of  the  Means,  the  Remainder  is  the  other  Mean,  to  wit,  _> 

3.  And  by  dividing  the  Square  of  the  latter  Mean  by  the  ice — ica+aa 
former,  the  Quotient  gives  one  of  the  Extremes,  to  wit,  j  a 

.4.  In  like  manner  the  fquateof  the  firftMean(a)being  divided  7    aa 
by  the  other  Means  (c— a)  gives  the  other  Extreme,to  wit,  y  c—a 

5.  Therefore  from  the  third  and  fourth  lteps  the  Sum  of  \  ax— uca—7caa 
the  two  Extremes  is    . J        ca — aa 

6.  Which  Sum  muft  be  equal  to  (b)  the  given  Sum  of  the  \ccc—  jcca—. -jcaa     . 
Extremes  z,  hence  this  Equation  arifes,  to  wit,    .    .    .    .  j"        ca — aa 

7.  From  which  Equation  after  due  Reduction  this  arifes,  \  ccc    _ca ^ 

to  wit, ■ j%c-\-b 

'   8.  Wherefore  by  refolving  the  laft  Equation  by  the  Canon  in  Sett.  1  o.  Chap.  1 5.  Book  1. 
the  two  values  of  (<j,)  to  wit,the  mean  Proportionals  fought  will  be  made  known,  viz. 

a='-c+V :  — c^-r-:  the  greater  Mean  : 

4        v-\b 

a-^-i  :— ~:  the  lefler  Mean. 

4        3fc'-f-£ 
Which  values  of  (a)  give  this 

CANON. 

Divide  the  Cube  of  the  Sum  of  the  Means  by  the  Aggregate  of  the  triple  Sum  of  the 

Means  and  the  Sum  of  the  Extremes ;  fubtraft  the  Quotient  fitm  the  fquare  of  half 

the  fumof  rhe  Means,  and  extract  the  fquare  Root  of  the  Remainder ;  then  the-faid 

fquare  Root  being  added  to  and  fubtra£led  from  half  the  fum  of  the  Means,  the  Sum 

and  Remainder  fhall  be  the  Means  fought.  „, 

Then 
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Then  the  Square  of  the  leffer  Mean  being  divided  by  the  greater  will  give  the  leffer 
Extreme,  and  the  Square  of  the  greater  Mean  divided  by  the  lefler  gives  the  greater 
Extreme. 

Therefore  if  1 8  be  given  for  the*  fum  of  the  Extremes,  and  1 2  for  the  fum  of  the 
Means  of  four  continual  Proportionals,  the  Proportionals  are  given  fcverally  by  the 
faid  Canon,  to  wit,  2,  4,  8,  and  16. 

g^UEST.    7. 
The  difference  (b)  of  the  Extremes,  and  the  difference  (c)  of  the  Means  of  four 
Quantities  continually  proportional  being  given,  to  find  out  the  four  Proportionals. 
^  RESOLUTION. 

1.  For  the  lefler  mean  Proportional  put a 

2.  Which  added  to  (c)  the  given  difference  of  the  Means')     , 
gives  the  greater  Mean,  to  wit, yc+<* 

3.  Then  the  Square  of  the  faid  greater  Mean  being  divided  \cc~\-2ca-\-aa- 
by  the  leffer,  gives  for  the  greater  Extreme    ....  3  •        ~ 

4.  Likewifeby  dividing  (aa)  the  Square  of  the  leffer  Mean  \  aa 
by  the  greater,  there  arifes  for  the  leffer  Extreme    .    .     i^Ifa 

5.  Therefore  the  difference  of  the  two  Extremes  in  thethird  \ccc-\-icca-\-icaa 
and  fourth  fteps  is f        ca+aa ' 

6.  Which  diffetence  muft  be  equal  to  (b)  the  given  differ-  \ ccc-\-  icca+  lcaa_, 
ence  of  the  Extremes  •,  hence  this  Equation  arifes,  viz.     T        ca+aa 

7.  From  which  Equation  after  due  Reduction  this  arifes,  7   ccc 

to  wit, .5b^c~Ca+m 

8.  Wherefore  by  refolving  the  laft  Equation  by  the  Canon  in  Sett.  6.  Ch.15.  Book  i,  the 
value  of  (a J  to  wit,  the  leffer  mean  Proportional  fought  will  be  made  known,'  viz 

t  m  cc         ccc     >  ___, 

"  4     b — 3c*      T  * 
Which  Equation  in  words  is  this 

CANON. 
Divide  the  Cube  of  the  given  difference  of  the  Means  by  the  excefs  of  theglven  differ- 
ence of  the  Extremes  above  the  triple  of  the  difference  of  the  Means;  add  the  Quotient 
to  the  Square  of  half  the  difference  of  the  Means  ;  then  from  the  fquare  Root  of  that 
fum  fubtracT;  half  the  difference  of  the  Means,fofhall  this  Remainder  be  the  leffer  Mean. 
Then  to  the  leffer  Mean  add  the  difference  of  the  Means,  and  the  fum  is  the  greater! 
Laftly,  the  Square  of  the  greater  Mean  divided  by  the  leffer  gives  thengjeater  Ex- 
treme,and  theSquare  of  the  leffer  Mean  divided  by  the  greater  gives  the  lefler  Extreme. 
Therefore  ifja  be  given  for  the  difference  of  the  Extremes  of  4  continual  Proporti- 
onals,and  12  for  the  difference  of  theMeans,the  Proportionals  will  be  found  2,6,18,74* 

^U  E  S  T.     8. 
The  fum  (b)  of  four  Quantities  in  continual  proportion  being  given    as  alfo  (c) 
the  fum  of  their  fquares,  to  find  the  Proportionals. 

RESOLUTION. 

is  For  the  fum  of  the  Means  put a 

2.  Which  fubtra&ed  from  (b)  the  given  fum  of  all  the  four  % 

Proportionals,  leaves  the  fum  of  the  Extremes,  to  wit,     y      a . 
$.  The  fquare  of  (b)  the  given  fum  of  all  the  fourPropor-  ">, , 

tionals  is f 

4  Now  (according  toTheor.  16.  of  the  preceding  Chap.  6.)  -* 
from  the  faid  fquare  (bb)  I  fubtraft  (c)  the  given  fum  of  f 
the  fquares  of  the  four  Proportionals,  and  from  the  half  \ \bb— ic—cta 
of  the  Remainder  I  alfo  fubtraft  (aa)  the  fquare  of  the  C 
fum  of  the  Means,  fo  this  Quantity  remains,  to  wit,    .  J 
5.  Which  Remainder,  to  wit,  xJ>b— \c— aa  (by  the  faid  7heor.l6.)  (hall  be  to  the  A 
ven  fum  of  the  fquares  of  the  four  Proportionals,  as  the  fum  of  the  Means  is  to 
the  fum  of  all  the  four  Proportionals ,  hence  this  Analogy  arifes,  viz. 
~bb — 4-c — aa  '  c  :  1  a  .  b 

6.  Which 
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6.  Which  Analogy,  by  comparing  the  Product  made  by  the  mutual  Multiplication  of 
'  the  Extremes  to  the  Product  of  the  Means,  will  be  converted  into  this  Equation,  viz. 

~bbb — ^bc — baa = ca 

7.  Whence  after  due  Reduftion "this  Equation  arifes,  to  wit, 

ibb  — 4-c  =  aa-\- — a 
b 

Which  Equation  being  refolved  (per  Carton  in  Sett.  6.  Chap.  15.  Boohi.)  gives  this 

following.  Jr.t    .. 

CANON. 

From  the  fquare  of  the  given  fum  of  the  four  Proportionals  fubtrafr  the  given 
fum  of  their  Squares,  and  to  the  half  of  the  Remainder  add  the  fquare  of  half  the 
Quotient  that  arifes  by  dividing  the  fum  of  the  Squares  of  the  four  Proportionals  by 
the  fum  of  the  four  Proportionals.  Then  extract  the  fquare  Root  of  the  fum  of  that 
Addition,  and  from  thefaid  fquare  Rootfubtract  half  the  Quotient  aforefaid,  fo  fhall 
the  Remainder  be  the  fum  of  the  two  defired  mean  Proportionals. 

Then  the  fum  of  the  Means  of  four  continual  Proportionals  being  given,  as  alfo 
the  fum  of  the  Extremes,  the  Proportionals  fhall  be  given  feverally  by  the  Canon  of 
the  preceding  gueft.  6.  of  this  Chap. 

So  if  30  be  given  for  the  fum  of  four  Proportionals,  and  340  for  the  fum  of  their' 
Squares j  firft,  by  the  Canon  above  exprefs'd  the  fum  of  the  Means  will  be  found  12, 
which  fubtrafted  from  30  the  given  fum  of  the  four  Proportionals,  leaves  18  for  the 
fum  of  the  Extremes  ;  then  the  fum  of  the  Means  being  given  1 2,  and  the  fum  of 
the  Extremes  1 8,  the  four  Proportionals  (by  theCanon  of  the  preceding  fixth  Quefti- 
on)  will  be  found  2,  4,  8,  16. 

~  QUE  S  T.    9. 

The  fum  (b)  of  four  Quantities  in  continual  proportion  being  given,  as  alfo  (c) 

the  fum  of  thefquares  of  the  Means  ;  to  find  the  Proportionals, 

RESOLUTION. 

1.  For  the  fum  of  the  Means  put    ........    a 

Then  becaufe  (by  Theorem  1 2.  of  the  preceding  Chap.  6.)~> 

the  fum  of  the  four  Quantities  continually  proportional  is  | 

to  the  fum  of  the  Means,  as  the  fum  of  the  Squares  of  the 

Means  is  to  the  Product  made  by  the  mutual  Multiplica-  J  ca 

of  the  Means  or  Extremes,  fay  by  the  Rule  of  Three,      j"  "£" 

Ir  ,  ca  1 

If    . .  .     .     <     b     .a     ■•■     c     .     — 

b  \ 

Whence  the  ProduO:  of  the  Means  or  Extremes  is  found  .> 
3.  And  becaufe  if  from  the  fquare  of  the  fum  of  the  Means" 
there  be  fubtrafted  the  fum  of  the  fquarts  of  the  Means, 
there  will  remain  the  double  Product  of  the  Means  or  Ex- 
tremes ;  therefore  if  from  (ad)  youfubtracl(c)thehalfof 
the  Remainder  fhall  be  the  Product  of  the  Means  or  Ex- 
tremes, to  wit, 


>  l-aa — 's 


4.  Which  Product,   to  wit,  ±aa— -I  c  muft  be  equal  to  c'*  ")  ^ 

>i-tfd! — 4-C  = 

the  Product  in  the  fecond  ftep  -,  hence  this  Equation  ari-  C '  b 

fes,    to  wit, J 

5.  From  which  Equation  after  due  Reduction  there  arifes     >aa — ~~a—c 

Which  laft  Equation  being  refolved  (  by  the  Canon  in  Se3.  8.  Chap.  15.  Booh  1. ) 
gives  this  following 
5  CANON 

To  the  given  fum  of  the-Squares  of  the  Means  add  the  Square  of  the  Quotient  that 
arifes  by  dividing  the  laid  fum  by  the  given  fum  of  the  four  Proportionals,  and  out 
of  the  fum  made  by  that  Addition  extract  the  fquare  Root;  theivthis  fquare  Root 
added  to  the  aforefaid  Quotient  gives  the  Sum  of  the  Mean  Proportionals  fought. 

Then  the  Sum  of  the  Means  being  given,  as  alfo  the  Sum  of  the  Extremes,  (for  the 
Sum  of  the  Means  found  out  being  fubtracfed  from  the  given  fum  of  all  the  four  Pro- 
portionals leaves  the  Sum  of  the  Extremes)  the  four  Proportionals  will  bedifcovered 
by  the  Canon  of  the  fixth  Queftion  of  this  Chapter.  There- 
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Therefore  if  30  be  given  for  the  fum  of  four  Continual  Proportionals,  and  80  for 
the  fum  of  the  Squares  of  the  Means,  the  four  Proportionals  are  alfo  feverally  ~:"~ 
to  wit,  2,4,8,1 6,  by  the  Canon  above  exprefs'd. 


given: 
QUEST.    i~ 


The  fum  (b)  of  four  Quantities  continually  proportional  being  given,  as  alfo  (c) 
the  fum  of  theffquares  of  the  Extremes,  to  find  out  the  Proportionals. 
RESOLUTION. 

1.  For  the  fum  of  the  Means  put a 

2.  Which  fubtra&ed  from  (b)  the  given  fum  of  the  four  Pro-  \, 
T'portionals  leaves  the  fum  of  the  Extremes,  to  wit,    .    .y     a 

5.  Therefore  the  fquare  of  the  fum  of  the  Extremes  is    .    bb — iba+aa 

4.  From  which  Square  iffcjthe  given  fum  of  the  fquares  of ") 

'  the  Extremes  be  fubtra&ed,  there  will  remain  the  double  (bb—2ba+aa—c 

Product  made  by  the  mutual  Multiplication  or  the  Ex-  r  ^ 

tremes  or  Means;  therefore  the  Produd  of  the  Means  is  } 

5.  And  becaufe  if  from  aa  the  fquare  of  the  fum  of  theMeans  ) 
there  be  fubtraftedW — 2ba-\-aa — c,the  double  Product  of  ( 

the  Means,  there  will  remain  the  fum  of  the  fquares  of  the  72ba — ^+c 
Means ;  therefore  the  fum  of  the  fquares  of  the  Means  is  ) 

6.  And  becaufe  by  Theor.  12.  in  the  preceding  Chap.  6  the  fum  of  the  fquares  of  the 
Means  is  to  the  Product  of  the  Means,  as  the  fum  of  all  the  4  Proportionals  is  to  the 
fum  of  the  Means  ;  therefore  from  the  premifes  this  following  Analogy  ariies   viz 

,        ...  bb — 2ba-\-aa — c  , 

2ba — bb-\-c    .     ! ::    b     .     a 

'2 

7.  From  which  Analogy  by  comparing  the  Product  of  the  Extremes  to  the  Product  of 
the  Means,  this  Equation  arifes,  viz. 

l        u  j^„     bbb — 2bba-\-baa — be 
zbaa — bba  -±caz=. : _ 

2 

8.  Which  Equation  after  due  Redu&ion  gives  this  following  Equation,  vh. 

.  2C       bb — c 
aa-\-—ia= 

W         3 

Whence  (per  Canon  biSeS.  6.  Chap.  1  ?.  Book  1.)  there  arifes  this  following 

CANON. 

Divide  the  given  fum  of  the  fquares  of  the  Extremes  hy  the  triple  of  the  given  fum 
of  all  the  four  Proportionals,  and  to  the  fquare  of  the  Quotient  add  one  third  part 
of  theexcefs  of  the  fquare  of  the  fum  of  the  four  Proportionals  above  the  Sum  of  the 
fquares  of  the  Extremes  ;  then  from  the  fquare  Root  of  the  Sum  made  by  that  Addi- 
tion fubtraft  the  Quotient  hrfl  found  out ;  fo  fhall  the  Remainder  be  the  defired  fum 
of  the  mean  Proportionals. 

Ihen  the  fum  of  the  Means  being  given,  as  alfo  the  fum  of  the  Extremes,  ffor  the 
fum  of  the  Means  being  fubtra&ed  from  the  given  fum  of  the  four  Proportionals 
leaves  the  fum  of  the  Extremes)  the  four  Proportionals  will  be  dilcovered  by  the  Ca- 
non of  the  fixth  Queftion  of  this  Chapter. 

Therefore  if  80  be  given  for  the  fum  of  four  continual  Proportionals,  and  2920  for 
the  fum  of  the  Squares  of  the  Extremes,  the  4  Proportionals  will  be  found  2,6,18,54, 

QUEST.     11. 

Thefum  (b)  ofthe  fquares  of  the  Extremes  of  4  Quantities  in  continual  proportion 
being  given,as  alfo  (c)  the  fum  ofthe  fquares  ofthe  Means,  to  find  out  the  Proportionals; 
RESOLUTION 

1.  Add  the  two  given  fums  into  one  that  you  may  have  7 
the  fum  ofthe  fquares  ofthe  four  Proportionals  fought,  W 
for  which  laft  mentioned  Sum  put 3 

2.  Then  for  the  fum  ofthe  Squares  of  the  firft  and  fecond  \ 
Proportionals  put    .     >     ..........  3 

3.  Therefore  the  fum  of  the  Squares  of  the  third  and  fourth ")  j a 

Proportionals  is     .    .    t    4 j" 

A  a    s      ■     •  4,  Then 
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a.  Thenbecaufe  (by  Tlieorem  13.  of  the  preceding  Chap.  6)  \ 

the  fum  of  the  Squares  of  the  two  Means  is  a  mean  Pro-./ 

portional  between  the  Sum  of  the  Squares  of  the  firft  andVa  .  c  : :  c  .  i—a 

fecond,  and  the  ium  ot  the  Squares   of  the  third  and  \ 

fourth,  this  Analogy  is  manifelt,  viz, ) 

j.  Therefore  by  comparing  the  Product  made  by  theMul-7 

tiplication  of  the  Extremes  of  that  Analogy  to  the  Pro-  Wjr— aa=ct 

duel:  of  the  Means  this  Equation  arifes,  w'z V^ 

6.  Which  Equation  being  relblved  by  the  Canon  in  Sett.io.  Chap.  16.  Book  1.  gives 

this  following 

CANON. 

Add  the  given  Sum  of  the  Squares  of  the  Extremes  to  the  given  Sum  of  the  Squares 
of  theMeans,  and  reierve  half  of  the  fum.  From  the  fquare  of  this  half  fum  fubtracf 
the  Square  of  the  fum  of  the  Squares  of  theMeans,  and  extracf  the  fquare  Root  of  the 
Remainder;  add  this  fquareRoot  to  the  half  fum  before  relened,  and  alfo  fubtraft  it 
from  the  lame  half  fum,fo  the  fum  (hall  be  the  lum  of  the  Squares  of  the  firft  and  fecond 
Proportionated  the  Remainder  fhall  be  the  fum  of  the  Squares  of  the  third  and  fourth 

Then  ('according  to  Tbeor.  3.  of  the  preceding  Chap,  6.)  add  feverally  the  fum  of  the 
Squares  of  the  firft  and  fecond  Proportionals,  and  the  fum  of  the  Squares  of  the  third 
and  fourth  to  the  fum  of  the  Squares  of  the  Means,  and  out  of  each  fum  extract-  the 
fquare  Root ;  fo  fhall  one  of  thefe  Roots  be  the  lum  of  the  firft  jnd  third  Proportio- 
nals, and  the  other  fhall  be  the  fum  of  the  fecond  and  four.h  Which  two  ljff  men- 
tioned fums  being  added  together  give  the  f.im  of  the  tour  Proportionals  fought. 

Laftly,  the  fum  of  tour  Proportionals  being  given,  as  alfo  the  fum  of  the^quaresof 
theMeans,  the  Proportionals  fhall  be  given  feverally  by  the  ninth  Queftion  ol  this  Chap 

Therefore  if  260  be  given  for  the  fum  of  the  Nqt-a-es  of  the  Extremes  of  four  con- 
tinual Proportionals,  and  80  for  the  fum  of  the  Squares  of  the  Means,  the  Propor- 
tionals will  be  found  16,8,4,2. 

^UEST.     12.  " 

The  fum  (/;)  of  the  Extremes  of  four  Quantities  in  continual  Proportion  being  gi- 
ven, as  alfo  (c)  the  fum  of  the  Cubes  of  the  Means  1  to  find  out  the  Proportionals* 
RESOLUTION. 

1.  For  one  of  the  Extreme  Proportionals,  put a 

2.  Then  the  other  Extreme  (by  fubtra£ting  (a)  from  (b)  thegi-  \, 
ven  fum  of  the  Extremes)  fhall  be     .  # 3*    a 

3.  Therefore  the  Producf  made  by  the  mutual  Multiplication  \, 

of  the  Extremes  is 5  ba    a<* 

a.  And  becauie  (per  Theore?n  21.  of  the  preceding  Chap.  6  )  the"} 
Produ£t  made  by  the  Multiplication  of  the  Means  or  Ex- 
tremes into  the  fum  of  the  Extremes,  is  equal  to  the  fum  of!  ,,  , 

the  Cubes  of  theMeans;  therefore  if  you  multiply  ha — aa  by  Y  baa—c 

/>,  this  Product  fhall  be  equal  to  (c)  the  given  fum  of  the 
Cube's  of  the  Means  ;  hence  arifes  this  Equation,  viz.     .    .J 
•y.  And  by  dividing  every  Term  of  that  Equation  by  (hj  there  \,  _c 

arifes ya    aa~  r 

Which  laft  Equation  being  refolved  (by  the  Canon  in  Sett.  10.  Chap.  15.  Book  1.) 
gives  this  following 

C  A  NO  N. 

6.  From  the  Square  of  half  the  given  fum  of  the  Extremes  fubtratt  the  Quotient  that 
arifes  by  dividing  the  given  fum  of  the  Cubes  of  the  Means  by  the  fum  of  the  Ex- 
tremes, and  extract:  the  fquare  Hoot  of  the  Remainder,  then  half  the  fum  of  the  Ex- 
tremes being  increafed,  and  alio  letfened  by  the  laid  fquare  Root,  gives  the  Extremes 
feverally.     Then  you  may  find  out  the  Means  by  a  new  Work  thus  j 

7.  Let  the  greater  Extreme  found  out  as  above  be    .    .    .    .   /  . 

8.  And  the  lelfer  Extteme g 

9.  Then  tor  the  greater  Mean  put I    ...    a 

10.  Therefore  by  dividing  (aa)  the  fquare  of  the  greater  Mean  1  aa 
by  the  greater  Extreme  (fj  the  Quotient  fhall  be  the  lefTer  W 
Mean,  to  wit, , 3  ■* 

11.  But 
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11.  But  the  fquare  of  the  leffer  Mean  is  equal  to  the  Produft  of  7  aaaa 
the  leffer  Extreme  multiplied  by  the  greater  Mean  •,  therefore  S-  -ff—g'* 
from  the  three  laft  preceding  tteps  this  Equation  arifes,  viz.^  JJ 

1 2.  Which  Equation  after  due  Reduction  gives    ....        aaa=ffg 

13.  Therefore  by  extracting  the  Cubic  Root  out  of  each  part  \     ■  ,-,  ,~f 
of  the  laft  Equation  the  greater  Mean  is  made  known,  viz.  ^a~^^)jJS 

Which  laft  Equation,  together  with  that  in  the  tenth  ftep,  will  give  this 

CANON. 

14.  Multiply  the  fquare  of  the  greater  Extreme  by  the  leffer,  then  the  Cubic  Root  of 
the  Product  (hall  be  the  greater  Mean.  Laitly,  the  Square  of  the  greater  Mean  di- 
vided by  the  greater  Extreme  gives  the  leffer  Mean. 

Therefore  if  1 8  be  given  for  the  fum  of  the  Extremes  of  four  Numbers  in  continual 
proportion,  and  576  for  the  fum  of  the  Cubes  of  the  Means,  then  by  the  firft  Canon 
of  this  Queftion  the  Extremes  will  be  found  1 6  and  2.  And  laftly,  by  the  latter  Ca- 
non the  Means  will  be  found  8  and  4.  Wherefore  the  four  continual  Proportionals 
fought  are  16,  8,  4,  2. 

QUEST.     13. 

The  fum  (b)  of  the  Cubes  of  the  Extremes  of  four  Quantities  in  continual  proportion 
being  given,as  alfo  (c)  the  fum  of  the  Cubes  of  the  Means,to  find  the  four  Proportionals. 
RESOLUTION. 

1.  For  the  fum  of  the  Extremes  put    .    .    .    .    .    .    .'.   .    a 

2.  Therefore  the  Cube  of  that  fum  is .     .    aaa 

3.  Then  becaufe  by  T/jeor.  22.  of  the  preceding  Chap.  6.  if  four "} 
Quantities  be  continually  proportional,  the  fum  of  the  Cubes  I 

of  the  Extremes  more  by  the  triple  of  the  Cubes  of  the  Means  V  ,  ,     _ 
is  equal  to  the  Cube  of  the  fum  of  the  Extremes  5  therefore  ?b'T3c—ac"x 
if  to  (b)  you  add  3c,it  gives  the  Cube  of  the  fum  of  the  Ex-  I 
tremes,which  Cube  muft  be  equal  to  aaa-,  hence  this  Equation-* 

4.  Therefore  by  extracting  the  Cubic  Root  out  of  each  part  of  \  ,,  -rrr — ;_ 
that  Equation,  the  fum  of  the  Extremes  is  made  known,  viz.  J  •  "'  -D-ric:— a 

Which  laft  Equation  in  words  is  this  following 
CANON 
Add  the  triple  of  the  given  fum  of  theCubgs  of  the  Means  to  the  given  fum  of  the 
Cubes  of  the  Extremes,  and  out  of  the  fum  made  by  that  Addition  extracf  the  Cubic 
Root,  which  fhall  be  the  fum  of  the  Extremes  fought. 

Then  the  fum  of  the  Extremes  being  given,  as  alfo  the  fum  of  the  Cubes  of  the 
Means,  the  four  Proportionals  fhall  be  given  feverally  by  the  Canon  of  the  preceding 
twelfth  Queftion.  As  for  Example,  if  157472  be  given  for  the  fum  of  the  Cubes 
of  the  Extremes  of  four  Numbers  in  continual  proportion,  and  6048  for  the  fum  of 
the  Cubes  of  the  Mean  ;  flrft,  by  the  Canon  of  this  Queftion  the  fum  of  the  Extremes 
will  be  found  j6,  and  then  by  the  Canon  of  the  preceding  twelfth  Queftion,  the  four 
Proportionals  will  be  found  2,  6,  18,  54. 

-— — _— 

The  fum  of  the  Extremes  (b)  of  five  Quantities  in  continual  Proportion  being  gi- 
ven, as  alfb  (c)  the  fum  of  the  three  Means  j  to  find  the  five  Proportionals. 
RESOLUTION. 

1 .  For  the  third  Proportional,  that  is,  the  middle  Term  of") 
all  the  five,  put j** 

2.  Then  fubtra£t  that  middle  Term  (a)  from  (c)  the  given 7 
fum  of  the  three  Means,  and  there  will  remain  the  fum  of  >c — a 
the  fecond  and  fourth,  viz •   •    •  3 

3.  And  becaufe  by  Theorem  29.  of  the  preceding  Cbap.  6.  the  ^ 
fum  of  the  Extremes  of  five  continual  Proportionals,  toge-  / 

ther  with  the  double  of  the  Mean,  the  fum  of  the  fecond  \b-\-2ct.c — awe — a.  a 
and  fourth,  and  the  Mean,  are  alfo  in  continual  proportion  ;  v 
therefore  this  Analogy  is  manifeft,  viz.    .     .     .    .     .    .) 

A  a  2  4.  From 
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4.  From  which  Analogy,  by  comparing  the  Product  made  7 

'  by  the  Multiplication  of  the  Extremes  to  the  Product  of  >ba-\-2aa—cc — ica-\-ai 
the  Means,  this  Equation  is  produced,  viz ^ 

5.  Which  Equation  after  due  Reduction  gives    .    .  ' .    .    aa-\-ba+2ca=cc 
Laftly,  by  refolding  the  laft  Equation  according  to  the  Canon  in  Se8.6.  Chap.zf, 

Book  1.  there  will  arife  this  following 

CANON. 

Add  the  fum  of  the  Extremes  to  the  double  of  the  fum  of  the  three  Means,  and 
take  the  half  of  the  fum  made  by  fuch  Addition;  then  to  the  Square  of  the  faid  half 
fum  add  the  fquare  of  the  fum  of  the  three  Means,  and  out  of  this  fum  extract  the 
fquare  Root ;  from  which  Root  fubtract  the  half  fum  firft  taken,  and  the  Remainder 
(hall  be  the  middle  (or  third)  Proportional  of  the  five  fought. 

Then  by  fubtracting  the  faid  third  Proportional  from  the  fum  of  the  three  Means, 
the  Remainder  is  the  fum  of  the  fecond  and  fourth ;  by  which  fum  and  the  third 
Proportional,  the  fecond  and  fourth  fhall  be  given  feveraliy,  (by  the  Canon  of  gueft.  4. 
Chap.  1 6.  Book  1 .)  Then  the  fquare  of  the  lecond  Proportional  being  divided  by  the  third 
gives  the  firft,  and  the  Square  of  the  fourth  being  divided  by  the  third  gives  the  fifth. 

Therefore  if  34  be  given  for  the  fum  of  the  firft  and  fifth  of  five  continual  Propor- 
tionals, and  28  for  the  fum  of  the  three  Means,  the  five  Proportionals  (hall  be  given 
feveraliy,  viz.  2,  4,  8,  16,  32  £■• 

QUE  S  T.     1  j. 

The  Sum  (Jb)  of  the  firft,  third,  and  fifth  of  five  Quantities  in  continual  proportion 
being  given,  as  alio  (e)  the  fum  of  the  fecond  and  fourth,  to  find  the  five  Proportionals. 
RESOLUTION. 

1.  For  the  third  Proportional,  that  is,  the  middle  Term  of  the  ?,  put    a 

2.  Then  fubtract  that  middle  Term  (a)  from  the  given  fum  (b,)  7, 

and  the  Remainder  is  the  fum  of  the  firft  and  fifth,  viz.    .    .    .$"    a 

3.  And  becaufe  (by  Theorem  27.  of  the  preceding  Chap.  6.)  the  "J 
Product  made  by  the  Multiplication  of  the  third  or  middle  Term 

of  five  continual  Proportionals  into  the  fum  of  the  firft  and  fifth,  >  ,  

is  equal  to  the  Squares  of  the  fecond  and  fourth  ,  therefore  > 
(from  the  firft  and  fecond  fteps)  the  fum  of  the  Squares  of  the 
fecond  and  fourth  Proportionals  is ] 

4.  The  fquare  of  the  third  Proportional  (a)  is  equal  to  the  Pro- "7 
duct  of  the  fecond  multiplied  into  the  fourth,  therefore  thes.2«« 
double  of  that  Product  is ^ 

5.  Therefore  from  the  two  laft  fteps  the  Aggregate  of  the  Squares  V      ,  » 
and  the  double  Product  of  the  fecond  and  fourth  Proportional  is  $aa~T  °* 

6.  But  the  Aggregate  of  the  Squares  and  the  double  Product  of  "\ 

the  fecond  and  fourth  Proportional  is  equal  to  the  Square  of/      ,  .   _ 
their  fum,  therefore  theAggregate  in  the  fifth  ftep  muft  be  equal  f-^-r^— cc 

to  the  Square  of  the  given  fum  (c)  viz } 

Which  Equation  being  refolved  by  the  Canon  in  Se8.  6.  Chap.  15.  Book  1.  will 
give  this  following 

CANON. 
Add  the  Square  of  half  the  given  fum  of  the  firft,  third,  and  fifth  Proportionals  to 
the  Square  of  the  given  fum  of  the  fecond  and  fourth,    then  ftom  the  fquare 
Root  of  the  fum  made  by  that  Addition  fubtract  the  faid  half  fum,  and  the  Remain- 
der fhall  be  the  third  Proportional. 

Then  by  fubtracting  the  faid  third  Proportional  from  the  given  fum  of  the  firft, 
third,  and  fifth,  the  Remainder  is  the  fum  of  the  firft  and  fifth -,  by  which  fum  and 
the  third  (or  mean)  Proportional,  the  firft  and  fifth  (to  wit,  the  Extremes)  ihall  be 
given  feveraliy  by  the  Canon  ofghiejt.  4.  Chap.  1 6.  Booki.  Then  the  third  Proportional 
being  multiplied  into  the  firft  and  fifth  feveraliy,  and  the  fquare  Root  being  extracted 
out  of  each  Product,  thefe  Roots  fhall  be  the  fecond  and  fourth  Proportionals. 

Therefore  if  42  be  given  for  the  fum  of  the  firft,  third,  and  fifth  of  five  Numbers 
in  continual  proportion,  and  20  for  the  fum  of  the  fecond  and  fourth,  the  five  Pro- 
portionals will  be  found  thefe,  to  wit,  2,4,8,16,32. 

gueft. 
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"~  QUEST.     16. 

The  third  Proportional  (b)  of  five  Quantities  in  continual  proportion  being  given 
as  alfo  (c)  the  fum  of  the  other  four,  to  find  out  the  five  Proportionals. 

RESOLUTION. 

1.  For  the  fum  of  the  fecond  and  fourth  Proportional  put    .    .    "a 

2.  Then  fubtra£t  that  Sum  (a)  from  (c)  the  given  fum  of  the? 
firft,  fecond,   fourth,  and  fifth  Proportionals,  and  there  willCc— a 
remain  the  lum  of  the  firft  and  fifth,  to  wit, \ 

3.  The  fquare  of  the  third  (that  is,  of  the  mean)  Proportional  (Z>)7 

is  equal  to  the  Product  of  the  fecond  multiplied  into  the  fourth,  yibb 
therefore  the  double  of  that  Produft  is, A 

4.  Which  double  Product  (zbb)  fubtrafted  from  (m)  the  Square  7 

of  the  fum  of  the  fecond  and  fourth  Proportionals,  leaves  forC^j ibb 

the  fum  of  the  Squates  of  the  fecond  and  fourth, \ 

5.  Andbecaufe  (by  Tbeor.  33.  of  the  preceding  Chap.  6.)  thefum"j 
of  the  Squares  of  the  fecond  and  fourth  of  5  continual  Proportio  • 

nals  is  equal  to  the  Product  of  the  third  for  mean  J  multiplied  by  !  aa—ibb 

the  fum  of  the  firft  and  fifth,  therefore  if  (aa — 2 bb)  the  fum  Y  — 1 

of  the  Squares  of  the  fecond  and  fourth  be  divided  by  the  mean  I 
(b)  the  Quotient  mail  be  the  fum  of  the  firft  and  fifth,  viz.     \ 

6.  Which  Sum  found  out  in  the  laft  ftep  muft  be  equal  to  the7aa 2^ 

fum  of  the  firft  and  fifth  Proportionals  found  out  in  the  lecond  > — -, —c — a 

ftep  ;  hence  this  Equation  arifes,  viz ^ 

7.  Which  Equation  after  due  Reduction  gives aa-\-ba=2hb-\-bc 

Wherefore  by  refolving  the  laft  Equation  (  according  to  the  Canon  in  SeS.  6. 

Chap.  15.  Book.  1.)  there  will  come  forth  this  following 

CANON. 

To  the  fquare  of  the  half  of  the  given  third  (or  mean)  Proportional  add  the  dou- 
ble of  the  fquares  of  the  laid  Mean,  as  alfo  the  Produft  of  the  faid  Mean  multiplied 
into  the  given  fum  of  the  other  four  Proportionals,  and  out  of  the  fum  of  that  Addi- 
tion extra£t  the  fquare  Root ;  this  Root  leffened  by  half  the  given  Mean,  gives  the 
fum  of  the  fecond  and  fourth  Proportionals. 

Then  from  the  given  fum  of  the  firft,  fecond,  fourth,  and  fifth  Proportionals  fub- 
tracl:  the  fum  of  the  lecond  and  fourth  ( found  out  as  abovej  and  the  Remainder  is  the 
fum  of  the  firft  and  fifth  ;  by  which  fum  and  the  third  (or  mean)  Proportional,  the 
faid  firft  and  fifth  (hall  be  given  feverally  by  the  Canon  of  gveft  4.  Chap.  1 6.  Book  1. 

Laftly,  the  fquare  Roots  of  the  Produtt  of  the  firft  multiplied  into  the  third,  and  of 
the  Produft  of  the  thirdinto  the  fifth,  mail  be  the  fecond  and  fourth  Proportionals. 

Therefore  if  8  be  given  for  the  third  of  five  Numbers  in  continual  proportion, 
and  54  for  the  fum  of  the  other  four,  the  five  Proportionals  will  be  found  thele,  to 
wit,  2,4,8,16,32. 

^UEST.    17. 

The  fum  (b)  of  the  Extremes  of  five  Quantities  in  continual  Proportion  being  given, 
as  alfo  (c)  the  fum  of  the  Squares  of  thtee  Means;  to  find  the  five  Proportionals. 

RE  SO  L  UT  10  N. 

1.  For  the  Mean  (or  third  Proportional  put a 

2.  Then  (by  Theor.  33.  of  the  preceding  Chap.  6.)  the  Mean  (a)  7 
multiplied  by  (b)  the  given  fum  of  the  Extremes,  produces  the  >ba 
fum  of  the  Squares  of  the  lecond  and  fourth  Proportionals,  viz.\ 

3.  Therefore  if  to  (aa)  the  fquare  of  the  Mean  you  add  (ha)  the") 
fum  of  the  Squares  of  the  fecond  and  fourth,  there  will  come  /      ,  , 
forth  the  fum  of  the  Squares  of  the  fecond,  third,  and  fourth  ^aa^'t}a 
Proportionals,  viz.    . ; J 

4.  Which  fum  found  out  in  the  laft  ftep  muft  be  equal  to  the  gi-  \      ,  .  __ 
ven  fum  (e-,)  hence  this  Equation  arifes,  viz $     >?>    ° 

Where- 
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Wherefore  by  revolving  that  Equation  (according  to  'the  Canon  in  Sett.  6.  Chap.  ij. 
Book  i.)  there  willarife  this  following 

CANON. 

Add  the  fquare  of  half  the  given  fum  of  the  Extremes  to  the  given  fum  of  the 
Squares  of  the  three  Means,  and  out  of  rhe  fum  of  that  Addition  extract  the  fquare 
Root  5  this  Root  leffened  by  half  the  fum  of  the  Extremes  will  give  the  Mean  (  or 
third)  Proportional. 

Then  the  mean  (or  third)  Proportional  being  given,  and  the  fum  of  the  Extremes, 
(viz.  of  the  firft  and  fifth;  the  faid  Extremes  fliall  be  given  feverally  by  the  Canon 
oJighteft.  4.  Chap.  16.  Book  1. 

Laftly,  the  fquare  Roots  of  the  Produces  of  the  firft  into  the  third,  and  of  the 
third  into  the  fifth  fliall  be  the  fecond  and  fourth  Proportionals. 

Therefore  if  34  be  given  for  the  fum  of  the  Extremes  of  five  Numbers  in  continual 
proportion,  and  336  for  the  fum  of  the  Squares  of  the  three  Means,  the  five  Propor- 
tionals fliall  be  alio  given,  to  wit,  2,  4,  8,  16,  32. 

^U  E  ST.     18. 
The  Sum  (b)  of  the  Exttemes  of  five  Quantities  in  continual  Proportion  being  given, 
as  alio  (c)  theSum  of  the  Squares  of  the  fecond  and  fourth,  to  find  the  5  Proportionals. 
RESOLUTION. 

1.  For  the  mean  Proportional  put     .    .    i a 

-     2.  Then  (by  Theorem  33.  of  the  preceding  Chap.  6.)  the  Mean  7 
(a)  multiplied  by  (b)  the  fum  of  the  Extremes,  produces  >ba 
the  fum  of  the  Squares  of  the  fecond  and  fourth,  viz.      .    .y 

3.  Which  fum  mult  be  equal  to  the  given  fum  (c,)  therefore    ba=c 

4.  Wherefore  by  dividing  each  part  of  that  Equation  by  (b,)  \        c 
the  mean  Proportional  will  be  made  known,  viz.    .     .     .  y  ~  y 

Which  laft  Equation  in  words  is  this  following 
CANON. 
Divide  the  given  fum  of  the  Squares  of  the  fecond  and  fourth  Proportionals  by  the 
given  fum  of  the  firft  and  fifth,  fo  fliall  the  Quotient  be  the  mean  or  third  Proportional. 
*  Then  the  mean  (or  third;  Proportional  being  given,  as'alfo  the  fum  of  the  firft 

and  fifth,  thefe  fliall  be  given  feverally  by  the  Canon  of  gjhieji.q.  Chap.  16.  Book  r. 

Laftly,  the  fquare  Roots  of  the  Produces  of  the  firft  into  the  third,  and  of  the 
third  into  the  fifth,  fliall  be  the  fecond  and  fourth  Proportionals. 

Therefore  if  34  be  given  for  the  fum  of  the  Extremes  of  five  Numbers  in  continual 
proportion,  and  272  for  the  fum  of  the  Squares  of  the  fecond  and  fourth,  the  Pro- 
portionals will  be  difcovered  feverally,  viz.  2,  4,  8,  16,  32. 

@UE  ST.    19. 

A  Vintner  having  a  Veffel  full  of  Wine  containing  16  (or£)  Gallons,  drawsout4 
Cor  c)  Gallons,  and  then  pours  into  the  Veffel  as  much  Water  as  he  drew  out  Wine  ; 
then  out  of  that  mixt  Quantity  of  Wine  and  Water  he  draws  out  the  fame  number 
of  Gallons  as  before,  and  pours  in  the  fame  quantity  of  Water.  Again,  he  makes  a 
third  draught  of  the  fame  quantity  as  at  firft.  The  queftion  is,  to  find  how  much 
pure  Wine  remained  in  the  Veffel  after  the  third  draught, 
RESOLUTION. 
1 .  The  Number  of  Gallons  of  Wine  in  the  Veffel  at  firft  was       b 

1.  Out  of  which  Quantity  (c)  Gallons  being  drawn,  there  re-  \, 

mained  of  pure  Wine  in  the  Veffel y 

3.  To  which  remaining  quantity  of  pure  Wine,  (c)  Gallons  of" 
Water  being  added,  the  Veffel  is  again  full,  and  contains  (b) 
Gallons  of  Wine  and  Water  together  ^  out  of  which  draw- 
ing again  (c)  Gallons,  we  muft  feek  how  much  pure  Wine 
was  in  this  fecond  draught,  faying  by  the  Rule  of  Three, 

mixt      Wine        mixt  Wine  fbb—cc 

If         b    .     b-c    ::    c    .       (*S=2 

*  I 

Whence  it  is  found,  that  the  quantity  of  pure  Wine  in  the  le- 1 

cond  draught  was .J  4.  Which 
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4.  Which  Quantity  ~¥  being  fubtraaed  from  b— c,  the? 

Quantity  of  pure  Wine  in  the  VelTel   before  the  fecond  > ■.      -C 

draught  was  made,  there  remains  for  the  Quantity  of  pure  I 
Wine  in  the  VelTel  after  the  fecond  draught    .....    J     % 

5.  To  which  remaining  Quantity  of  pure  Wine  add  (c)  Gal-~1 
'  Ions  of  Water,  fo  the  VelTel  is  again  full,  and  contains  (b) 

Gallons  of  Wine  and  Water  together  •,  out  of  which  draw-  ! 
ing  again  (c)  Gallons,  we  mult  feek  how  much  pure  Wine  I 
was  in  this  third  draught,  faying,    ^  j  bbc—ibcc-\-ac 

mixt  Wine  mlxt 


As     b    .    ht=2t±l     ::     c    .     to  a  fourth  Pro- 

b 


bb 


\bbc\%bcc — ccc 


portional  or  Quantity  of  pure  Wine  in  the  third  draught, 

which  will  be  found     .    .    : .     ;     . . 

6.  Then  by  fubtracung  the  faid  fourth  Proportional  or  Quantio 

ty  of  pure  Wine  in  the  third  draught,  from  bb—2fc+-ec  the    , . .       . 

b  \  bbb — 3t 

Quantity  of  pure  Wine  in  the  VelTel  when  the  third  draught  r  bb 

■was  made,  there  remains  for  the  defired  Quantity  of  pure 

"Wine  in  the  VelTel  after  the  third  draught J 

Which  Quantity  laft  found  out  is  the  Anlwer  of  the  Queftion  \  and  if  it  be  relblved 
into  Numbers  it  gives  6-f-  for  the  number  of  Gallons  of  pure  Wine  that  remained  in 
the  VelTel  after  the  tnird  draught.  Moreover,  if  the  firlt,  fecond,  fourth,  and  fixth 
fteps  of  the  Kefolution  be  well  examined  and  compared  with  Sett.  2,5,  and  6  Chap.  y. 
1  pf"  this  fecond  Pook,  it  will  be  manifeft  that  the  Quantity  of  pure  Wine  in  the  VelTel 
at  firft,  and  the  feveral  Quantities  of  Wine  remaining  in  the  VelTel  after  each  draught 
are  in  continual  Proportion : 

C^  £__c  bb—2bc-\-cc         bbb—ihbc+tfcc—ccc  .. 

Viz.  -2  b  bb 

1 16.      12       .  9  I  6±  ~ 

Of  which  continual  Proportionals  the  firft  is  the  given  Quantity  of  Wine  in  the  Vef- 
iel  at  firft  •,  the  fecond  is  the  Excefs  of  the  fame  Quantity  above  the  given  Quantity 
drawn  out  at  each  draught  5  and  then  the  fourth  continual  Proportional  is  the  Quan- 
tity of  pure  Wine  remaining  in  the  VelTel  when  three  draughts  have  been  made,  accord- 
ing to  the  import  ot  the  Queftionibut  the  fifth  continual  Proportional  when  four  draughts, 
the  fixth  when  five  draughts,  the  feventh  when  fix  draughts,  (hall  be  the  remaining 
Quantity  of  pure  W  ine  loughr  by  the  Queftion.  Laftly,  the  firft  and  the  fecond  Terms 
of  a  rank  of  Numbers  in  continual  proportion  being  given,  any  of  the  following  Terms 
fhall  be  given  by  the  Rule  in  Sett.  5.  and  6  Chap.  5.  of  this  fecond  Book. 

QUE  ST.  20. 
A  Vintner  having  a  VelTel  full  of  Wine  containing  16  for  b)  Gallons,  draws  out  a 
certain  quantity,  and  then  pours  into  the  VelTel  as  much  Water  as  he  drew  out  Wine. 
Again,  out  of  that  mixt  quantity  of  Wine  and  Water  he  draws  out  the  fame  quantity 
as  before,  and  pours  in  the  lame  quantity  of  Water.  Then  he  makes  a  third  draught 
of  the  fame  quantity  as  at  firft,  and  after  this  third  draught  there  remained  6-1  for  H) 
Gallons  of  pure  Wine.  The  Queftion  is,  to  find  what  quantity  of  pure  Wine  was 
drawn  out  at  the  firft  draught,  or  what  quantity  of  Wine  and  Water  together  at  the 
fecond  or  third  draught,  (for  the  three  draughts  were  equal  quantities.) 

RESOLUTION. 

1.  For  the  Number  of  Gallons  of  Wine  in  the  VelTel  at  firft  was    b 
fe   For  the  Number  of  Gallons  of  Wine  drawn  out  at  the  firft  ) 
draught  put 5  a 

3.  Then  the  quantity  of  Wine  remaining  in  the  VelTel  after  the  ">  , 

fiift  draught  was •   .  •  .  y 

4.  By  profecuting  the  fearch  as  in  the  preceding  nineteenth  Queftion,  favingthat  (a)  is  to 

be 
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be  ufed  here  inftead  of  (V)there,you  will  find  thisQuantity^ * b~^ bkl  + ;  *"'—'"* 

00 
to  be  the  Number  of  Gallons  of  pure  Wine  remaining  in  the  Veflel  after  the  third 
draught,  and  therefore  it  mult  be  equal  to  the  given  Quantity  6%  (or  dh)  henca 
arifes  this  Equation,  viz. 

bob — 3  bba  -f  3  baa — aaa       , 

W " 

5.  Therefore  by  multiplying  each  part  of  that  Equation  by  the  Denominator  bb,  there 
'  will  come  forth  this  Equation  in  Integers,  viz. 

bbb — i.bba-\-^baa — aaa  =  bbd. 

6.  And  by  extra&ing  the  Cubic  Root  out  of  each  part  of  the  laft  Equation,  there 
arifes  b—a=V(i)bbd. 

7.  Wherefore  from  the  laft  Equation  after  due  Tranfpofition  the  Value  of  (a)  will 
be  made  known,  viz.  a  —  b— V(c)b!>d=  4. 

Whence  it  is  manifeft,  that  four  Gallons  were  drawn  out  at  every  one  of  the  three 
draughts.  But  if  the  Refolution  had  been  wtought  out  at  large,  as  in  the  preceding 
nineteenth  Queftion,  then  it  would  appear,  that  if  between  (/;)  and  (d,)  viz.  the 
quantity  ofWine  firft  given,  and  the  quantity  of  Wine  remaining  after  the  laft  draught, 
there  be  found  the  greater  of  two  mean  Proportionals  when  three  draughts  are  pro- 
poled,  or  the  greateft  of  three  Means  when  four  draughts,  and  fo  forwards  ;  them 
the  Mean  fo  found  out  being  fubtrafred  from  the  greater  Extreme  (b)  leaves  the 
Quantity  drawn  out  at  each  draught.  The  manner  or  rinding  out  mean  proportional 
Numbers  between  any  two  Numbers  givenfot  Extremes,  has  already  been  ihewn  in 
Sect.  14.  Chap.  5.  of  this  fecond  Book. 

If  the  Reader  deli  res  more  variety  of  Queftions  about  Quantities  in  continual  Pro- 
portion, he  may  confult  the  Algebra  of  Jac.  de  Lilly,  intituled  Nova  Geometri&Clavh, 
and  the  firft  Part  of  our  Learned  Dr.  TKiUis  his  Mathematical  Works. 


CHAP.     VIII. 

The  manner  of  finding  out  all  the  Aliquot  Parts  both  of  Numbers 
and  Algebraical  Quantities,  as  alfo  the  fmallefi  Numbers  that 
fhall  have  given  Multitudes  of  Aliquot  Parts. 

I.  TN  the  Refolution  of  knotty  Queftions  about  Quantity,  rhere  is  oftentimes  great 
Jl  ufe  of  finding  out  all  the  Aliquot  Parts,  or  juft  Divifors,  as  well  of  Numbers  as 
cf  Quantities  reprefented  by  Letters;  and  therefore  in  thisChaptet  I  (had  (hew  h.  -,v 
that  Work  may  be  done ;  as  alfo  how  to  find  out  the  leaft  Number  that  (ball  have  a 
given  Multitude  of  Aliquot  Parts,  according  to  the  Method  of  Fran,  van  Schooten^  in 
Se8.2,  3,  and  4.  of  his  Mifcellanies,  and  in  his  Principia  Mathef.  Univerfal. 

II.  A  Prime  or  Incompofit  Number  is  that  which  can  only  be  meafured  or  divided 
by  it  felf  or  by  Unity,  and  leave  no  Remainder ;  as  2,3,^,7,11,1^,  &c.  ate  F>  in 
Numbers. 

III.  A  Compojit  Number  is  that  which  may  be  divided  by  lbme  Number  left  tha 
the  Compofit  it  felf,  but  greater  than  Unity  ;  as  4,6,8,9,10,  6~V.  are  Compolits. 

IV.  Jujl  Divifors  are  fuch  Numbers  or  Quantities  as  will  divide  a  given  Number  1 
Quantity,  and  leave  no  Remainder;  every  one  of  which  Divifors,  except  that  which  is 
equal  to  the  given  Quantity  is  called  an  Aliquot  Part,  becaufe  if  it  be  taken  Aliquotics 
that  is,  certain  times,  irwillpreciielyconftitutethe  given  Quantity :  As  if  6  be  a  Num. 
berpropofed,  its  juft  Divilbrs  are  1,2,3,  and  6  ;  but  the  Aliquot  Parts  of  6  are  onlj 
1,2,  and  3 ;  for  6  cannot  be  a  parr  of  6,  but  it  may  be  aDivifor  to  it  felf,  that  is,  6  ma} 
be  divided  by  6,  and  theQuotient  is  Unity.  Hence  it  is  manifeft,  that  the  juft  Divt 
fors  of  a  Number  are  more  in  multitude  by  one  than  the  Number  of  its  Aliquot  Parts 

V.  The  Aliquot  Parts  of  a  wholeNumber  may  be  found  out  in  this  manner,  viz.  Firft, 
if  the  Number  propofed  be  even,  divide  it  by  2,  and  referve  the  Divifor.  Again,  it' 
the  Quotient  be  even  divide  it  by  2,  and  referve  the  Divifor;  and  continue  the  Divifiorp. 

of 
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of  every  following  Quotient  by  2,  until  the  Quotient  be  an  odd  number.  But  if  ei- 
ther the  number  firft  propofed,  or  the  Quotient  refulting  from  fuch  Divi'fion  by  -  be 
odd,  divide  it  by  3,  if  it  will  give  an  Integer  Quotient,  and  continue  the  Divifion  by  2 
in  like  manner  as  before  by  2,  fo  long  as  the  Quotient  isan  Integer  without  any  Fraftit 
on-,  likewifewhen  the  Diviiion  by  3  ceafeth,  divide  by  5,7,1  1,13,17,19,0V;.  that  is 
by  every  prime  Number  .until  you  find  a  Quotient  lefs  than  the  Divifor  h  and  if  no  fuch 
Divifor  will  give  an  Integer  Quotient  before  the  Quotient  is  lefs  than  the  Divifor  you 
may  conclude  the  number  firft  propofed  to  be  Incompofit,  (viz  fuch  as  has  no  Divi- 
for but  it  felf  or  Unity)  and  that  laft  Divifor  to  be  greater  than  thefquare  Root  of  the 
propofed  Number.  Then  by  the  help  of  the  prime  Divifors  to  the  given  Number  all 
the  reft  may  be  found  out  by  the  Operation  direcled  in  the  following  Examples.' 

Example  1. 

Suppofe  it  be  defired  to  find  out  all  the  Aliquot  Parts  and  Divifors  of  360  -,  firft  I 
divide  360  by  2,  and  the  Quotient  is  1 80 ;  this  divided  by  2  gives  90,  which  divided 
by  2  gives  45  ;  this  being  an  odd  Number  the  Di- 
vifion by  2  ceafes.  Then  I  divide  the  faid  45  by 
3,  and  the  Quotient  is  15;  •,  this  divided  by  3  gives 
the  Quotient  5,  and  fo  the  Divifion  by  3  ceafes  -, 
then  I  divide  5  by  it  felf,  and  the  Quotient  is  Unity.  Now  by  the  help  of  thofe  Di- 
vifors or  prime  Numbers,  which  (as  may  eafily  be  proved)  are  fuch,  that  if  they  be 
continually  multiplied  will  produce  the  given  number  360,  all  the  reft  of  the  juft 
Divifors  of  the  faid  360  may  be  found  out  thus. 

Firft,  I  fet  every  one  of  the-  faid  prime  Divifors  2,2,2,3,3,  and  5,  at  the  head  of  a 
Columel,  as  you  fee  in  this  Table  ;  thenl  multiply  the  firft  Divifor  2  by  the  fecond 
Divifor  2,  and  fet  the  Product  4  under  2  in  thefe- 
cond  Columel.  Again,  I  multiply  the  faid  4  by  2, 
(which  ftands  at  the  head  of  the  third  Columel)  and 
fet  the  Product  8  under  2  in  the  third  Columel. 
Then  I  multiply  every  one  of  the  Numbers  in  the 
firft,  fecond,and  third  Columels,by  3,  which  ftands 
at  the  head  of  the  fourth  Columel,  and  write  the 
Produces  under  3  in  the  faid  fourth  Columel  -,  ex- 
cept fuch  Products  which  happen  to  be  the  fame 
with  any  of  thofe  before  written,  (for  one  and  the 
fame  ProduQ:  muft  not  be  written  twice  •,)  fo  mul- 
tiplying 2, 4,  and  8,  by  3, 1  fet  the  Produces  6,  12, 
and  24  under  3  in  the  fourth  Columel.  Again,  I 
multiply  every  one  of  the  Numbers  in  the  firft,  fe- 
cond, third,  and  fourth  Columels  by  3,  (which  ftands  at  the  top  of  the  fifth  Columef) 
and  fet  the  Produfts  under  the  faid  3  ;  except  (as  before;  fuch  Produits  which  hap- 
pen to  be  the  fame  with  any  of  thofe  before  written  in  any  of  the  precedent  Columels : 
fo  the  Produ&s  written  under  3  in  the  fifth  Columel  are  9,  18,  36,  and  72.  Laftly' 
I  multiply  every  one  of  the  Numbers  in  the  firft,  fecond,  third/fourth,  and  fifth  Co- 
lumels by  5,  (which  ftands  at  the  head  of  the  laft  Columel;  and  write  the  feveral 
Produ&s  (except  as  before  excepted)  under  the  faid  5;.  So  at  length  all  the  juft  Di- 
vifors to  the  given  Number  360  are  found  thefe,  to  wit,  1,2,3,4,5,6,7,8,9,10;  12,1  5, 
18,20,24,30,36,40,45,60,72,90,120, 180,  and  3.60  ;  every  one  of  which  Divifors' 
(except  the  greateft,  which  is  always  equal  to  the  Number  firft  propofed)  isanAliquot 
part  of  36c,  which  (as  you  fee;  hath  23  Aliquot  parts  and  24  Divifors. 
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Example  2. 

Again    if  it  be  required  to  find  out  all  the  Aliquot  Parts  and  Divifors  of  2310, 

the  Oner'ation  will  be  like  that  in  Example  1.    For,  firft  the  prime  Divifors  will  be 

F  found  thefe,  to  wit,    2,   3,  5,7,  11  ■,  then  after 

2no,iKrU3517711  x  thefaid  prime  Divifors  are  fet  ar  the  heads  of  To 

— — j — ^-^p — ^yT^TTi  many  Columels,  as  you  fee  in  the  Table  in  the 

21       5      >l  '  Margin,  the  rett  of  the  Divifors  will  be  found 

out  by  Multiplication  according  to  the  foregoing  directions  5  which  in  fum  amounts 
to  this  viz.  each  prime  Divifor  ftanding  at  the  head  of  every  Columel  following  the 
_____  firft,  is  to  be  multiplied  by  every  one  of  the  Numbers 
in  the  foregoing  Columels,  (except  fuch  which  make 
the  fame  Produces  as  were  before  produced;  and  the 
Produces  are  to  be  fet  under  each  prime  Divifor  re- 
fpectively  by  which  they  were  produced.  So  ail  the 
Divifors  to  the  given  Number  23 10  are  difcovered  to 
be  thefe,  to  wit,  1,  2,  3,  5,  6,  7, 10, 1 1,  14,  15,  21, 
22,  &c.as  you  lee  in  this  Table;  everyone  of  which 
Divifors,  except  the  greateff,  to  xvit,  2310,  ( which 
is  the  fame  with  the  Number  propofedj  is  an  Aliquot 
part  of  the  faid  2310,  which  has  31  Aliquot  parts, 
but  32  Divilbrs. 

Upon  the  fame  foundation  the  Divifors  of  Quan- 
tities expreft  by  Letters  may  be  found  out,  as  will  ap- 
pear by  the  following  Examples.  But  this  work  re- 
quires that  the  Analyft  be  well  exercis'd  in  the 
Rules  of  Algebraical  Multiplication,  Divifion,  and 
the  Extraction  of  Roots;  for  the  finding  out  of  the 
Primitive  or  Incompofit  Divifors,  when  the  given  Quantity  iscompos'd  of  many  large 
Members  connexed  by  different  Signs,  is  oftentimes  both  difficult  and  laborious. 

Example  3. 
Let  it  be  required  to  find  out  all  the  Divifors  and  Aliquot  parts  of  this  Quantity 
ttaabbc.    Firlt,  I  divide  the  faid  aaabbc  by  a,  and  the  Quotient  is  aabbc,  which  d  ivided 

by  a  gives  abbe,  this  divided  by  a  gives  bbc; 
aaabbc\aabbc\abk \bbc\k \cj__  and  i'o  the  Divifion  by  a  ceafes.     Then  1  di- 

— - — -r^       fc     i7f~X|t|  vide  bbc  by  b,  and  the  Quotient  is  be ;  this  di- 

vided byigivesc,  which  beinga  Primitiveol 
Incompofit  Quantity  I  divide  by  itfelf,and  the  Quotient  is  1.  So  all  the  primitive  Di- 
vifors of  the  propofed  Quantity  aaabbc  are  found  a,  a,  a_  b,  b,  and  c  •,  which  are  mani- 
feftly  fuch  as  being  multiplied  continually  will  produce  the  given  Quantity  aaabbc. 

Now  out  of  thofe  Divifors,  after  they  are  let  at  the  heads  of  fo  many  Columels  as 
you  fee  in  this  Table,  Ifearchout  the  reftof  the  Divifors  by  Algebraical  Multiplicari- 

on,  in  like  manner  as   in  Example  1.    So 

all  the  different  Divifors  to  the  given 
Quantity  aaabbc  are  found  thefe,  to 
wit,     1,   a_    aa,    aaa,  b,  ab,  jab,  aaab,   bb, 

abb,  aabb,    aaabb,    c,    ac_    aap,    aaac,    be, 

abc,  aabc,  aaabc,  bbc,  abbe,  aabbc,  aaabbc  ; 
every  one  of  which  Divifors, ..except  thelaft 
and  greatelt  is  an  Aliquot  part  of  the  given 
Quantity  aaabbc,  which  has  23  parts,  and  24 
Divifors. 

Note,  That  this  third  Example  dif- 
fers not  from  Example  1.  faving  that 
Algebraical.  Divifion  and  Multiplication 
is  ufed  here  inftead  of  vulgar  Divifion  and 


a 

a 

aa 

a 
aaa 

b 
ab 

aab 

b 
bb 

abb 

c 

ac 
aac 

aaab 

aabb 
aaabb 

aaac 

be 

abc 

aabc 

aaabc 

bbc 

abbe 

aabbc 

aaabbc 

Multiplication  in  Numbers  there. 


Example 
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Example  4. 

After  the  fame  manner  31  Aliquot  parts  and  32  Divifors  will  be  found  to  this 
Quantity  abede,  viz.  1.  a,  b,  ab,  c,  ac,  be,  abc,  d,  ad,  bd,  &c.  as  you  fee  them  expreft 
in  the  following  Table. 

abede  \  bede  \  cde  J  de  \  e  \  i 
Primitive  Divifors,         a       \b      |  c    \  d  |~| 


a 

b 

c 

d 

e 

ab 

ac 

ad 

ae 

be 

bd 

be 

aba 

abd 

cd 

acd 

bed 

abed 

abe 

ct 

ace 

bee 

abce   < 

de 
ade 

bde 

abde 

cde 

acde 

bede 

abede 

Compare  this  Example 
with  the  precedent  Ex- 
ample 2, 


Example  5. 

Again,  to  find  all  the  Divifors  of  this  compound  Quantity  aaabc— abbbc,  firft,  I 
fearch  out  all  its  prime  Divifors  thus,  viz.  I  divide  the  faid  Compound  Quantity  by  <r, 
and  the  Quotient  is  aabc — bbbc  $  this  divided  by  b  gives  aac— bbc,  which  divided  by 
c  gives  the  Quotient  aa — bb ;  this  divided  by  a—b  gives  the  Quotient  a-\-b,  which 
being  a  primitive  Quantity  I  divide  it  by  itfelf,  and  the  Quotient  is  1 .  So  the  prime 
Divifors  are  found  a,  b,  c,,a — b,  and  a-{-b,  which  are  to  be  referved. 
aaabc— abbbc  \  aabc— bbbc  \  aac — bbc  \  aa — bb  |  a-\-b  |  I 
a  j  I  j         c         |     a—b    I  a-\-b  \ 

Then  (as  in  the  foregoing  Examples,)  I  let  the  faid  primitive  Divifors  at  the  heads 
of  fo  many  Columels,  and  from  thofe  Divifors  (according  to  the  directions  in  Ex- 
ample i.)  I  find  out  all  the  reft  by  Multiplication  ;  fo  at  length  it  appears  that 
aaabc — abbbc  the  compound  Quantity  propofed  has  31  Aliquot  parts  and  32  Divifors, 
wit,  1,  a,  b,  ab,  c,  ac,  be,  abc,  a — b,  aa—ab,  ab—bb,  &c.  as  you  fee  them  expreit 
in  the  following  Table. 


a 

b 

c 

a—b 

a+b        1 

aa-\-ab 

ab 

ac 

aa — ab 

be 

ab—bb 

ab-\-bb 

abc 

aab — abb 

ac — be 

aac — abc 

abc — bbc 

aabc — abbe 

aab -\- abb 

ac\bc 

aac -\- abc 

abc -{-bbc 

aabc -\- abbe 

aa — bb 

aaa — abb 

aab — bbb 

aaab — abbb 

aac — bbc 

aaac — abbe 

aabc — bbbc 

aaabc — abbbc  \ 

Bb  7 
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Example  6. 

Again,  to  find  out  all  theDiviforsof'this  Quantity  aaabbc — 2aabbbc+abbbbc  ;  firft, 
fas  before  J  I  fearchoutaU  the  primitive  Diviibrs,  viz..  I  divide  the  Quantity  propof d 
by  a,  and  the  Quotient  is  aabbc — zabbbc-\-bbbbc,  which  divided  by  b  gives  the  Quoti- 
ent aabc — zabbc-t- bbbc ;  this  divided  again  by  b  gives  aac — iabc\bbey  which  divided 
by  c  gives  aa — iab-\bb.  This  laft  Quotient  being  a  Square  whole  fide  is  either  a — b 
or  b— a,  according  as  a  is  greater  or  leisthan  b,  I  (hall  fuppole  a  to  be  greater  than  b ; 
and  then  dividing  the  laid  Square  aa — 2ab-\-bb  by  its  fide  a — b  the  Quotient  is  alfo 
a — /,.  And  laltly,  by  dividing  a — b  by  it  felffbecaufe  'tis  a  Primitive  Quantity  j  the 
Quotient  is  i.  Thus  the  primitive  Divifors  of  the  Quantity  propofed  are  found  a,  b, 
^  c^a — J,  and  a — b.  Then  every  one  of  them  being  let  at  the  head  of  a  Columel,  and 
Multiplication  made  according  to  the  Operation  in  the  precedent  Examples,  the  reft 
of  the  defired  Divifors  to  the  Quantity  aaabbc — zaabbbc  +  abbbbc  will  be  found  out  j 
and  at  length  all  the  Divifors  to  the  faid  Quantity  are  diicovered  to  bethefe,  viz.  i. 
a,  b,  ab,  bb,  abb,  c,  ac,  be,  abc,  bbc,  abbe,  a — b,  aa — ab,  ab — bb,  &c.  <ts  you  fee  them 
exprelt  in  the  following  Table. 


a 

b 

b 

c 

a—b 

a-, 

ab 

bb 

ac 

aa — ab 

aa — 2ab-\-bb 

abb 

be 

ab—bb 

aaa —  2 aab -{-abb 

abc 

aab — abb 

aab — 2abb-\-bbb 

bbc 

abb — bbb 

aaab — 2aabb-\-  abbb 

abbe 

aabb — abbb 
ac — be 

aabb — 2abbb-\-bbbb 
aaabb  —  aaabbb-^abbbb 

aac — abc 

aac — 2abc+bbc 

abc — bbc 

aaac — xaabc-\-  ab'-c 

aabc — abbe 

aabc — 2ablc-\-  bbbc 

abbe — bbbc 
aabbc — abbbc 

aaabc — 2aabbc-\-  abbbc 
aabbc — 2abbbc-\-  bbbc 
aabbbc —  2aabbbc  -\-abbbbc 

Fxample  7. 

In  like  manner,if  it  be  defired  to  find  out  all  the  Divifors  of  this  Quantity  aaaaaa-\- 
zaaaaccA-aacccc,  that  is,  a6-\-2a*cc-\-  aac*;  I  divide  it  firft  by  a,  and  the  Quotient  is 
«'  -f  2ahc-\-  ac*,  this  divided  again  by  a  gives  a*-\-  zaacc-\-c*.  Now  'tis  evident  that 
this  hit  Quotient  cannot  be  divided  by  a  or  by  c,  or  the  like  quantity  ,  but  becaufe 
(by  Sell.  4.  Chap.  8.  Book  1 .)  the  faid  a*-\-  2aacc-Yc*  is  a  Square,  whofe  Root  is  aa-\ccy 
I  divide  the  Square  by  its  Root  aa\cc,  and  the  Quotient  is  alfo  the  fame  Root  faid* 
aa+cc,  which  being  a  primitive  Quantity  I  divide  it  by  it  felf,  and  the  Quotient 
is  I.  So  the  Divifors  to  be  refervedarea,  a,  aa+cc  and  aa-\-cc. 

a6-\-2a*cc-\-aac*  \  a^-\-iakc-\-ac*  |  a*-*r2aacc-*-c*  (  aa+cc  |  r 
a  a  I  aa-\-cc       |  aa — cc  J 

Then  after  thofe  Divifors  are  fet  at  the  heads  of  fo  many  Columels/asyou  fee  in 
the  following  TableJ  I  proceed  to  find  out  the  reft  of  the  Divifors  byMultiplication 
according  to  the  dire&ions  in  Example  1.  viz.  I  multiply  each  primitive  Divifor  (land- 
ing at  the  head  of  every  Columel  following  the  firft  by  every  one  of  the  Quantities  in 
the  preceding  Columels,  and  fet  the  Produds  under  the  refpeclive  primitive  Divifor, 
with  this  caution,  that  one  and  the  fame  Produft  be  not  written  down  twice.  So  at 
length  I  find  all  the  different  Divifors  tobeth.e&,viz.i,a,aa,aa-\-cc,ai-\-acc,a-\-aacc, 
a*-\-2aacc-\-c\  ai-\-2a>cc-\-ac*,  and  a6+2a*cc+aac*;  all  which  Divifors  except  the 
laft  are  Aliquot  parts  of  the  propofed  Quantity  a6  +  2a*cc+aae*. 


a 

aa-\-cc 

aa-\-ec 

aa 

ai  +  acc 
a*-\-aacc 

a*-\-2aacc-\-c* 
ai-\~2a~KC-\-ac* 
a6-\-2a*cc-\-aac* 

VI.  By 


CHAP.    8.  Concerning  Aliquot  Parts.  \z~? 

VI.  By  this  skill  of  finding  out  all  the  Divifors  of  Quantities  we  may  reduce  two  or 
more  given  quantities,  when  they  are  not  prime  between  them  (elves,  to  others  in  the 
fameReafon  for  Proportion)  with  thole  given,  and  in  the  (mailed:  1  er  ms.  As  to  re- 
duce thole  three  Quantities  aaa — abb,  aab — bbb,  and  dc&^aab — db — bib  to  the 
fmallelt  quantities  in  the  Came  proportion  with  thofe  propoied-,  firft,  1  feek  (by  the 
Method  before  delivered)  all  the  different  Divifors  to  every  one  of  thoie  three  given 
quantities,  fo  I  find  the  Divifots  of  the  fivit  quantity  aaa— abb  to  be  thele,i,  a,a-\-b 
a — b,  aa-\-ab,  aa — ab,  aa- — bb,  aaa — abb;  and  the  Divifors  of  the (econd  quantity 
aab — bbb  to  be  thefe,  viz.  i,b,  a—b,  ab—bb,  a-\-b,  ab+bb,  aa+bb,ar\&  aab— bbb- 
alfo  the  Divifors  of  the  thitd  quantity,  aaa-\-aab—abb — bbb,  to  be  thefe,  to  wit  r' 
a — b,  a\b,aa—-bb,  aa-\-zab-\-bb,  and  aaa-\-aab — abb — bbb.  Now  becaufe  among 
thole  three  companies  of  Divifors  thefe  thtee a — b,  a^-b,  and  aa — bb  are  found  in 
each  company,  we  may  by  the  help  of  any  one  of  thofe. three  Divifors  teduce  the 
given  quantities  to  others  morefimple,  and  in  the  fame  ptopottion  with  thofe  given. 
But  to  find  out  the  fmalleft  Tetms  I  divide  the  propoied  quantities  aaa — abb,  aab— bbb 
and  aaa  \  aab — abb — bbb,  feverally  by  aa — bb,  to  wit,  fuch  of  the  faid  thtee  Divifors 
which  has  moft  Dimenfions,  and  there  arife  a,  b,  and  a-\-b;  which  three  quantities 
are  the  fmalleft  Terms  that  can  be  found  in  the  fame  proportion  with  the  three 
quantities  fitft  ptopofed. 

Note,  The  Quantities  propos'd  to  be  reduced  are  faid  to  be  Prime  the  one  to  the 
other,  when  they  have  no  common  Diviiorbefides  i,  (rowit,  Unity)  in  which  cafe 
the  quantities  propoied  are  already  in  their  (malleft  Terms. 

VII.  The  finding  out  of  Divifors  may  be  very  fitly  be  applied  to  the  reducing  of 
Fractions  co  their  fmalleft  Terms  ;  as  to  abbreviate  this  Fraction. 

aaa  -f-  aab — abb — bbb 
'  aaa — abb 
Firft,  the  Divifors  of  the  Numerator  ( by  the  precedent  Method  J  are  found  i,  a— b 
a-\-b,  aa — bb,   aa-\-iab-\-bb  ;  and  aaa+aab—abb — bbb.     Likewife  the   Divifors  of" 
the  Denominator  are  r,  a-\-b,   a — b,aa-\-ab,  aa — ab,  aa — bb,  and  aaa — abb.    Then 
becaufe  among  thofe  Divifors  thefe  three,  tow'u,a-\-b,a — b,  andaa — bb,  ate  common 
both  to  the  Numetator  and  Denominator,  I  divide  the  Numerator  and  Denominator 
feverally  by  aa — bb,  to  wit,  that  common  Divifor  which  has  moft  Dimenfions  •   fo 


there  arifes  a  \b  for  a  new  Numerator,  and  a  for  a  new  Denominator,  which  gives 

this  Fraction  a~^  .  ("or  i-\-~)  equal  to  that  propofed,  and  in  the  fmalleft  Terms  as 

was  defired. 

In  like  manner  to  abbreviate    am~^  ;      becaufe  the  greateft  Divifor  common 
aa-\- zab -{■  bb 

to  the  Numetator  and  Denominator  is  a+b,  I  divide  the  Numerator  and  Denomi- 
nator feverally  by  a\b,  and  there  arifes  ^~  3  which  is  equal  to  the  Fraftion  pro- 
pofed, and  in  the  fmalleft  Terms. 

V!If.  Obfervations  upon  the  Examples  in  the  foregoing  Seer.  V. 

Firlf,  When  two,  three  or  four  of  the  foremoft  Letters  ("towards  the  left  hand>f 
a  fimple  quantity  are  equal  to  one  another,  (viz.  expreft  by  one  and  the  fame  letter; 
then  mark  well  how  many  equal  letters  ftand  foremoft  together,  for  fo  many  Aliquot 
parts  they  will  give.  As  in  Example  3.  in  M.;.  where  thequantity  propofed  is  daabbc 
the  thtee  firft  letters  a,  a,  a,  ( that  is,  aaa)  give  three  Aliquot  parts,  to  wit,  i,a,aa\ 
but  four  Divifors,  1,  a,  aa,  aaa.  In  like  manner,  if  four  equal  letters  ftand  foremoft 
together,  as  a,  a,jz,  a,  or  aaaa,  they  will  afford  thefe  four  parts,  1,  a,  aa,  aaa  -,  but 
five  Divifors,  to  wit,  \,a,aa,  aaat  aaaa.  The  like  property  enfues,  when  five  or 
mote  equal  lettets  ftand  foremoft  together. 

Hence  it  is  evident,  that  every  Power  has  fo  many  Aliquot  Parts  as  thefe  be  Di- 
menfions in  the  Power  ;  as  the  Square  aa,  whofe  Index  (or  number  of  Dimenfions) 
is  2,  has  two  parts,  to  wit,  1  and  a  -,  likewife  the  Cube  aaa,  or  at,  has  three  parts 3 
the  fourth  Power  aaaa,  or«f,  has  four  parts;  andfo  forwards. 

Secondly^ 
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Secondly,ltis  evident  from  all  the  precedent  Examples  in  Se8.  5  that  when  among  the 
primitive  Divifors  (which  are  let  at  the  tops  of  the  Columels)  a  following  Divifor  dif- 
fers from  the  next  precedent  primitive  Divifor,then  the  multitude  of  Diviiors  in  the  Co- 
lumel  of  the  faid  following  Divifor  is  more  by  i  rhan  the  multitude  of  all  the  different 
Divifors  in  the  precedent  Columels.  As  in  Example  i.'mSetf.  5.  where  the  quantity  pro- 
pofed  is  aaabbc,  the  letter(or  primitive  Divifor)  b,  which  follows  and  is  different  from 
the  next  foregoing  primitive  Divifor  a,  gives  four  Divifors,  to  wit,  &,  ab^aabjni  aaab  -, 
which  are  more  in  multitude  by  1  than  all  the  foregoing  different  Divifors  a,aa$c  aaa. 
Again,  in  Examp'e  $.Se3.  5.  where  the  quantity  propofed  is  abcde,  the  Divifors* 
and  <t6  in  the  fecond  Columel  are  more  in  number  by  1  than  a  in  the  firft.    Likewife  the 
Divifor  <vic,tc,and  abc, in  the  third  Columel,  are  more  in  multitude  by  1  than  <r,  b,  and 
ab,to  wit,all  the  Divifors  in  the  firft  and  fecond  Columels.  Alfo  d,ad,bJ,abd,cd,acd,bcd, 
and  abcdin  the  fourth  Columel,  are  more  in  multitude  by  1  than  all  the  Divifors  in  the 
firft,  fecond,and  third  Columels,and  fo  forward.  Thereafon  i  s  ma  nifeft  for  every  primi- 
tiveDivifor  which  ftands  at  the  top  of  a  followingColumefis  multiplied  into  all  the  diffe- 
rent Divifors  feverally  in  all  the  foregoingColumels;&c  therefore  if  that  multiplying  pri- 
mitiveDivifor  beadded  to  the  number  of  thofeProducf  s,the  total  multitude  muft  neccffa- 
riiy  be  more  by  1  than  the  multitude  ofdifterentDivilbrs  in  all  the  foregoing  Columels. 
Thirdly,  It  is  alfo  evident,  that  when  the  faid  primitive  Divifors  are  all  different, 
than  the  numbers  which  exprcfs  the  multitude  of  Divifors  in  every  Columel  are  in  con- 
tinual proportion  increafing  from  Unity  in  a  duple  Reafon.  As  in  the  fourth  example 
in  Sc3.  5.  where  the  primitive  Divifors  a,£/yf,p,are  all  different,  there  is  one  Divifor  in 
the  firft  Columel,  two  in  the  fecond,  four  in  the  third,  eight  in  the  fourth,and  fixteen 
in  the  fifth,which  numbers  of  multitude,to  wit,i,2,4,8,and  i6,are  manifeftly  in  duple 
proportion.    Therefore  when  all  the  primitive  Divifors  of  a  quantity  propofed  are 
•different  or  unlike,  then  if  fo  many    of  the  foremoft  Terms  of  the  faid  continual 
Proportionals  1,  2,  4,  8,  16,  &c.  be  added  together,  as  there  be  primitive  Divifors, 
( to  wit,  thofe  Incompofit  quantities,  which  being  continually  multiplied  will  produce 
the  quantity  propofed)  the  fum  fhall  be  the  number  of  Aliquot  parts  contained  in 
that  quantity,  and  the  number  of  Divifors  fhall  be  more  by  1  than  that  fum. 

As  for  Example,  if  the  number  of  Aliquot  parts  in  the  quantity  ab  be  defired,  I  add 
1  and  2  together,(to  wit,  the  two  firft  Terms  of  the  faid  Geometrical  Progreffion  1,  *, 
4,83i6,C?'t-Jand  the  fum  3  fhews  that  ab  contains  three  Aliquot  parts^ndfou^  that  is, 
3+'  ijDivifors.  Likewife  if  there  be  propofed  the  quantity  abc,  (which  confifts  of 
three  different  letters)  the  fum  of  1,2,4,  (to  wit,  of  the  three  firft  Terms  of  the  faid 
Geometrical  Progreffion  jis  7  -,  which  fhews,  that  abc  contains  feven  parts,  but  eight 
(or  7+1)  Divifors.  Again,  if  abed  (which  confifts  of  four  different  letters)  be  pro- 
pofed, the  fum  of  1,  2,  4,  8,  (the  four  foremoft  Terms  of  the  faid  Progreffion)is  1 5  ; 
which  fhews  that  the  quantity  aicd contains  fifteen  Aliquot  parts,and  fixteen(on  5+ 1 ) 
Divifors,  and  fo  forward.  But  becaufe  the  faid  Proportionals  proceed  in  a  duple  reafon 
from  Unity,  the  fum  ofany  number  of  Terms  may  be  found  out  by  this  brief  Rule,i7z. 
the  third  Termfor  Proportional)  leffened  by  Unity  ("the  firft  TermJ  gives  the  fum  of 
the  firft  and  fecond  Terms.  Likewife  the  fourth  Term  leffened  by  1  gives  the  fum  of 
the  lirft,  fecond,  and  third  Terms ,  and  the  fifth  Term  leffened  by  1  gives  the  fum  of 
the  firft,  fecond,  third,  and  fourth  Terms,  and  fo  forward  infinitely.  All  which  may 
be  further  illuftrated  by  the  ten  quantities,  and  their  reipecf  ive  multitudes  of  Aliquot 
parts,  expreftin  the  following  Table. 


Quantities 

Multicudeot 

bums  01  Terms  in  continual  Proportion,  proceeding 

given. 

Parts 

from  1  in  duple  Reafon. 

a 

his  1  = 

I 

ab 

...    3  = 

1  +  2 

abc 

...   7  = 

1  +  2+4 

abed 

•  •    15  = 

1  +  2  +  44-8 

abede 

.  .    31  = 

I  +  2  +  4+8+I6 

abedef 

.  .    63  = 

I  +  2  +  4-t  8+16  +  32 

a&cdefg 

.  .  127  = 

1  +  24-44-8+164-  32+64 

abedefgb 

.  .255  = 

1  +  2  +  4+8+164-5  2  +  64+128 

abcdefgbi 

.  .  511  = 

I  +  2  +  4  +  8+  16+  32  +  64+  I  28+256 

abedefybik 

.  102?  = 

1  +  2  +  4+8+16+32+64+128+256+512 

Fourthly, 
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Jwt/;fy,Whentvvo,t:hree,  or  more  equal  Letters  in  a  fimple  quantity  ibnd  together 
and  follow  fbme  different  foregoing  letter  or  letters,  then  as  many  Aliquot  parts  as  the 
firftofthofe  following  equal  letters  produce.?,  (according  to  Qhfetvat.2.)  id  many  parts 
every  one  ol  the  reft  of  the  faid  following  letters  will  produce.  As  in  Example  5.  in 
Sett.  5.  where  this  quantity  caabhc  is  propoftd,  the  thtee  firft  letters  ai  a,  a  (ot  aaa) 
gives  three  parts  (by  Obfetvat.  I.)  And  the  firlt  following  letter/',  in  regard  it  differs 
irom  the  next  preceding  letter «,  gives  four  parts  f  by  Obfervat.  2.)  Now  I  fay,  the  fe- 
cond  b  fhall  alfo  give  four  parts,  and  if  there  had  been  a  third  b,  or  a  fourth  b,  &c. 
every  one  of  them  would  give  four  parts,  to  wit,  as  many  as  the  firft  b  produced. 

In  like  manner,  ifthis  quantity  abbbbb  or  ab>  be  propofed,  the  firlt  letter  a  gives  one 
part;  then  (by  Obfervat.  2.)  the  next  following  letter  b  fin  regard  it  differs  from  a) 
gives  two  parts.  Now  I  fay,  every  b  following  the  firft  b  will  alfo  give  two  parts  « 
and  fo  bbbbb  will  give  ten,  (to  wit,  five  times  two)  parts,  which  added  to  one  part 
noted  fot  a  makes  1 1  parts.  Whence  I  conclude,  that  the  quantity  abbbbb  contains  1 1 
Aliquot  parts  and  12  Divifors.  All  which  may  be  produced  particularly  by  the  Rule 
in  the  foregoing  SeS.  5. 

Again,  -ifthis  quantity  abcdddbe  propofed,  firft/by  Obfervat.  1.)  abc  will  givefeven 
parts,  and  (by  Obfavat.2.)  the  next  following  letter  Ogives  eight  parts  5  therefore  (  by 
this  fourth  Obfervat.)  every  d  following  the  firlt  Ogives  alfo  eight  pat ts,  and  confequent- 
ly  ddd  gives  24  parts,  which  added  to  the  feven  parts  before  noted  for  abc3  makes  3 1 
patts.  So  that  the  Quantity  abcddd  has  51  Aliquot  parts,  and  32  Divifors  3  and  the 
fame  number  of  Parts  and  Divifors  will  be  found  in  the  Number  produced  by  the 
continual  Multiplication  of  thele  five  prime  Numbers  2,  3,  5,  7,  7,  7. 

Fifthly,f  xom  what  has  been  faid  in  the  precedent  Observations  'tis  eafie  to  difcover 
how  many  Aliquot  parts  are  contained  in  any  fimple  Quantity  defign'd  by  letters  with- 
out producing  the  particular  parts.  As  ifaaakhc  be  propofed,  firft,  thtee  parts  a  re  to  be 
noted  for  acta  (according  to  Obfervat.  1.)  and  eight  parts  more  for  bb  (by  Obfervat.  4.) 
which  eight  parts  added  to  the  three  parts  before  noted  make  eleven  patts  3  then  for  c 
twelve  parts  are  to  be  noted,  (to  wit,  n-f-i,  according  to  Obfervat.  2.)  which  added  to 
the  faid  n  parts  makes  23  parts.  Whence  I  conclude,  that  the  quantity  aaabbc  has 
2?  Aliquotparts  and  24Divifors,which  are  particularly  expreft  in  Example  3.  SeS.  j. 
In  like  manner  we  may  difcover,  that  this  quantity  aaaaabbbbecedd,  or  a>b*c'>dl  has 
559  Aliquot  parts,  and  360  Divifors.  For  firft,  I  note  y  parts  for  a>"  ("according  to 
Objervat.  I.)  then  (by  Obfervat.  4.)  bbbboxb*  gives  24  parts,  which  added  to  the  5 
parts  before  noted  makes  29  parts.  And  becaufeone  fingle  c  gives  50  parts,  to  wit 
29+ 1  (by  Obfervat.  2.)  ccc  or  d  will  give  90,  to  wit,  three  times  50  parts  (by  Obfer- 
vat. 4.)  which  added  to  29  parts  befote  noted,  makes  j  19  parts.  Laftly,  beca'ufe  the 
letter  <2  is  written  twice,  and  one  fingle  d  gives  120,  to  wit,  1194-1  parts,  (by  Ob- 
fervat. 2  )  ddw'iR  give  240  parts  (by  Obfervat.  4.  J  which  added  to  1 19  parts  before 
noted,  makes  559  parts,  which  is  the  multitude  of  Aliquotparts  the  propofed 
quantity  has,  but  its  number  of  Divifors  is  360. 

And  with  the  like  facility  we  may  difcover  the  multitude  of  Parts  and  Divifors  of  a 
given  number,  after  its  primitive  Divifors  are  found  out.  Asfor  Example,  to  find  how 
many  Parts  and  Divifors  1  ?876ooohas,  Ifearch  out  by  Divifion  (in  like'manner  as  in 
the  Examples  inoVtf.  5.  J  all  the  primitive  Divifors,  which  beingcontinually  multiplied 
will  produce  the  faid  given  Number,  and  find  them  to  be  thefe,  to  wit  222223 
5,  ?,  ?,  5,  5,  ft  !■>  1,  which  may  be  noted  by  a^khstdi-,  but  this  quantity  (as  before 
has  been  fhewnj  has  359  Aliquot  parts  and  360  Divifors,  and -therefore  the  faid 
15876000  has  the  fame  Number  of  Parts  and  Divifors,  which  may  be  particularly 
.  found  out  by  the  Method  in  the  precedent  Examples  in  Seti.  y. 

Sixthly.li'j.  quantity  be  compofed  of  different  Letters  or  Powers,  and  Unity  be  added 
feverally  to  the  Indices  of  thofe  Powers,that  is,  to  the  numbersexpreffinghowoft  each 
Letter  is  found  in  that  quantity,  then  the  Numbers  refulting  by  thofe  Additions  being 
multiplied  one  into  the  other  continually,will  produce  a  Number  greater  by  Unitythan 
the  number  of  Aliquotparts  that  quantity  has.  As  for  Example,  if  aaaabbb  or  a*fri 
bepropofed,I  add  1  to  4  and  3  feverally/ becaufe  the  Indices  of  iaaa  and  bbb  are  4  and 
3)  and  it  makes  5  and  4  ;  theie  multiplied  one  into  the  other  make  20,  which  is  great- 
er by  1  than  19,  the  number  of  Aliquot  parts  that  the  propofed  quantity  .?+  /;?  has. 
The  reafon  of  this  Property  is  not  difficult  to  be  conceived ;  for  fince  (by  Obfervat.  1.) 
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aaaa  hath  four  parts,  that  is,  five  parts  wanting  one  part ;  and  bbb  following  aaaa  has 
thrice  five  parts  (by  Obfervat.  4.)  therefore  the  whole  Quantity  aaaabbb  (or at  b!s)has 
4x5  parts  wanting  one  part,  viz.  19  parts;  which  numbers  4  and  ;  exceed  3  and  4 
the  Indices  of  bbb  and  aaaa  feverally  by  Unity. 

Again,  if  aaaabbbec  be  propoied,  the  Indices  of  aaaa,  bbb,  and  cc,  are  4,  3,  and  2, 
which  increafed  feverally  by  1  make  5,  4,and  3 ;  thefe  multiplied  continually  produce 
60,  which  is  greater  by  Unity  than  59,  the  number  of  Aliquot  parts  which  the  propo- 
fed  Quantity  aaaabbbec  has.  For  fince  (for  the  Reafon  in  the  laft  preceding  ExampleJ 
aaaabbb  has  4X?  parrs  wanting  one  part,  and  cc  following  aaaabbb  has  (by  Obfer- 
vat. 4  )  2/^x5  patts,  the  propoied  Quantity  aaaabbbec  has  confequently  3X4X?  parts 
wanting  one  part,  that  is,  59  parts  ;  which  Numbers  3, 4,  and  5  do  feverally  exceed 
the  Indices  of  cc,  bbb,  and  aaaa,  by  Unity. 

Seventhly,  From  the  preceding Obfervat.  6.  it  follows,  that  if  a  Compofit  Number  be 
refolved  into  any  twoor  more  of  fuchofits  Faftors,  the  leaft  of  which  exceeds  Unity-, 
and  if  from  every  one  of  thofe  Factors  Unity  be  fubtracted,  the  Remainders  fhall  be 
Indices  of  lb  many  feveral  Powers  expreflible  by  different  Lettets,  that  being  joyned 
together(that  is,  multiplied  one  into  the  otherjwill  give  a  Quantity  having  a  number 
of  Aliquot  parts  lefsby  Unity  than  the  Compofit  Number  propoied.  As  for  example, 
if  20  be  propoied  ;  foraimuch  as  5  and  4  multiplied  one  by  the  other  produce  20,  I 
fubrratt  1  from  5  and  4  feverally  ;  fo  the  Remainders  4  and  3  do  (hew,  that  if  the 
fourth  Power  of  fome  Quantity  a,  as  aaaa,  be  multiplied  into  the  third  Power  of  fome 
other  Quantity  b,  as  into  bbb,  the  Quantity  produced,  to  wit,  aaa.Mb  has  19  Aliquot 
pans,  which  J  9  is  left  by  Unity  than  20  the  Number  propofed.  Again,  becaufe  the 
Product  of  10  into  2  does  alio  make  20,  I  fubtraet  1  from  10  and  2  feverally,  fo  the 
Remainders  9  and  1  do  Ihew,  that  if  the  ninth  Pouer  of  fome  Quantity  a,  as  a?,  be 
multiplied  by  fome  other  different  Quantity  b,  the  Quantity  produced,  to  wit,  a?b,  has 
alio  19  Aliquot  parts.  Hence  it  is  manifeft,  that  often  times  many  Quantities  may  be 
found  out,  every  one  of  which  fhall  have  a  given  multitude  of  Aliquot  parts,  as 
will  appear  in  the  next  following  Section. 

IX.  The  manner  of  finding  out  all  fuch  Quantities  as  fhall  have  a 
given  Multitude  of  Aliquot  Farts- 

If  the  multitude  of  Aliquot  parts  defired  be  any  of  the  Numbers  of  the  fecond  Co- 
lumel  of  the  Table  in  Obfervat.  3.  Sett.  8.  the  Quantity  there  ftanding  on  the  left 
hand  of  that  number,  and  on  the  fame  Line  with  it,  has  the  number  of  parts  defired. 
Asifit  be  defired  to  find  a  Quantity  that  has  63  Aliquot  parts,  that  Table  fhews  that 
abedef  has  63  parts  ;  and  therefore  if  fix  prime  Numbers,  fuppofe  2,3,5,7,11,13, 
be  taken  for  the  values  of  thole  fix  Letters  a,  b,  c,  d,  e,  f,  the  Product  made  by  the 
continual  Multiplication  of  the  laid  prime  Numbers,  to  wit,  30030,  fhall  have  63 
Aliquot  parts,  and  64  Divifors. 

But  without  refpett  to  that  Table,  by  the  help  of  the  Obfervations  in  the  forego- 
ing Sett.  8.  many  Quantities  for  the  molt  part,  and  always  one  Quantity  may  eafily 
be  found  out,  that  fhall  have  a  given  Multitude  of  Aliquot  parts,  as  will  be  made  ma- 
nifeft by  the  following  Examples. 

Example  I. 

Let  it  be  required  to  find  outallfuch  fimple Quantities  expreflible  by  Letters,  that 
may 'every  one  of  them  have  15  Aliquot  parts  and  16  Divifors. 

1.  To  the  laid  17  I  add  1  and  it  make  16,  this  I  divide  by  2  and  the  Quotient  is  8, 
which  divided  by  it  lelfgives  1  ;  then  from  each  of  the  Divifors  2  and  8  (the  Product 

of  whole  Multiplication  makes  thefirft  Dividend  16)  I  fubtraet  1  ; 

16  I  8  I  1      fo  the  Remainders  1  and    7  do  fhew,  that  if  lbme  letter,  as  a,    c 

2  j~gl  written   once,    and  next  after  it  another  different   letter  b  feven 

times,  theQuantity fo  Compofed,  to  wit,  abbbbbbb  (or  ab~)  lhall 

have  17  Aliquot  parts,  and  16  Divifors,  as  was  defired. 

2.  Again,  I  divide  the  laid  16  ("to  wit,  15  +  1J  by  2,  and  the  Quotient  is  8  ;  this 
divided  again  by  2  gives 4,  which  divided  again  by  2  gives  2,  which  divided  by  it  felf 

gives  1  ;  then  from  every  one  of  the  Divifors  2,  2,  2,  2, 1  fubtraet 

1^842:1        1  ;  fo  the  Remainders  1,  1,  1,  1  do  fhe,w,  that  if  four  different 

2  22i"z|        fingle  Letters  be  fet  together,  as  abed,  this  Quantity  fhall  have 

jj  Parts  and  16  Divifors,  as  before.  3.  Again, 


i*  t  8  1  4  I  I 

.2,1  2  |  4.  | 


i6_ 

4 


4 
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3.  Again,.  I  divide  1 6  by  2,  and  the  Quotient  is  8  v  this  divided  by  2  gives  4, 
which  divided  by  itfelf  gives  1  ;  then  fiom  emy  one  of  the.Divifors  2,2,4,  I  fubtracY 
I,  and  the  Remainders  1,  1,  and  3  dofhew,  that  if  two  different  Let- 
ters a  and  b  be  joined  together,  and  next  after  them  a  third  differ- 
ent from  each  of  them  fas  c)  be  written  thrice,  the  Quantity  fo 
compoled,  to  wit,  abac,  (hall  have  15  Aliquot  Parts,  and  16  Divi- 
fors,  as  before. 

4.  Again,  I  divide  16  by  4,  and  the  Quotient  is  4-,  this  divided  by  it  ielf  gives  i: 
ther»  from  each  of  the  Divifors  4  and  4  I  fubtract  1,  and  the  Re- 
maihders  3  and  3  do  fhew,  that  if  fome  Letter  a  be  written  thrice,  as 
aaa)  and  next  after  the  fame  another  Letter  different  from  a  ("as  b)  be 
likewife  written  thrice,  the  Quantity  fo  compoled,  to  wit,  aaabbb, 
or  IS',  (hall  have  15  Aliquot  Parts  and  16  Divifors,  as  before. 

5..  Laftly,  I  divide  16  by  it  lelf  and  the  Quotient  is  1 ;  then  from  16  I 
fubtntt  1,  and  the  Remainder  15  fhews,  that  iffome  Letter  a  be  writ- 
ten 15  times,  as  aaaaaaaaaaaaaaa,  or  a'5,  this  Quantity  fhall  have  15 
Parts  and  16  Divifors,  as  before.  - 

Hence  becaufe  16  cannot  be  divided  by  any  other  ways  than  thofe  five  before  ex- 
prefs'd,  we  may  conclude  that  the  five  Quantities  found  out,  and  thofe  only,  to  wir, 
ab"^bcd,ak\aib\'dnd  a1',  have  each  of  them  1 5  Aliquot  Parts  and  16  Divifors.  All 
which; Operations  do  clearly  refult  from  Obfervat.  6.  and  7.  in  the  precedent  SeS.  8. 

Example  z. 

Let  it  be  required  to  find  out  all  fuch  Quantities  expreffible' by  Letters,  which  may 
every  one  of  them  have  23  Aliquot  Parts  and  24  Divifors. 

Eirft,  as  before  I  add  1  to  23,  and  it  makes  24;  this  may  be  divided  by  itsFaflors 
in  a  levenfold  manner  before  the  Quotient  be  Unity,  as  here  you  fee. 

I '  ,     24  I  8  I  4  I  2  1  I  24  J  6  I  2  [  I  _24  JjJ  2  J  1 


20I 


16  I  1 

16  I 


3  |  2  |  2  |  2  | 

4|3 

2|             '           6|2|2j 

L  24  |  4  I  1 

24  1  3  1  J 

*l  3  I 

24  !  2 

I l        24  |   I 

*l4l          ' 

12  |  2 

24  | 

Whence  I  conclude  that  leven  different  Quantities  may  be  produced,  every  one  of 
which  fhall  have  23  Aliquot  Parts  and  24  Divifors ;  now  to  find  out  the  faid  Quantities 
I  fakrafi-i  ftowit,--Ufiity^  from  every  one  of  the  Divifors  of  the  foregoing  feveniold 
Divtflon,  fo  the  Divifors  3,2,2,2,  of  the  firft  Divifioh  being  ieverally  leffened  by  Uni- 
ty give  2,1,1,1  ■,  whence  according  ro  the  precedent  directions  in  Example  I  of  this 
SeaL  9.  this  Quantity  may  be  compofed,  to  wit,  aabcd  -,  and  by  proceeding  in  like 
mariner  with  the  reft  of  the  Divifors  feven  different  Quantities,  every  ofie'  of  which 
has  23-ilLiquot  Parts  and  24  Divifors,  are -discovered,  and-may  be  exprefs'd  either 

["  aabcd 

I  aaabbc 

j  aaaaabc 
Thus,  <  aaaaabbb 

I  aaaaaaabb. 

]  aaaaaaaaaaab 
\i^  [aaaaaaaaaaaaaaaaaaaaaaa 


a2bcd 

a&c 

a^bc 

a^bs 

aib* 

axib 

a*i 

\.  Or  thus:- 

I. 

1 


Fx ample  3. 

let  it  be  required  jo  find  out  a  Quantity  which  has  42  Aliquot  Parts. 

FwftT  as  beforel  add  1  to  42  and  it  makes  43,  which  being  a  prime  Number  (that 
is,fuoh  asc3nnptbedh'ided.byafliyHumberbut.'byitfeIf  or  Unity,)  does  fhew,that  there 
is  mly  one  Quantity  can  be  found  that  has  42  Aliquot  Parts,  viz.  fome  Letter  ("as  a) 
beipg^written  42  times  one  after  another,  or  a  fingle  a  with  its  Index  42,  2S>a^z,  does 
exttrefs  a  Quantity  fto  wit,  the  forty  iecond  Power  of  a)  which  has  42  Aliquot  Parts' 
ana-4VDivifc>rs.  %e  like-re  to4je-«ndeiirood  of  other  Quantities,  when  the  multi- 
tude Qjt'  Aliquot  Parts  defired  being  increafed  with  Unity  makes  a  prime  Number. 
v  »  •*-  Cc  For 
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For  further  Illuftration  of  the  Premifes,  the  Learner 'may  view  the  following  Table, 
which  (hews  all  the  various  Quantities  exprefs'd  by  Letters,  that  have  a  given  multi- 
tude of  Aliquot  Parts  not  exceeding  70  ;  and  upon  the  grounds  before  explained  the 
Table  may  be  continued  as  far  as  you  pleafe. 


Quantities. 


Aliquot  Parts. 


a                                              has 

1 

aa                                                   has 

2 

al>,a*                                     have  each 

3 

a*                                                        &c. 

4 

aabya$ 

5 

a6 

6 

a^bjibcjO 

7 

aabb,  a8 

8 

a*b,a? 

9 

al° 

Io 

a-bcjxifrjtsbji11 

II 

aIZ 

12 

a6b,a*  5 

13 

a*bb,a** 

H 

a>bc,  abcd^b^^b,a1^ 

15 

a'6 

16 

a2b1c^b\asb^tl7 

*7 

a<* 

18 

a^k^bha^b^1^ 

i? 

a6b*,a10 

20 

al0b,azl 

21 

a" 

22 

a^c,a-kd,aSk^b\a7b\^  %a* 

2? 

a*b\a*4 

24 

al"-b%a^ 

2J 

rt'°3JCJ,<l8t%326 

26 

aebc,a6b\a"b^ 

27 
28 

alS 

aibH^b^frjt^bji19 

29 

03° 

30 

a^bcd^c^bc^abcde^b^a1  S6,a3' 

31 

a^b-a3* 

32 

a"5^35 

33 

asbs*U 

34 

a*bHd,a^c,aibzc\aHc,a*b\ctsb\a"h\a'->b,aV 

3J 

a36 

36 

a'8Zyz37 

37J 

fl"  V,  A38 

38 

aibcd^b^c^k.afb^a^a'^a^ 

39 

*4° 

40 

rtfcji6b\a"b\a*°b^ 

41 

a*1 

42 

^°bc^ab\ax%a^ 

43 

«4*V,«8Kfl,4**»a44 

44 

j"k>  «"5                                               .    ^ 

45 

a*6 

46 

afb'cd,aibcd,asb^,a1bcdeia'^c1/t,'b%aubclayb^allbiia^btia1ibia*7 

47 

afib6,a^ 

48 

a*b*tp?iyt*4bjM 

49 

a*«b\^° 

jc 

X.  flow 
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X,  How  to  find  out  the  fmalleft  Number  that  fall  have  a  given  multitude  of 

Aliquot  Parts. 

Firft,  by  the  foregoing  Sett.  9.  learch  out  all  the  Quantities  expreifible  by  Letters 
every  one  of  which  may  have  the  Number  of  Aliquot  Parts  defired  ;  then  to  the  dif- 
ferent Letters  by  which  everyone  of  thofe Quantities  is  exprefs'd,  aflign  the  fmalleft 
prime  Numbers,  and  find  out  by  continual  Multiplication  the  Produces  of  thofe  prime 
Numbers  correfpondent  to  the  faid  Quantities.  Again,  let  the  values  of  thofe  Letters 
be  exprefs'd  by  the  fame  prime  Numbers  varied  as  many  ways  as  is  poflible,  and  find 
out  their  refpeftive  Producls,  as  before.  Laftly,  all  thofe  Produces  being  compared 
to  one  another,  the  leaft  of  them  fhall  be  the  fmalleft  Number  that  has  the  prefcribed 
multitude  of  Aliquot  Parts. 

Example  1. 

Let  it  be  required  to  find  the  fmalleft  Number  that  has  15  Aliquot  Parts. 

Firft,  all  the  different  Quantities  that  can  be  found  to  have  feverally  15  Aliquot 
Parrs  (as  appears  by  the  precedent  Sett.  9)  are  rhefe,  to  wit,  abed,  <?>Ac,  art3,  «?£, 
alS;  then  by  alhgning  to  a.b.c J  the  fmalleft  prime  Numbers  2,3,5,7,  f°r  abed  there 
will  be  found  210,  (by  multiplying  2,3,5,7  one  into  the  other  continually  ;)  for  a-bc 
120,  for  £?5/>s  216,  iora'b  384,  and  for  a1*  327685  the  leaft  of  which  Producf  sis  120. 
But  before  we  can  determine  whether  1 20  be  the  leaft  Number  or  not  that  has  r  5  Ali- 
quot Parts,  enquiry  muft  be  made  by  exchanging  the  values  of  thofe  Letters  with  the 
laid  prime  Numbers  all  manner  of  ways,  viz.  we  pay  fuppofe  a  =  3,  £=2,  c=j,  and 
d=i;  or  0=5,^=2,  c=3,and^=7:  or  again,  a=7,£=2,c=3,<7=5.  And  many 
otherways  the  values  of  a,b,c,d  may  be  exprefs'd  by  the  faid  prime  Numbers  2,3,5,7  i 
and  confequently  from  thofe  Variations  the  Quantities  abed,  a'bc,  b'bi,  a?b,  a1*  will 
be  expounded  by  various  Numbers,  which  muft  be  compared  together,  and  then  the 
leaft  among  them  all  is  the  Number  fought.  So  after  all  Variations  are  made,  it  will 
appear  that  a>bc  is  that  Quantity  by  which  120,  the  fmalleft  Number  having  15 
Aliquot  Parts  and  16  Divifors,  will  be  found  out. 

Example  x. 

Again,  if  the  leaft  Number  that  has  23  Aliquot  Parts,  or  24  Divifors,  be  defired. 

Firft,  by  Sett.  9.  all  the  Quantities  which  have  feverally  23  Parts  will  be  found  thefe, 
to  wit,  a1l>cd:iail>bc,a'>bc,a>b\a,~bz,aslb,  and  a2K  Then  by  affuming  for  the  values  of 
tf,£,c,J  the  leaft  prime  Numbers  2,3,5,7  :  f°r  o>bcd  there  will  be  found  420,  for  aib'c 
360,  forage  480,  for  «J/'3,864,  for  a^1 1152,  for  a11^  6144,  andfor«23  8388608. 
And  after  all  other  poflible  Variations  made  with  the  faid  Letters  and  prime  Numbers, 
by  taking  fbmetimes  one,  fometimes  another  of  the  faid  Numbers  for  the  value  of  a 
b,  &c.  it  will  at  length  appear  that  a=b2c  finds  out  360,  the  leaft  Number  that  has 
the  defired  multitude  of  23  Aliquot  Parts  and  24  Divifors. 

If  there  be  not  occafion  to  find  the  leaft,  but  any  Number  that  has  a  given  multi- 
tude of  Aliquot  Parrs,  fuppofe  15,  then  you  may  indifferently  ufe  any  one  of  thefe  five 
Quantities  abcd,ai!w^b\a^b,a1^  by  affigning  to  <*,/.>,<;,</ prime  Numbers  at  pleafure,  and 
taking  fometimes  one,  fometimes  another  of  thofe  Numbers,  or  always  new  prime 
Numbers  for  the  values  of  <*,3,c,d$  whence  innumerable  Numbers  may  be  found  out 
every  one  of  which  fhall  have  Aliquot  Parts.  As  if  we  fuppofe  a=2,/>=3,and  c  =  j' 
there  will  be  found  for  a>bc  120  $  but  by  putting  0=3,6=2,  and  c=j,  there  will  be 
found  for  aibc  270.  Oralfo  by  affuming  a—-jjj=n,  and  c=i3,  there  will  be  pro- 
duced for  asfc  49049.  Orif  we  put  a  =17,^=1 9,  andc=23,  then  1*3^=2146981. 
And  in  like  manner  you  may  ufe  every  one  of  rhe  other  four  Quantities  abcd,aib\a'b, 
and  a1  K  The  like  alfo  is  to  be  underftood  of  every  one  of  thefe  ^bed^b^-c^bc^y^ 
a"ib-,a"b,  and  az\  for  the  finding  out  innumerable  Numbers,  which  have  feverally  23 
Aliquot  Parts  and  24  Divifors. 

Laftly,  to  find  the  leaft  Number  that  has  42  Parts  and  43  Divifors ;  forafmuch  as  a 
Quanrity  having  this  multitude  of  Parts  and  Divifors  can  be  defigned  only  in  one 
manner,  viz  by  writing  «•*- .  let  the  leaft  prime  Number  2  be  taken  for  the  value  of  a, 
and  then  feek  the  forty  fecond  Power  of  the  Root  2,  by  writing  down  2  forty  two  times 
feparately,  and  multiplying  thofe  Numbers  one  into  another,  according  to  the  Rule 
of  continual  Multiplication,  fo  the  lalt  Producf  will  be  43  980465 11 104,  which  is  the 
leaft  Number  that  has  the  defired  multitude  of  42  Aliquot  Parts.    And  fo  of  others. 

Cc  z  For 
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For  further  illuftration  the  Learner  may  view  the  following  Table,  which  fhews  the 
leaft  Number  that  has  any  given  multitude  of  Aliquot  Parts  under  51.  Note,  That  the 
number  of  Divifors  to  any  number  is  always  more  by  one  than  its  number  of  Aliquot 
Parts  ;  for  albeit  a  number  cannot  properly  be  called  a  Part  of  itfelf,  yet  'tis  contain- 
ed in  it  felf  once,  and  therefore  may  be  faid  to  be  a  Diviforto  itfelf. 

Each  number  in  the  firft  of  thefe  Columels  is  the  fmalleitthat  can  be  found  to  have 
fuch  a  multitude  of  Aliquot  Parts  as  isexprefs'd  in  the  latter  Columel. 


2           has 

1  Aliquot  Part. 

4           has 

2  Aliquot  Parts 

6 

3 

16 

4 

12 

5 

64 

6 

24 

7 

3$ 

8 

48 

9 

1024 

10 

60 

11 

4096 

12 

192 

*3 

144 

H 

1 20 

15 

65S?6 

16 

180 

»7 

262144 

18 

240 

I? 

57* 

20 

3072 

21 

4194304 

22 

360 

2? 

1296 

24 

I2288 

25 

900 

26 

960 

27 

26843^456 

28 

720 

29 

1073741824 

?0 

840 

31 

9216 

32 

196608 

33 

5184 

34 

1260 

35 

68719476736 

36 

786432 

37 

36864 

38 

1680 

39 

1099511627776 

40 

2880 

41 

439S046511104 

42 

15360 

43 

3600 

44 

12582912 

45 

70368744177664 

46 

2520 

47 

46656 

48 

6480 

49 

589824 

50 
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CHAP.     IX. 

The  Arithmetic  both  of  Surd  Numbers  and  Surd  Quantities  exprefs'd 
by  Letters.  TheConftitution  and  Invention  of  fix  Binomials  in  num- 
ber s^  agreeable  to  thofe  expoundedin  Prop.  49,50,5 1,52,53,54. 
Elem.  10.  Euclid,  with  Rules  to  extract  the  Square  Root  out  of 
every  one  of  them  $  as  alfo  what  Root  you  pleafe  out  of  any  Bi- 
nomial in  Numbers^  having  fuch  a  Binomial  Root  as  is  de fired. 

Seft.  I.  Definitions  concerning  Sard  Roots,  and  their  Fundamental  Operations. 

EVery  Abfolute  (or  Ordinary)  Number,  whether  it  be  a  whole  Number  or  a  Fracti- 
on, or  a  whole  Number  with  a  Fraction  annex'd  to  it,  is  called  Rational :  As  1, 
2,5,4,  &*•  alfo  4-5TiT54-T,  OV.  and  24.  (or  i,)  $'i  (o*±\)  2044,  &c.  are  called  Ra- 
tional Numbers;  fo  alfo  «,<#,— ,a-f — ,  &c  reprefent  Rational  Quantities. 
a         a 

But  when  the  Square  Root,  Cubic  Root,  or  any  other  Root,  cannot  be  perfectly  ex- 
tracted out  of  a  Rational  Number,  that  Root  is  called  Irrational  or  Surd;  andbecaufe 
it  cannot  be  exa£Hy  exprefs'd  by  any  Rational  Number,  itisufualto  fet  fome  Character 
(which  is  called  the  Radical  Sign)  before  the  Rational  Number  out  of  which  the  Root 
ought  to  be  extracted,  to  defign  or  fignifie  the  fame  Root :  As  V  or  V(2)  prefixed  be- 
fore any  Rational  Number,  fignines  the  Square  Root  of  that  Number  -,  V(i)  the  Cubic 
Root,  V(/Q  the  Biquadratic  Root,  V(  5)  the  Root  of  the  fifth  Power,  Cc. 

Hence  ^(12)  or  ■/(2)i  2  denotes  or  reprefents  the  Square  Root  of  12*  which  Root  is 
called  Irrational  or  Surd,  becaufe  it  cannot  be  perfectly  exprefs'd  by  any  Rational  Num- 
ber ,  for  3  multiplied  by  itfelf  produces  9,  which  is  le(s  than  12  ,  and  4  multiplied 
by  itfelf  produces  16,  which  is  greater  than  12:  and  altho  there  be  innumerable 
mixt  Numbers  confifting  of  3,  and  fome  Fractions  which  fall  between  3  and  4,  yet 
none  of  them  multiplied  into  itfelf  quadraticaly  can  produce  the  whole  Number  12. 
In  like  manner  V(  3)  j,  which  reprefents  the  Cubic  Root  of  5,  is  called  an  Irrational 
or  Surd  Number,  becaufe  no  Number  can  be  found,  which  being  multiplied  into  itfelf 
cubically  will  produce  5  exa&ly :  fo  alfo  Va,Ybcy(  3  )ib,&c.  reprefent  Surd  Quantities. 
There  are  two  forts  of  Irrational  or  Surd  Numbers,  Simple  and  compound  .-  a  Sim- 
ple Surd  Number  is  exprefs'd  by  One  fingle  Term  $  fuch  are  V,^yio,-/(3)i6y(4)8, 
tf'c  but  a  Compound  Surd  Number  confilts  of  many  fimple  or  fingle  Terms,  and  is 
formed  by  the  Addition  or  Subtraction  of  Simple  Terms,  fuch  are  V5-fVr2,'/; — V2, 
VS-\-V6  —  V2y(i )  :i-t-V2:  which  laft  is  called  an  tlniverfal  Root,  and  fignifies  the 
Cubic  Root  of  the  Sum  of  7,  and  the  fquare  Root  of  2.  (See  Se8.  28.  Chap.  1. 
Rook  1.  concerning  rhe  defigning  of  Surd  Numbers. 

The  Arithmetic  of  Surd  Numbers,  and  Surd  Quantities  defign'd  by  Letters,  de- 
pends chiefly  upon  thefe  fix  primary  or  fundamental  Operations  in  Simple  Surds,  viz. 

1 .  The  Redu£fion  of  Rational  Numbers  and  Rational  Quantities  exprefs'd  by  Let- 
ters, to  the  form  of  Surd  Roots,  which  (hall  have  a  given  Radical  Sign. 

2 .  The  Reduftion  of  Simple  Surd  Roots  having  different  Radical  Signs,to  otherSurds 
which  (hall  have  one  common  Radical  Sign,  and  be  equal  in  value  to  the  given  Surds. 

3.  Multiplication  in  Simple  Surds. 

4.  Divifion  in  Simple  Surds. 

y.  The  Reduftion  of  a  given  Surd  Number  or  Quantity  to  another  more  fimple,' 
when  it  may  be  done. 

6.  How  to  difcover  whether  two  Simple  Surd  Numbers  or  Quantities  beCommen- 
fumble  or  not,  viz.  whether  their  Reafon  or  Proportion  can  be  exprefs'd  by  Rational 
Numbers  or  Quantities,  or  not.    Thefe  fix  Operations  I  fhall  handle  in  order. 

Sea- 
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Se£t.  II.  How  to  reduce  Rational  Numbers  jnd Quantities  defined  by  Letters  to 

the  form  of  Surd  Roots,  which  Jhall  have  the  fame  Radical  Sign  with  any  Surd 

Root  prescribed. 

Multiply  the  given  Rational  Number  or  Quantity  into  itfelf,  fo  often  as  is  requr- 
fite  to  produce  a  Power  of  the  fame  degree  with  that  Power  which  is  denoted  by  the 
Radical  Sign  of  the  prefcribed  Surd,  and  then  fet  the  faid  Radical  Sign  before  the 
Power  produced  by  the  faid  Multiplication. 

As  to  reduce  6  to  the  form  of  a  Surd  Root  which  mall  have  the  fame  Radical  Sign 
with  ^12  (orV(2)i2,)  I  multiply  6  into  it  felf  quadraticaly,  and  it  makes  ?65  then 
V36  (that  is,6J  and  Viz  have  the  fame  Radical  Sign,  to  wit,  V  or  V(2). 

'Again,  to  reduce  5  to  the  fame  Radical  Sign  with  ^(3)12,  I  multiply  5  into  itfelf 
cubicallv,  (viz.  5  into  5,  and  the  Product  into  5;  and  it  produces  125:^  then  V(i) 
125  (that  is,  5)  and  V(3)i2  have  the  fame  Radical  Sign,  to  wit  V(i). 

Likewife  to  reduce  ?  to  the  fame  Radical  Sign  with  1/(4.)  1 2,  I  feek  the  fourth  Power 
of?,  which  (by  multiplying  the  Square  of  3  into  ittelf;  will  be  found  81  j  then 
^(4)8 1  and  •/(4)i  2  are  of  the  fame  kind.    And  fo  of  others.        * 

'  By  the  help  of  this  Rule,  when  the  Radical  Sign  of  a  Simple  Surd  Fracf  ion  has  refer- 
ence only  to  one  of  its  Terms,  we  may  reduce  the  Fraction  to  another,  whofe  Radical 

V2 
Sign  (hall  refer  both  to  the  Numerator  and  Denominator :  As  if — be  propofed,which 

fignifies  that  V2  is  divided  or  to  be  divided  by  5,  we  may  take/25;  inftead  of  5,  and 
then  that  Fraction  will  be  reduced  t®  this  /,-f-,  whofe  Radical  Sign  reters  as  well  to 
the  Denominator  as  the  Numerator,  viz.  V^f  fignifies  that  V2  is  divided  by  V  25. 

Likewife  .    *  ...  may  be  reduced  to  V(?)  -^-,  by  fetting  125  the  Cube  of  5  for  a 
v(?)4 
Numerator  inftead  of  j,  and  the  Radical  Sign  ■/(?)  againft  the  middle  of  the  Fracti- 
on ;  fo  that  V(?)-;^-  (which  fignifies  that  V(?)i2j  is  divided  by  ^(3)4)  imports  as 

much  as  — £_  that  is,  $  divided  by  ^(3)4. 
^(3)4 
Nor  will  the  Operation  be  otherwife  in  reducing  Rational  Quantities  defigned  by 

Letters  to  the  form  of  Surd  Quantities  ;  (relpecf  being  had  to  the  Rules  of  Algebrai- 
cal Multiplicationh$£j>re  delivered.  J  As  to  reduce  the  Quantity  a,  fo  as  it  may  have 
the  fame  Radicaf'Sign  with  Vb,  I  multiply  a  into  itlelt  quadraticab/,  and  it  makes 
aa;  then  Vaa  (that  is,  a)  and  Vb  have  the  fame  Radical  Sign. 

A^ain,  to  reduce  a-\-b  to  the  fame  Radical  Sign  with  Vbc,  I  fquare  a-\-b,  and  it 
makes  aa-\-2ab-\-bb -,  then  Vua-\-2jb-\-bb:  (that  is,  a+b)  and  Vbc  have  the  fame 
Radical  Sign. 

Likewife  to  reduce  b  to  the  fame  Radical  Sign  with  V(z)ab,  I  multiply  b  into  itfelf 
cubically,  and  it  makes  bbb;  tlien  V(?)bbb  (that  is,  b)  and  V( i)ab  have  the  fame  Ra- 
dical Sign,  to  wit,  V(i). 

Hence  alfo  -r  may  be  reduced  to  v'™   and  V(^)ab  to  V(i)—. 
Vb  b  ?c  2-jccc 

SedF.  III.  How  to  reduce  two  fjmple  Surd  Numbers  or  Quantities  having  different 
Radical  Signs,  to  two  others  that  may  have  a  common  Radical  Sign. 
This  Reduction  is  like  that  of  reducing  Vulgar  Fractions  to  a  common  Denomina- 
tor j  but  how  'tis  wrought  I  fhall  fhew  by  Examples,  firft  in  Surd  Numbers,  and 
then  in  Surd  Quantities  exprefs'd  by  Letters. 

Example  1. 

Let  it  be  required  to  reduce  VC4J10  and  V(6)j  into  two  other  Roots  that  may 

have  a  common  Radical  Sign,  and  be  equal  in  value  to  thofe  given. 

Firft,divide  the  given  Indices  (\)  and  (6 )  by  their  greatelt  common  Divifor  (2 X  and 

fet  the  Quotients  (2)  and  (?)  under  their  rclptctive 

(2)  )        ^(4)10  \y  V(6)j    Dividends  as  here  you  fee;  then  multiply  crols-Wife 

(2)      s\     ({)      viz.  the  firft  Dividend  or  Index   (4)  by  the  fecond 

v'(i2)iooo    V(\ 2 J49  Quotient  (2),  (or  the  fecond  Dividend   (6)  by 

the 
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the  firit  Quotient  (2 ),  and  the  Produtt  is  (1 2),  befote  which  fetting  V  it  gives  v^i  2), 
which  is  to  be  refetved  fot  the  common  radical  Sign  fought.  Then  multiply  the  Powers 
of  the  given  Roots  according  to  the  altern  Quotients,  viz.  multiply  the  firft  Power  10 
cubically,  becaufe  the  fecond  Quotient  is  (?)  5  and  the  latter  Power  7  quadraticaly, 
becaufe  the  firft  Quotient  is  (2) :  fo  the  Produces  will  be  1 000  and  49,  before  each  of 
which  prefixing  "/(i  2)  the  common  Radical  Sign  before  found,  there  arife  ••(12)1000 
and  V(\  2)49,  the  two  Surd  Roots  fought,  which  are  equal  in  value  to  the  given  Surds 
refpettively,  viz..  ••(12)1000  is  equal  to  ■•(4)10,  and  ••(12)49  is  equal  to  '•(6)7  ; 
and  the  Surds  found  out  have  a  common  Radical  Sign,  as  was  required. 


Example 


1. 


In  like  manner  ^(2)5  and  V(i)6  will  be  reduced  to  /(6)i2j  and  V(6)i6-3  and  the 
Work  will  ftand  as  here  you  lee  underneath. 

(2)    A    (i) 

V(6)n<i  V(6)i6 

Example  3. 

Again,  if  — I  and  l£2L  be  propofed  to  be  reduced  to  a  common  Radical  Sign, 

3  v(?H  5  ' 

firft  by  the  Rule  in  the  preceding  SeB.  2.  I  reduce  them  to  /g.  (or  V(2)i)  and  V(i)^±, 

which  according  to  the  Rule  in  the  firft  Example  of  this  Seftion  will  be  reduced  to 

thefe,  to  wit,  V{6)m  and  V(g),ff^%  and  the  Work  will  ftand  as  here  you  fee. 

(1))    V(2%    \/    V(i)±¥- 

(2)   /\    (?) 

^(6;444        /(6)ixip. 
The  like  Work  is  to  be  done  in  reducing  two  Surd  Quantities  exprefs'd  by  Letters, 
which  have  different  Radical  Signs,  to  two  others  which  fhall  have  a  common  Radi- 
cal Sign,  as  will  appear,  in  the  following  Examples. 

Example  4. 

Suppofe  it  be  defired  to  reduce  V(2)a  and  V(6)aa  to  a  common  Radical  Sign. 

Firft,  I  divide  the  given  Indices  (2)  and  (6)  feverallyby  their  greateft  common Di- 
"vifor  (2)  and  fet  th?  Quotient  (1)  and  (?)  un- 
der their  refpeftive  Dividends,  as  here  you  fee ;    (2))    V(2)a     V/    V(6)aa 
then  I  multiply  crofs-wife,  viz.  the  firft  DM-  (ij      /\       (3) 

dend  (2)  by  the  fecond  Quotient  (?),  or  the  V\(>)aaa  V(6)aa 

latter  Dividend  (6)  by  the  firft  Quotient  (1), 

and  the  Produft  is  (6);  before  which  fetting  ••  it  gives  V(6)  for  the  common  Radi- 
cal Sign  1  ought  Then  I  multiply  the  Powers  of  the  given  Roots  according  to  the 
altern  j  te  Quotients,  viz.  the  firft  Power  a  cubically,  becaufe  the  latter  Quotient  is  (?), 
but  the  fecond  Power  aa,  becaufe  the  firft  Quotient  (1  j  is  a  laterallndex,  is  not  to  be 
multiplied  into  itfelf  at  all.  So  the  Produces  are  aaa  and  aa,  before  each  of  which 
prefixing  V\6),  (the  common  Radical  Sign  before  found)  there  arife  V(6)aaa  and 
yfhjaa  the  two  Surd  Roots  fought;  which  are  equal  in  value  to  the  given  Surds  re- 
fpeftively,  viz..  V(6)aaa  is  equal  to  V(2)a,  and  v(6)aa  is  equal  to  Y(6)aa;  and  the 
Surd  Roots  found  out  have  a  common  Radical  Sign,  to  wit,  V(6).  Therefore  that 
is  done  which  was  required. 

Example  5. 

After  the  fame  manner  V(^b  and  ^(10)5^  will  be  reduced  to  V(2d)2^bl/bbb 
and  V(2o;2j(Mcc,  and  the  Work  will  ftand  as  here  you  fee. 

(2;  )    /(4)3*    y/    •(io);ac 


(2)       /\       (5) 

V (20)243 bbbbb  V{2o)2$aacc 


Seft. 
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Sect.  IV.  Multiplication  in  fwple  Surd  Quantities. 

Before  Addition  and  Subtraction  can  be  performed  in  Surd  Quantities,  the  manner 
of  their  Multiplication  and  Divifion  mult  firft  be  learnt  5  I  (hall  therefore  begin  with 
Multiplication,  which  requires  that  the  Surd  Roots  propofed  to  be  multiplied  be  of 
the  fame  kind  ■,  and  therefore  if  they  be  of  different  kinds,  they  muft  firft  of  all  be 
reduced  to  the  fame  radical  Sign,  (by  the  Rule  in  the  foregoing  SeS.  3.)    Then, 

1.  Multiply  the  Numbers  or  Quantities  ftanding  next  after  their  common  radical 
Sign  one  into  another,  without  any  regard  had  to  the  fa  id  Sign  ;  and  to  the  Product 
of  that  Multiplication  prefix  the  common  radical  Sign :  fo  this  new  Root  (hall  be  the 
Product  fought. 

As  for  Example,  to  multiply  /?  by  •/?,  I  multiply  5  by  3  and  it  makes  15  .  to 
which  I  prefix  /,  (the  radical  Sign  of  each  of  the  Surds  given  to  be  multiplied)  and 
then  arifes  /15  for  the  Proddct  fought. 

Likewife  if/6  be  multiplied  by/5  it  produces /30. 

Alio  /•!  multiplied  by  Y\  makes V4-. 

And/24,  (or/4-)  into/24  (or/f)  gives V-if. 

Again,  /(3J4  multiplied  by  /(?)5  produces  Y(?)2o. 

Likewife  /(4)4-  i™0  ^(a)2  produces  /(4)?. 

And-  if  /;  2)5  be  to  be  multiplied  into  /(?)6,  the  Product  will  be  Y(6)tfoo;  for, 
firft,  the  given  Roots  being  of  different  kinds  are  reduced  to  thefe,  towit,  /(  6J12J  and 
/(6)36,  which  multiplied  one  into  another  make V(6)4?oo. 

After  tlie  fame  manner  Multiplication  in  fimpleSutd  Quantities  exprefs'd  by  Letters 
is  performed  :  as  if  Vfi.be  to  be  multiplied  by  //>,  the  Product  will  Yab.  For  ( ac- 
cording to  the  Rule  of  Algebraical  Multiplication  j  the  quantity  a  multiplied  by  the 
quantity  b  produces  ab,  to  which.  I  prefix  the  given  radical  Sign/,  and  it  gives  Yab 
the  Prod u ct  fought. 

Likewife  Yab  into  Ycd  produces  Vabcd. 

And  Y--±  multiplied  by /^.makes  WL 

;c        '  lb  c 

Again,  to  multiply  Y(2)d  by  Y(a)ciI\  firft,  (by  the  Rule  in  the  foregoing  SeS.%.) 
I  reduce  them  to  Y(6)ddd  and  Y(6)aabby%.  which  multiplied  one  into  another  give 
Y(6)dddaabb  for  the  Product  required. 

2.  When  any  Surd  Root  is'  tor  be  multiplied  into  it  felf  according  to  the  Index  of  its 
own  Power,  viz.  if  a  Sutdfquare  Root  be  to  befquared,  or  a  Surd  cubic  Root  to  be  cu- 
bed, call:  away  the  radical  Sign,  and  take  the  number  or  quantity  remaining  for  the  Pro- 
ducf  fought,  which  in  this  cafe  is  always  rational :  as  to  multiply  /?  into  it  felf  I  cj& 
away  the  radical  Sign  /,  and  take  j  for  the  Product  or  Square  of  vV  .('or  /  <j  into  Ys 
makes  /2s,  that  is,  5.)    Likewife  the  Square  of /8  is  8,  aird  the  Square  of  Y^  is  4 

In  like  manner  to  multiply  /(j)s  into  it  felf  cubically,  I  rake  5  for  the  Pro'd-'ct, 
to  wft,  the  Cube  of /(?)5  •.  for  /(?)5  into ,/(?Jj  makes  /(3J25,  andthis  again inr? 
■/(?)?  produces  /( 3)  1 2 %  that  is,  -5. 

Again  ,    /(4)i2  multiplied  into  itfelf  biquadraticaly  produces  11 •  for  /(j)i2 
into:/(4^i2    makes  /(4J144,    vwhich  is  the  Square  of  /( 4)1 2$  then  "/(4U44. 
again  into   /(4)i2  makes  V (4)1 728,  (which  is  the  Cube  of  Y( 4(12.) v    Ladly, 
/(4>i728  again  into  /(4)i2  produces  ^(4)207 3 6,  that  js  12,  which  is  the  I 
Powbr.of /(4)i  2  the  Root  propofed. 

The  like  is  to  be  done  in  Surd  Quantities 'exprefs'd  by  Letters:,  as  if  VS  be  to  be 
multiplied  into  itfelf,  orfquared,  I  caft  away  the  radical  Sign,  and  write  ab  f  ,<r  the 
Product  or  Square  of  Yab.  Likewife  if  /(3)M  be  to  be  multiplied  into  itfelf  cubi- 
cally, the  Product  or  Cube  theteof  will  be  bed. 

3.  When  a  Sued  (Quantity  isgjven  to  be  multiplied  by  a  Rational  Quantity  ,reduc6  the 
Rational  Into  the  form  of  a  Suklof  the  lame  kind  with  the  given  Surd,  {by  the  foreEjo- 
ing  Rule  in  Se^.z.)  and  then  multiply  according  to  thefitlt  Rule  ofthis  fourth  Secti- 
on ;  as  to  multiply  /8  by  2,  I  tirlt  reduce  2  to/4,  then/8  ihto/4gives/32,  the  Pro- 
duct defircd.     Likewife  Yj  multiplied  by  5,  that  is,  by/25;,  gives  the  Product /i  75. 

Again,  if/(^)6  be  to  be  multiplied  by  3,  I'reduce  2  to/(j)8,  (by  multiplying 
2  into  it  felf  cubically ;)  then  Y^J6  multiplied  by  /(3)8,  gives  /(3)48for  the  Pro- 
duct defired.  Like- 
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Likewife  /(4)8  multiplied  by  5,  that  is,  by  V(4.j6z$,  gives  /(4)5ooo  for  the 
Product  fought. 

After  the  fame  manner  to  multiply  the  Surd  quantity  Va  by  the  Rational  quantity  b 
I  firft  reduced  to  Vbb,  then  Va  into  Vbb,  makes  Vabb  the  Product  fought.  Like- 
wife  V(i)a  into  b  makes  V(i)abbb,.  (b  being  firft  reduced  to  V(s)bbb.) 

Again  Vt,  into  4a  gives  the  Product /48a.*. 

4.  But  when  a  Surd  quantity  is  given  to  be  multiplied  by  a  Rational  quantity,  it  will 
oftentimes  be  very  convenient  to  omit  their  Multiplication,  and  only  to  connect 
them  fo  as  that  the  Rational  quantity  may  ftand  on  the  left  hand  of  the  given  Surd  to 
fignifiethe  Product  of  their  Multiplication  ;  as  to  Multiply  /8  by  2,  I  write  2/8  for 
the  Product,  which  fignifies  twice  the fquare  Root  of  8.  Likewife  20/?  reprefentsthe 
Product  of  the  Multiplication  of/ 3  by  2o,wz.  it  imports/  3  to  be  taken  20  times  which 
amounts  to  as  much  as  Vi  200,  found  out  by  the  preceding  third  Rule  of  this  Section. 

Again,  4/7  fignifies  the  Product  of  V7  multiplied  by  |,  (or  lbyV'75)  and  -i/7  de- 
notes the  Product  of  i  multiplied  into  /£,  (or  V-\-  into  -*--,  )  alfo  4  into  20/3*  makes 
So-/?,  that  is,  20V 5  taken  iour  times.  Likewife  2/(3)6,  fignifies  twice  the  Cubic 
Root  of  6,  and  is  of  equal  value  with  /(3)48.  Likewife  4/(3  '80  denotes  the  Pro- 
duct of  the  Cubic  Root  of  80  multiplied  by  -{-,  or-f  of  V( 3)80,  which  is  equivalent  to 
/(?)— T-f2- ;  and  3VC3 J>5  multiplied  by  6  makes  18/(3)5,  that  is,  /(3J29160. 

The  like  may  be  done  in  Surd  quantities  expreft  by  Letters  -,  as  if  Va  be  to  be  multi- 
plied by  b,  I  write  bVa  to  fignifie  the  Product  -,  alio  5  into  bVa  makes  ^bVa  ■  and  c  into 
bVa  gives  the  Product  cbVa  -,  likewife  4a  into  /?  makes  4«/j. 

Again,  if  Vab  be  to  be  multiplied  by  b-d,  the  Product  may  be  expreft  thus 
b — dx.Vab,  or  thus,  b — dVab. 

Alfo  if  /(?)  —  be  to  be  multiplied  by  d,  the  Produft  may  be  expreft  thus,  dV(if— 
c  c 

and  V(i)a  into  b,  makes  #/(3>,  which  is  equivalent  to  V($)abbb. 

5.  When  two  Rational  quantities,  whether  they  be  equal  or  unequal,  are  multiplied 
feverally  into  one  common  Surd  Square  Root,  according  to  the  method  in  the  preceding 
fourth  Rule,  and  it  is  defired  to  multiply  thole  Produces  one  into  the  other,  (which 
Products  are  called  Commenfurable  Quantities,  for  the  reafon  hereafter  given  in  Sett.  7.) 
multiply  the  Rational  by  the  Rational,  and  that  which  is  produced  multiply  by  the 
faid  common  Surd,  omitting  its  Radical  Sign  5  fo  the  laft  Product  is  that  which  is 
fought,  and  will  be  intirely  Rational. 

As  for  example,  to  multiply  3/5  by  2/5  I  multiply  3  by  2,  and  the  Product  6  by  5, 
fo  it  makes  30,  which  is  the  Product  of  3/7  multiplied  by  2/5,  (or  of/4;  into/20.) 

Likewife  2/3  multiplied  by  2/3,  (viz.  the  fquare  of  2/3)  makes  12  •,  and  20/3 
into  8/?  makes  480,  (by  multiplying  20,  8,  and  3,  one  into  another  continually  •,) 
agiin,  {/12  into  5/12  produces  160. 

After  the  fame  manner  to  multiply  aVc  by  bVc,  I  multiply  a  by  b,  and  the  Product 
ab  by  c  •,  fo  there  arifes  abc  for  the  Product  fought.  The  Reafon  of  this  Rule  is  evi- 
dent, for  Vaac,  (that  is,  aVc)  multiplied  into  Vbbc,  (that  is,  bVc)  makes  Vaabbcc. 
(that  is,  abc,)  as  before. 

In  like  manner  %Vb  into  %Vb  produces  25^,  to  wit,  the  Square  of  $Vb  -,  and  2aVb 
into  ftVb  gives  the  Product  loaab.  Alfo  ;a/i 2d  multiplied  by  \aVizd  produces 
l6oaad. 

But  here  is  to  be  noted,  that  this  fifth  Ruleof  Multiplication  takes  place  only  when 
the  common  Surd  Root  into  which  Rational  Numbers  are  multiplied  is  a  Surd  fquare 
Root  ;  fo  that  if  4/(3)?  be  to  be  multiplied  by  2/(3)5,  the  faid  fifth  Rule  will  be 
ineffective,  and  the  Product  is  to  be  found  out  by  the  following  fixth  Rule. 

6.  When  two  Rational  Quantities.whether  they  beequal  or  unequal,  are  multiplied 
into  two  unequal  Surd  Roots  of  the  fame  kind,or  into  one  common  Surd  above  the  qua- 
dratic kind,  according  to  the  Method  in  the  foregoing  fourth  Rule  of  this  Sett,  and 
it  is  defir'd  to  multiply  thofe  Products  one  into  another,  multiply  the  Rational  by 
the  Rational  and  the  Surd  by  the  Surd,  and  joyn  thefe  Products  together,  fo  as  the 
Rational  Product  may  ftand  on  the  left  hand  ;  then  thofe  2  Produces  fo  connected 
fhall  be  the  Product  fought. 

As  for  Example,  to  multiply  5/8  by  2/3 1  multiply  5  by  2,  and  the  Product  is  ro; 
alfo  /8  into  /a  makes  Vz$\  then  thofe  2  Products  connected  make  10/24,  (tnat  is> 

D  d  /2400) 
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V2400)  the  Product  fought.  In  like  manner  zVS  into  2^3  makes  4V 24,  thatis,  V3S4. 

Again,  20V  >  multiplied  by  18^3  produces  ?6oVi$  ;  and  8V27  into  2\'z  makes 
16V81,  thar  is,  14.4;  alio  5/(3)4  into  &{j)$  produces  i^V(^)2o,  that  is, 
v'(?)3375  5  likewife  4/(3;$  into  2/(3;?  makes  d>V(?)25  ;  and  3/(4^  into 
zV(4J6  makes  6V(^o. 

After  the  fame  manner  to  multiply  aYbc  into  gYad,  firft  I  multiply  a  by  g,  and  it 
makes  ag  ;  then  Vbs  into  Yad  produces  Ybcad.  Laltly,  ag  into  Ybcad  gives  agYbcad, 
the  Product  fought. 

Likewife  2/flA  multiplied  by  icYbc  produces  So/ abbe  ;  and  zVa  into  2v7>  makes 
4lfa&. 

Alfo  —  •/<&<?  multiplied  by  ™Vae,  gives  the  Product  abYacddd;  and  £V(3  WJinto 
«  2C 

r/O)/ makes  bcY(i)ddf;  again,  a/(3>  into  ^(3)c  makes  aBVtycc. 

7.  v\  hen  a  fimple  Surd  Quantity  whofe  Radical  Sign  has  for  its  Index  fome  even 
Number  greater  than  2  is  to  be  fquared,  prefix  a  Radical  Sign  whole  Index  is  half  the 
given  Index,  before  the  Power  of  the  given  Surd ;  fo  lhall  this  new  Surd  be  the  fquare 
of  that  given.  As  if  V(4)5  be  to  be  fquared  or  multiplied  into  it  felf,  take^(2;j  or 
v'j,  for  the  Square  or  Product  fought.  Likewife  the  Square  of /(6)io  is/(3)io, 
and  V(8Jiointo  V(8)io  makes V(<\)\o. 

After  the  fame  manner  to  multiply  V(4)bc  into  itfelf  quadraticaly,  I  write  V(2)bc 
or  Vbc  for  the  Product  or  Square  of  Y{/\)bc.  Likewile  the  Square  of  Y{  8)1  obc  is 
•(4)10^,  and  V(io)a  into  V(io)a  makes  V($)a.  Moreover,  2.^/(4)  J  into 
31/(4)^  makes  SabYd;  for  iab  into  3  makes  Sab  and  /(4X  being  fquared  makes 
V (2)  ox  Yd. 

But  when  a  fimple  Surd  Quantity,  whofe  Radical  fign  has  for  its  Index  fome  Ter- 
nary Number  greater  than  3,  as  6,  9,  &c.  is  to  be  multiplied  into  itfelf  cubicaliy, 
prefix  a  Radical  Sign  with  an  Index  that  may  be  a  third  part  of  the  given  Index  be- 
fore the  Power  of  the  given  Surd  Root,  fo  lhall  this  new  Surd  be  the  Cube  of  that  gi- 
ven ;  as  if  Y(S)S\  be  to  be  multiplied  into  itfelf  cubically,  then  /(2)64  or  ^64  lhall 
be  the  Cube  fought.    Likewife  the  Cube  of  1/(9)$  1 2  is  •(3)5 1 2. 

More  Examples  to  excercife  the  precedent  Rules  of  Multiplication  in 
EJ  Simple  Surd  Numbers. 


Multiply    Y$ 
by     Y8 
Product       V40 


V(3)4 

^3)7 
^(3)28 


1/(4)8 
j/(4>_ 
V(4>* 


that  is,  2. 


Multiply 
by 

V32 
V32 

32 

Multiply  thele  three  continually,-; 

/r?;5o 
;vr3jjo 
.vr3jjo 

Product 

50 

Multiply 
by 

V2j 
6 
6/27  or  1 

/?72 

J2 

*r?j5 

Produft 

12-/C3J5  °r 

/(3JS64C 

) 

Multiply     1 8/; 

by      4^? 

Product         360 


SV-j 

IcYzl 


Multiply    ^8 

by 
Product" 


")    ,.     •      <iV(S)$12 

V(2m\^Hy(sU_ 


Y(S)2i92 


4V  5 

4^5 . 


Multiply     5^8 

by  4_ 

Product      20/8 


Y(±)i2 
Y12 


Mors 
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More  Examples  to  Exercife  the  precedent  Rules  of  Multiplication  in 
Simple  Surd  Quantities  exprefi  by  Letters, 

Multiply    Y\2&  Vlah 

by  _V^3* Viae 

Produa      Y?,6aa  or  6a  Vqadbc  or  laYbc 


Multiply- 
by 


7a 

V(l)aa 


>  that  is 


4 


V(6)aaa 
Y(6)aaaa 


Produft     .     . Y(6)ai 


Multiply    Vz-jaa 

by     Vz-jaa 

Product         2-jaa 


V(?). 


Multiply  thefe  three  continually,  *>V(i)aa 

jy(Vaa 
aa 


Multiply    Y%bc 

by       2 
Produa 


%b 

Y(^za 


Yxbc  or  Vi2»c 


<)bV(3)2a  or  V(?j vjoab/rt 


Multiply     33/5 
by     2-V;> 
Produa         loab 


\aYbc 
jbVbc 
zabbc 


Multiply     $Vab 
by    iVac 


Produa      i$Yaabc 


laV*} 
2W6 


6abV^o 


i 


2k  ri 
—  Yd. 


1   r  7 

-Yd 


The  certainty  of  the  firft  Rule  of  this  fourth  Seaion,  fupon  which  all  the  reft  de- 
pend; for  th&  Multiplication  oftwofimple  Surd  Numbers  of  the  fame  kind,  may  bede- 
monftrated  in  manner  following :  Firft,  let  there  be  two  fquare  Roots  given  to  be  mul- 
tiplied, fuppofe  Y$  and  V?,  then  (by  the  laid  Rule;  the  Produa  of  their  Multiplicati- 
on is  Yi$;  now  we  mult  prove  that  Yi  5  is  the  true  Produa  of  V5  multiplied  by  Y$< 


Demonjlratiojt. 


A 


/3 


Produa. 

Square  of  the 
Produa. 


By  the  Definition  of  Multiplication  7 

thefe  are  Proportionals,  viz.   ..   3 
Therefore  their  Squj  res  (h  ill  be  alio 

Proportionals,  (per  22   Prop.  6 

Elem  Euclid.)  viz. 
Bur  thefe  are  Proportionals,  (per  19 

Prop  j  Elem,  Euclid)  j    *     *        >     ••        *     •  ^ 

Therefore  from  the  two  laft  Analogies  15  is  equal  to  the  Square  of  the  Produa, 
and  confequently  Yi  5  is  the  Produa  ofVj  into  Yi  5  which  was  to  be  proved. 

.  Likewife  in   Cubic   Roots,  if  ^(3)5  be  to  be  multiplied  byY(i)^,  the  Produa 
(by  the  fame  Rule)is  v'(?)2o.    For, 


By  the  Definition  of  Multiplication  ) 
thefe  are  Proportionals,  viz.  .     y 

Therefore  their  Cubes  are  alfo  Pro- 
portional*,  (per  Prop.  37.  Elem. 
1 1 .  Euclid.)  viz 

But  as 


^(3)5  : !  /(3)4  •        Produa. 

("Cube  of  the 
>       -:      4     •     \     Produa. 


Dd 


There- 
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Therefore  20  is  equal  to  the  Cube  of  the  Product:,  and  confequently  the  Cubic 
Root  of  20,  to  wit,  y(3)2o,  is  the  Product  ofV(3)j  multiplied  by  •/(?)4j  which 
was  to  be  proved. 

Moreover,  (becaufe  (by  Sett.  11.  Chop.  <>.)  if  four  Numbers  be  Proportionals,  their 
fourth  Powers,  fifth  Powers,  f$c.  are  alio  Proportionals,  this  Demonftration  may  be 
extended  to  prove  the  certainty  of  the  faid  Rule  for  multiplying  any  two  fimpleSurd 
Numbers  of  the  fame  kind. 


Secf.  V.     Divifion  in  fimpleSurd 'Quantities. 

As  before  in  Multiplication,  fo  here  in  Divifion,  if  the  given  Surd  Roots,  to  wit, 
the  Dividend  and  Divifor  be  not  of  the  fame  kind,  they  mult  be  reduced  to  a  com- 
mon Radical  Sign  by  the  preceding  Sell.  3.    Then, 

1.  Dividethe  Number  or  Quantity  following  the  Radical  Sign  of  the  Dividend, 
by  the  Number  or  Quantity  following  the  fame  Radical  Sign  of  the  Divifor,  with- 
out any  regard  to  the  Sign,  and  to  the  Quotient  prefix  the  laid  common  Radical 
Sign  5  fo  this  new  Root  mall  be  the  Quotient  fought. 

As  for  Example,  to  divide  Vi  5  by  V2,  I  divide  1 5:  by  ?,  and  there  arifes  5,  before 
which  I  prefix  V,  (the  Radical  Sign  common  to  the  given  Surds)  fo/5  is  the  Quo- 
tient fought. 

Likewife  if  V*o  by  divided  by  •/?,  the  Quotient  V6. 

Alfo  Vl divided  by  V\  gives  the  Quotient  Vl. 

And  -/j^,  otVl-l,  divided  by  2-!,  or  -f,  gives  the  Quotient  24-. 

Again,  /(3J20  divided  by  V(3)j,  gives  the  Quotient  ^(3)4  ;  for  20  divided  by  5 
gives  4,  before  which  fetting  •/(?)  the  Radical  Sign  belonging  to  each  of  the  given 
Surds,  there  arifes  ■v/(3)4  for  the  Quotient  fought. 

Likewife  V'U)?  divided  by  •/($%,  gives  the  Quotient  V(^)z. 

Moreover,  if  ^(6)4500  be  given  to  be  divided  by  V(2)<;,  the  Quotient  will  be 
V(i)6  ;  for  firlt,  the  given  Roots  being  of  different  kinds  are  reduced  tothefe,  to  wit, 
1/(6)4500  and  ,/(6)i2j  -,  then  by  dividing  V(6)45oo  by  V(6)x2<;  there  arifes 
V(6)i6,  whole  fquare  Root  being  extracted,  (becaufe  36  is  a  fquare  Number,  and  the 
Index  (6)  an  even  Number)  it  gives  V(?)6  for  the  Quotient  fought. 

After  the  fame  manner  Divifion  is  performed  infimple  Surd  Quantities  expreft  by 
Letters.  As  to  divide  Vab by  Va,  I  divide  ab  by  a  and  there  arifes />,  then  fetting/ 
before  b  it  gives  ■/£  for  the  Quotient  fought,  to  wit,  the  Quotient  that  arifes  by  divi- 
ding Vab  Va, 

L 

Alfo  Vb  divided  by  Va  gives  the  Quotient  V— 

a 

Likewife  Vakil  divided  by  Vab  gives  the  Quotient  Vcl. 

Alfo  V  ^divided  by  /Ogives  the  Quotient  V^$ 
c  3c  2b 

Again,  to  divide  V(6)dddaabb  by  V(z)ab,  I  firlt  reduce  them  to  V(6)dddaabb,  and 
V(6)aabb\  then  I  dlv\de  V(6)dddaabb  by  V{6)aabb,  and  there  arifes  V(6)ddd,  that 
is,  V(2.)d  for  the  Quotient  fought. 

2.  When  a  RationalNumber  or  Quantity  is  to  bedivided  by  its  fquare  Root,  that 
Root  is  the  Quotient ;  as  if  7  be  divided  by  its  fquare  Root,  to  wit,  by  Vft  the  Quo- 
tient will  be  V$.    Alfo  8  divided  by  V8  gives  V%  for  the  Quotient. 

In  like  manner  if  the  Quantity  be  bedivided  by  its  fquare  Root,  to  wit,  by  •//><:,  the 
Quotient  will  be  Vbc.    And  5a  divided  by  V%a  gives  the  Quotient  V%a. 

3.  When  a  Surd  number  or  quantity  is  to  be  divided  by  a  Rational  number  or  quanti- 
ty, or  a  rational  number  or  quantity  by  a  Surd,  reduce  the  rational  into  the  form  ofa 
Surd,  (by  Sell.  2.  ofthis  Chap.)and  then  divideaccording  to  the  firft  rule  of  this  Sell.  5. 

As  to  divide  ^32  by  2,  I  firft  reduce  2  to  V\ ;  then  by  dividing  ^32  by  V\  there 
arifes  VZ  for  the  Quotient 

Likewife  V175  divided  by  5,  that  is  Vz^  gives  rhe  Quotient  Vj. 

Alfo  1 2,  that  is  V144,  divided  by  /3,  gives  the  Quotient  V48. 

Again,  ifV(3)48  be  to  be  divided  by  2,  I  firft  reduce  2  tov'(3)8,  then  by  dividing 
V(  2)4.8  by  V(3)8  there  arifes  V($)6  for  the  Quotient  fought.  Alfo  ■/(4);ooo  divi- 
ded by  5,  (that  is,  by  v'(4)62j)  gives  the  Quotient  ^(4)8.  After 
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After  the  fame  manner  to  divide  the  quantity  Vahh  hv  h   T  firfl- .  j 
and  then  by  dividing  Vabb  by   /«,  there  arifewf  rh/ rw     r^e^to^; 
•4&»  divid'edby  4'  that  is  by/^ ft£J ^tiSt^^Vo^.i^ 
,    ded  by  A,  that  is  by  /f  3^  gives  the  Quotient  V^)a  *&>bbb  dm- 

Likewife  to  divide  the  Rational  Quantity  t  by/(3)fe,  Ifirftreduce-^  to 
*3)p  then  I  divide  $^%#$%  and  there  arifes /<3)  |  Gr 
MJJ^  the  Quotient  fought. 

4.  When  theProduft  of  a  Rational  Number  or  Ouanrirv  «mbN4«i;&j  ■  .  c  j 
Number  or  Quantity  is  to  be  divided  by  the  fame  S  d  To£  2K  I  Su? 
laid  multiplying  Rational  Number  or  Quantity™  % ?$&%£$&*  £ 
Quotient  5  ;  alfo  20/(3)4  gives  the  Quotient  20  yv?  §nes  tne 

In  like  manner  j«vj  divided  by  ^  gives  the  Quotient  j,  3  and  4£/f  3  Ji  2  divided 
by  /(3)  1 2  gives  the  Quotient  4b.  ^     l  ?***  aiviaea 

5.  When  the  Dividend  and  Divifor  are  the  Produfts  of  two  Rational  Numbers  or 
Quantities  multiplied  feveraliy  into  one  common  Surd  accnHin*  **  *L  r  \.  r?  ? 
of  Multiplication  in  SeB.4.  /which  fMOb^SS^oSS^^^^t 
as  hereatterwill  appear  in Setj  of this :£**;  divide  the  SSTp^fe 
vidend  by  the  Rational  part  of  the :  Divifor  and  that  which  arifes  ftall  be  the  Quo 
tientfought.  Asfor  Example  tp  divide  6/?  by  2/3,  Idivide  6by  2/and  there  art 
fes  3  the  Quotient  fought  5  f  for  2/3  multiplied  by  3  produces  6vl ) 

Again,  5/6  divided  by  2/6  gives  the  Quotient  I  or  2^ 

QuAolt[ent>i6diVided  -  ^  **  theQy°tient^  *nd  2 A  dividedby  2/5  gives  the 

So  alfo  Svr^J  divided  by  4^7  gives  the  Quotient  2 5  and  3/f4;?  divided  by 
qv( 4J5  gives  4-  for  the  Quotient.  v  ^y>  ulvJUCa  °J 

In  like  manner  to  divide  4^7  by  2aV7,  I  divide  4a  by  2*,  and  there  arifes  a  the 
Quonen  fought  s  (for  2«/7  into  2  produces  4^/7  :.  alfo Vi  divided  by  </?  1£ 
the  Quotient  f,  and  2/Z>  divided  by  2/7  gives  the  Quotient  1  S 

i  Again,  5rr/?£  divided  by  3a/3£  gives  the  Quotient  x 

And  ■JabV(i)dd  divided  by  3  £/(3  Ogives  the  Quotient  1* 

6.  When  the  Dividend  and  Divifor  are  the  Produfts  of  two' Rational  Numbers  or 
Quantities  multip  ,ed  into  two  unequal  Surd  Numbers  or  Quantities,  according S  the 
fourth  Rule  of  Muluphcat.on  in  the  preceding  Se8.  4.  (which  ftodufts are Tafled  In- 
comrnenfurable  Surd  Roots,  as  hereafter  will  appear; J  divide  the  Ratioml  mr/nf 
the  Dividend  by  the  Rational  part  of  the  Divifor^and  'the  Surd  par  by SfcteSSf 
then  conneft  the  Quotients  fo  as  the  Rational  Quotient  may  Hand  on  the  left  & S 
and  this  new  Quantity  fhall  be  the  Quotient  fought  ' 

As  for  Example,  if  gfo  be  to  bedividedbya/j,  firft  Idivide4  by  2,  and  there 
arifes  2  ,  alio  I  divide  *«  by  /j,  and  there  arifes  /,  :  then  thofe  two  Quotients 
joyned  together  make  2/3  for  /12)  the  Quotient  fought  quotients 

In  like  manner  4/12  divided  by  3/2  gives  the  Quotient ±V6  5  for  4  divided  by  , 
£5£"MS  theRanonai;  gives  ±  5  and  /i  2  divided  b^f  to  wk 
StfSET^ "JJ;  f^^/^^joynjng  together  thofe  two  Quotients  there 
arifes  ±V6,  or  i-f/6,  for  /if;  for  the  Quotient  fought 

the^odent7:/"^  3AgiV£Sthe  Quotient ^ ;  and  2/3  dividedby  */j  give's 
Likewife  -to  divide  4/^4  by  2/(3)3,  I  divide  4  by  a,  and  it  gives  a :  alfo 
Y(lM  divided  by  /(3J8 .gives  /(3;8,  then  thofe  two  Quotients  joyned  together 
make  2-/f  3  J8,  that  is  4,  theQuotient  fought.  Moreover,  5/(3)20  divided  by  3/(5)4. 
gives  the  Quotient  f/3y.~  u/irWfr 

After  the  fame  manner  W$  divided  by  vrff  gives  the  'Quotient  Wb  -,  for  4a 
divided  by  w  gives  2,  and  v/Z*  divided  by  //gives  Vb  -,  then  combing  thofe  two 
Quotients  there  arifes  2  v  £  for  the  Quotient  fought. 

So  alfo  6a3/<:J  divided  by  6afdf  'gives  the  Quotient  £/-. 

And 
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And  aV(i)cc  divided  by  bY(z)dd,  gives  the  QuouemfLV^)  c± 

The  Demonftration  of  the  aforefaid  firft  Rule  ofDivifion  (which  is  therifeofall 
the  reft  J  may  be  formed  like  that  of  Multiplication  in  the  preceding  Setf.  4  if  there 
be  laid  as  a  ground-work  this  Analogy,  viz.  As  the  Divifor  is  to  1  (or  Unity)  fo 
is  the  Dividend  to  the  Quotient.  But  waving  the  Demonftration,  I  (hall  give  more 
Examples  of  Divilion  in  fimple  Surds,  both  in  Numbers  and  Quantities  expreit  by 
Letters. 

More  Examples  to  exercife  Divifion  in  fimple  Surd  Numbers. 


Dividend     Vw-j 
Divifor       v^i- 


Quotient     Yi'6 


Y(i)i6±  or  Y(?)±{ 
Y(l)  7\-  oxY(i)  L 
V(i)  4|orV{?J-:- 


/f4;2  56 
Y(^)\6 


Dividend  V(iz)6i25)th3tiC 
Divilor     v(as<y         S  X 


Quotient Y( 12)^9  or  Y{6)-j 


•/(i  2)6 125 
■•(12)125 


Dividend       1 2 
Divifor       V12 


Quotient    Y12 


5/8 


i6V(i)2s 

16 


D  vidend    v'245 
Divilur  2'.! 

Quotient     Y20 


■/(j)23--2S 

6 


Dividend  20^/14 
Divifor  2^14 
Quotient       10    . 


4-  or  24. 


Dividend    15/18 
Divifor        v/6 
Quotient     5  V  3 


^(2)24 

_?Vf(2j4_ 

&®6 


More  Examples  to  Exercife  Divifion  in  fimple  Surd  Quantities 
exprefi  by  Letters. 


Dividend    Yi^bc 
Divifor       V^a 


Quotient  5 


be. 


YdMbbdjd 
V({)Abb 


Dividend   Y(S)61^aaaabbbbb\    .      •    C  Y(6)6-j^bs 


Divifor Y(2)2ab 

Quotient 


V(^2aa 
Y(4)2aa 

v/(4)i6  or  2 


Y(6)2%aabb  or  Y(^)$ab 


Dividend    YZocuabbb 
Divifor  ^ab  {oxYl6aabb) 

Quotient     Y^ab 


ybedd  ('or  Vilbbccd*) 

Y^xjbcd 
Ylbcdd 


Dividend  be 
Divifor  Ybc 
Quotient  Ybc 


bYdf 
Yd} 
b~~ 


idY(X)bb 
Y(l)bb 

2d 


Divi- 
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Dividend     1  lYdc 
Divifor        $Ydc 


Quotient      4 


abV(i)f 


Dividend 
Divifor 

Quotient 


zbcYd 
cYa 

dbV± 


bVaf 
_cYf_ 

±Ya 


6aaV(i  )bbbd 
zaY({)d 


lab 


Note,  By  the  help  of  Divifors  Surd  Quantities  may  oftentimes  be  reduced  intoo- 
thers  more  fimple,which  being  a  veryufefulWorkl  fhall  explain  it  in  the  next  Section. 

Seft.  VI.  Hovo  to  reduce  a  Surd  Quantity  to  another  more  fimple 
when  it  may  be  done. 

When  the  Power  of  a  Surd  Quantity,  the  Radical  Sign  being  omitted,  can  be  divided 
juft  without  any  Remainder,  by  a  Power  which  has  a  Rational  Root  of  the  fame  kind 
with  that  which  is  denoted  by  the  faid  Radical  Sign  5  then  divide  the  Surd  Quantity 
propofed  by  that  Rational  Root,  and  prefix  this  Root  before  the  Quotient ;  fo  you 
have  a  new  Surd  Quantity  equal  to  that  propofed,  and  in  more  fimple  Terms. 

As  if  Y62,  be  propofed,.  becaufe  63  may  be  divided  by  the  fquare  Number  9  with- 
out any  Remainder,  I  divide  Y6  3  by  Y%  (that  is,  by  3)  and  it  gives  the  Quotient 
V7,  before  which  I  fet  the  Rational  Divifor  5,  and  it  makes  3/7,  fthatis,  3  into  the 
iquare  Root  of  7,  or  thrice  the  fquare  Root  of  7)  which  is  equal  to  Y6  3 'firft propo- 
fed -,  (for  the  Quotient  Yj  multiplied  by  the  Divifor  3  makes  the  Dividend  Y63  ■, 
fo  that  inftead  of  ^63  I  write  $Yj. 

Likewife  inftead  ofVjo  we  may  write  $Yz,  (which  fignifies  five  times  the  fquare 
Root  of  2  -J  for  in  regard  50  divided  by  the  Square  25  gives  2, 1  divide  Vjo  by  Yzf 
that  is,  by  *>,  and  the  Quotient  is  Yz  :  and  becaufe  every  Quotient  multiplied  by  the' 
Divifor,  produces  the  Dividend,  therefore  5/2  fhall  be  equal  to  the  Dividend  Y50. 

After  the  fame  manner  inftead  of  -21,  or  1^,  we  may  write  4V3  ■,  for  i±  divided 
by  the  fquare  Number  Ogives  the  Quotient  3  ;  and  confequently  Yi±  divided  by 

V^r,  that  is,  by  4,  gives  the  Quotient  Yt,  -.  Therefore  4/3  fhall  be  equal  to    7? 

2 
or  v'-^r. 

Again,  inftead  of '/('3J40  we  may  write  2^3^,  (which  fignifies  twice  the  Cubic 
Root  of  5: ;  )  for  40  divided  by  the  Cube  8  gives  the  Quotient  5  -,  and  confequently 
•/f  3)40  divided  by  Y(s)%  that  is,  by  2,  gives  Yd)")  ;  Therefore  2  Y(i)^  fhall  be 
equal  to  Vf  3  J40. 

Likewife  for  Y(i¥$,  (or  -I31*4)  we  may  write  4-^(3)2  ;  for  xi.  divided  by  the 

Cube  34.  gives  2  ;  and  confequently  Y(i)^-  divided  by  Y(^y^  that  is,  by  -f,  will 
give  Y($)i :  Wherefore  ±  Y($)z  fhall  be  equal  to  Y($)±^.. 

The  like  Operation  is^to  be  done  in  reducing  Surd  Quantities  expreft  fey  Letters  to 
others  more  fimple :  as  if  Y-j^aa  be  propofed,  forafmuch  as  -}$aa  divided  by  the 
Square  2 "}aa  gives  the  Quotient  3,  and  confequently  Yj $aa  divided  by  Yz^aa,  that 
is,  by  5«,  will  give  Yt,  ;  therefore  the  Divifor  $a  multiplied  into  the  Quotient  ^3, 
produces  5^/3,  equal  to  the  Dividend  Yj^aa,  and  therefore  inftead  of  Y-]$aay  we 
may  write  5^3. 

After  the  fame  manner  Yioaabb  may  be  reduced  toabYio,  alfo  Y$aa  to  a/5,  and 
Y{i)$Md  to  <*/(3)4. 

Again,  forafmuch  as  aaab-\-  aabb  may  be  divided  by  the  Square  aa,  and  there  arifes 
ab-\-bb,  and  confequently  Y:aaab\aabb  :  divided  by  Yaa,  that  is,  by  a,  gives  the 
Quotient  Y-.ab-\-bb:  therefore  a  into  Y:ab-\-bb:  fhall  be  equal  to  Y:aaab-\-aabb  -. 
So  that  inftead  o£Y:aaab-\-aabb  :  we  may  write  a  into  Y\ab-\-bb:  or  aY:ab-{-bb: 

Like. 
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Likewife  for  Vwbbc+iafbbc+ffbbc:  we  may  write  «+/  into  Vbbc,  or 
i+fVbbc-  for  aabbc^zafb^ffibcjj^^^y  the  Square  aa+  2af+ff  gives  bbcs 
and  confequently  V7^bbc+2afbbc+ffbf>c:  divided  by  Vuu+ 2rf+fi:  that  is, 
bv  fl4-f  gives  the  Quotient  Vbbc  Therefore  a+JVbbc  imports  as  much  as 
V:aabbc+2a}bbc+8Jbbc  : 

After  the  fame  manner  infteadof/(3)^^  we  may  write  «nto  /(3)  JL 

or  3—  ■/(?)  -f_ ;  for  fincc  the  Power  of  the  Surd  propofedis  produced  by  theMulti- 

plJtionof  -A-  into  the  Cube  £25^,  whofe  Cubic  Root  »iS,  and  confequent- 

v  b — a  o  * 

lv  V(,)zT""abbb  &\)AeA  by  V(?)  HZf^f,  that  is,  by  .H^5  gives  the  Quotient 

•<0   •       Therefore  ^(3;  J_  lhall  be  equal  to  V(l£&?gL 

So  alfo  for  //™2»«±4£?!2S  :  we  may  write  —  •loo+^p:  for  if  the  Pow- 

ppzz  Pz 

er  of  the  Surd  propofed  be  divided  by  the  Square '*^n  the  Quotient  will  be  oo+^mp  j 
and  confequently  if  the  Surd  propofed  be  divided  by  ^"~™  •  that  is  by  mn  ,  the 

ppx~  pz 

Quotient  will  be  V:oo-\-^mp:  therefore  the  Divifor  —  multiplied  into  the  Quotient 
/^F=:  vit-y^+SF  den^     as     much    as    y:ff22E±4?=2 

the  Surd  propofed.  

Likewife  lor  i/.oozzJr4mPzz  ■  we  may  write  —Y-.oo-tynp: 
aa  a 

But  when  a  Square  or  Cube,  &c.  by  which  the  Divifion  necelfary  to  fuch  Contraai- 
on  is  to  be  performed,  cannot  be  readily  difcerned,  firft,  (by  the  Rules  of  the  preced- 
ing eighth  Chapter;  fearch  out  all  theDivifors  of  the  Power  of  the  Surd  Quantity 
propofed  and  then  fee  whether  any  of  them  be  a  Square  or  Cube,  Vc.  to  wit,  fuch 
a  Power  as  the  Radical  Sign  denotes,  which  if  you  find  you  may  ule  m  the  aforefaid 
manner  to  free  the  Surd  Quantity  in  part  from  the  Radical  Sign. 

As  if  ^288  be  propofed,  becaufe  among  the  Divifors  of  288  there  are  found  the 
Square  Numbers  4,  9, 16,  36,  and  144,  which  dividing  288  will  give  the  Quotients 
72,  32,  18,  Sand2i  infteadof  V288  we  may  write  2A/72,  or  3V32,  or  4/18,  or 
6V8,  or  laltlyi2V,2. 

In  like  manner  if  V:cutab+aahb :  be  propofed,  becaufe  among  the  Divifors  of  the 
Quantity  aaab+aabb  there  is  found  the  Square  «,  the  faid  /:  aaab+aabb :  may  be 
reduced  to  aV:aa+bb:  as  before. 

Again  for  as  much  as  aib—aabb+2Mbc+ahcc—abi+bbcc—2b>c+b*  is  produced 
by  the  Multiplication  of  ab+bb  into  the  Square  aa+iac+cc—2ab—2bc+  bb,  whofe 
Root  is  a+c— b;  we  may  jnftead  of  V:  a^b—aabb -f- 2<wfc+ abcc— ab i + Mcc— 
2A5C-1-*:  write  a"+7=^  into/:aA+W  :  or  a+c—bV:ab+bb  : 

Likewife  becaufe  among  the  Divifors  of  izoomM  there  are  found  the  Squares 
Aaabb  \6albk  2%aabb,  looaabb,  and  400MM ;  which  dividing  the  faid  \7ooaabb 
will  give  the  Quotients  300,  75,  48,  ".and  3,  we  may  ioxVizooaabb  write 
iabv\ Too,  or  4^7?,  or  ?^48,  or  10^",  orlaftly  20*^3. . 

Sett.  VII.  Two  Surd  Roots  being  given,  to  find  whether  they  he 
Commenfurable  or  Incommenfurab/e. 
Commenfurable  Surd  Roots  are  fuch  whofe  Reafon  or  Proportion  to  one  another  may 
be  expreftby  Rational  Numbers  or  Quantities }  and  thofe  Surd  Roots  whofe  Propor- 
tion cannot  be  expreft  by  Rational  Numbers  or  Quantities,are  called  Incommeniurable. 
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The  Rule  to  try  whether  two  Surd  Roots  of  the  fame  kind,  (that  is,  fuch  as  have  a 
common  Radical  Sign)  be  Commenfurable  or  nor,  is  this  that  follows,  -wz. 

Divide  the  given  Roots  feverally  by  their  greateft  common  Divifor,  then  if  the 
Quotients  be  Rational  Numbers  or  Quantities,  the  Roots  propofed  are  Commenfura- 
ble; but  if  the  Quotient  be  Irrational  or  Surd,  the  given  Roots  are  Incommenfurable. 

As  for  Example,  to  try  whether  Y12  and  Y$  be  Commenfurable  or  not,  I  divide 
them  feverally  by  their  greateft  common  Divifor  ■/?,  and  find  the  Quotient  V4  and 
•/i,  that  is,  2  and  1  to  be  Rational  Numbers  ;  whence  I  conclude  that  V12,  that  is 
2/3,  has  fuch  proportion  to  Y$,  that  is  ]■/?,  as  2  to  1,  viz.  as  a  Rational  Number 
to  a  Rational  Number;  and  confequently  V12  and  v'3  (according  to  the  Definition 
above  given)  are  Commenfurable.  But  that  Y12  is  to  Yt,  as  2  to  1,  may  be  demon- 
ftra ted  thus,  viz.  It  is  evident  (by  reafon  of  the  common  Factor  ^3)  that  2/3  .  W% 
::  2  .  1,  and  (by  Divifion  as  above)  ••12=2/3,  3n&  Y$  =  iYi  ;  therefore  Y12  . 
••3  :  :  2  .  1.     Otherwife  thus : 

Forafmuch  as  1 2  and  3  divided  feverally  by  their  common  > 
Divifor  3  give  the  Quotients  4  and  1 ;  therefore  as    .     .    .  j"     12"     5    •  :   4  •  T 

Wherefore  the  fquare  Roots  of  thofe  Proportionals  fhall ")     ,  , 

be  Proportionals  alfo,  (per  22  Prop.  6.  Ekm.  Euclid.)  viz.      JVI2.V3     .:2.i 

Which  was  to  be  demonftrated. 

After  the  fame  manner  YiS  and  V8  will  be  found  Commenfurable  ;  for  the  former 
is  to  the  latter  as  3  to  2,  to  wit,  as  a  Rational  Number  to  a  Rational  Number :  for  if 
Vl8  and  Y8  be  feverally  divided  by  their  greateft  common  Divifor  Y2,  theQuotients 
will  be  Vo  and  V4,  that  is  3  and  2.  Therefore  YiS  is  to  /8  as  3  to  2,  and  inftead 
of  V18  and  V8  we  may  write  3/2  and  2/2,  to  wit,  the  Products  of  the  Rational 
Quantities  3  and  2,  multiplied  into  the  common  Divifor  Yt,. 

Again,  V48  and  V75  (that  is,  4/3  and  $Y$)  are  Commenfurable;  for  the  former 
is  to  the  latter  as  4  to  j,  to  wit,  as  a  Rational  Number  to  a  Rational  Number :  for 
■•48  and  Y71  being  feverally  divided  by  rheir  greateft  common  Divifor  Yg,  give  the 
Quotients  Yi 6  and  V25,  to  wit,  4  and  j.  Therefore  V4S  .  '  V75  :  :  4  .  5 
;:     4/3     .     5/3- 

Moreover,  '•(3)320  and  v(3)n5  (that  is,  4V  (3)5)  and  $Y  (■$)<>)  having  fuch  pro- 
portion one  to  the  other  as  4  to  3  are  Commenfurable  ;  for  '•(3)320  and  Y(i)i$$ 
bel.g  feverally  divided  by  their  greateft  common  Divifor  Y(i  Jj,  will  give  the  Quo- 
tient ••('3)64  and  VY3J27,  to  wit,  4  and  3.  Therefore  •(^3)320  .  /(3J135  :: 
4.3::  4VY3J5  •   lYl%)%- 

So  alfb^f4J3888  andv/(4>43  fthatis,  2Y  (  ^m  and  1  ■•('4)243,)  are  Commen- 
furable, the  former  having  fuch  proportion  to  the  latter  as  2  to  1  ;  for  if  they  be  feve- 
•rally  divided  by  their  greateft  Common  Divifot  ••(4J243,  the  Quotients  will  be 
3/(4.16  and  ••(4)1,  to  wit,  2  and  1.  Therefore  ■•(4)3888  .  ■•(4)243  ::  2  .  1  :  : 
21/(4)245  .  i/(4Ji243. 

If  two  Surd  Fractions,  or  mix'd  Numbers  ftandingFra&ion-wife,  bepropofed,  and 
have  not  a  common  Denominator,  reduce  them  to  their  fmalleft  common  Denomina- 
tor, and  then  try  (in  like  manner  as  before)  whether  the  new  Surd  Numerators  be 
Commenfurable  or  not ;  for  if  thefe  be  Commenfurable,  the  Surd  Fractions  firlt  pro- 
pofed  fhall  be  alfo  Commenfurable.  As  if  Y~  and  Yi-i  be  propofed,  I  reduce  them 
to  Y^r  andv'-i-f  ;  then  I  divide  the  new  Numerators  only,  to  wit,  /50  and  ^72,  by 
their  greateft  Common  Divifor  Y2,  and  theQuotients  ••25  and  ■•36,  that  is,  5  and  6 
are  Rational  Numbers.  Therefore  V±  and  Y~\  firft  propofed  are  Commenfurable, 
and  the  former  has  fuch  proportion  to  the  latter  as  j  to  6.    For, 

As  —  °-         — 

Therefore  ■•if  .  Y\ 

■■■ .        And  becaufe  Y~  =Y~ 

Therefore  V-f  .  .  '•r. 

But  if  either  the  Numerators  or  Denominators  of  two  Surd  Fractions  or  mix'd  Num- 
bers ftanding  Fra£tion-wjfe,  (the  Radical  Sign  being  neglected),  be  Squares  or  Cubes, 
.  £?V,  viz.  Powers  of  that  kind  which  is  denoted  by  the  Radical  Sign,  then  you  need  not 
Teduce  the  Surd  Fractions  to  a  common  Denominator,  but  try  whether  their  Numera- 
tors or  Denominators  be  Commenfurable  or  not  -,  for  if  thefe  be  Commenfurable,  the 

E  e  Surd 


:      50 

:  /50 

and 

••       5 

.  V72 
.     6 

:  :     2J     . 
:  :       5     , 

,     36 
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Surd  Fra&ions  propofed  (hall  be  alio  Commenfurable.  As  if  V*%  and  /if  be  propo- 
ied,  becaufe  the  Denominators  (the  Radical  Sigh  being  neglefted)  areSq'uares,  (towir, 
Powers  ofthat  kind  which  the  Radical  Sign  denotes)  and  the  Numerators /jo  and/72 
are  Commenfurable^  fibr  if  thefe  be  divided  by  their  common  Divifor /z,  the  Quoti- 
ents ate  rational,to  wit  j  and  6.)  Therefore  the  Surd  Fractions  propofed  are  alio  Com- 
menfurable,and  have  fuch  proportion  as  ■£  to  -?,  (whole Denominators  4  and  j,  to  wit, 
/16  and  /2j,  are  the  given  Denominators)  or  as  2j  to  24;  and  (according  to  the 
preceding  SeB  6.)  the  Surd  Fractions  propofed  may  be  exprefs'd  thus,  i/2  and  4/2. 

When  two  Surd  Roots  propofed  be  of  different  kinds,  they  muftflrft  of  all  be  redu- 
ced to  a  common  Radical  Sign,  (by  the  preceding  Sett.  3.  of  this  Chap.)  before  the 
Rules  aforefaid  be  ufed,  to  try  whether  they  be  Commenfurable  or  not.  As  if  /(6>4 
and  /C?)27  be  given,  they  may  be  reduced  to  Y(6)6ar  and  ^(6)729,  which  divided 
bv  their  greateft  common  Divilbr  /(6)i,  the  Quotient  will  be  the  fame  with  the  Di- 
vidends Now  if /(6)64  and  /(6J729  be  Rational,  then  the  Surds  firft  given  are 
Commenfurable ;  but  V(6^  is  2,  and  /(6J729  is  3.  Therefore  the  Surd  Roots 
propofed  are  Commenfurable,  and  have  fuch  proportion  as  2  to  3. 

But  if  the  Quotients  arifing  by  theDivifion  of  two  Surd  Roots  by  their  grejteft  com- 
mon Divifor  as  aforefaid,  happen  to  be  Irrational  or  Surd,  then  the  Roots  propofed 
are  Incommenfurable  =,  fuch  are  V^d  and  /8,  for  if  they  be  divided  feverally  by  their 
greateft  common  Divifor /8,  the  Quotients  are  Z6  and  1 :  but /6  is  Irrational,  there- 
fore the  ptoportion  which  /48  has  to  /8  is  not  as  aRationalNumber  to  aRationalNum- 
ber,  and  confequently  /4s  and  /8  are  Incommenfurable,  and  fo  are  all  other  Surd 
Roots  whofe  proportion  cannot  be  exprefs'd  by  Rational  Numbers. 

I  mall  now  (hew  how  by  the  help  of  the  preceding  Rules  we  may  difcover  whether 
two  Surd  Quantities  exprefs'd  by  Letters  be  Commenfurable  or  not.  As  if  Y2iaa  and 
Y\2aa  be  propofed,  they  will  be  found  Commenfurable ;  for  if  they  be  feverally  divi- 
ded by  their  greateft  common  Divifor  V^aa,  the  Quotients  V^  and  V^,  that  is  3  and 
2,  are  Rational  Numbers,  and  Ihew  that  /27a*  is  to  Vuaa  as  3  to  2,  to  wit,  as  a 
Rational  Number  to  a  Rational  Number-,  wherefore  Vi-jaa  and  Yi2aa  are  Commen- 
furable, and  may  be  exprefs'd  thus,  3/3^  and  2/3^. 

Note,  If  two  Surd  Quantities  be  divided  by  fome  common  Divifor.  though  it  be  not 
the  gteateft,  yet  if  there  come  forth  Rational  Quotients,  we  may  thence  conclude  thofe 
Surd  Quantities  to  be  Commenfurable,  and  oftentimes  exprefs  them  various  ways.  As  if 
Yljaa  and  /i  iaa  be  again  propofed,  by  dividing  them  feverally  by  theircommon  Divi- 
for/3,  there  will  come  forth  the  Quotients  Vyaa  and  V^aa,  that  is,  3aand2<*;  whence 
itisevident,that/27^isto/i2.Mas  3*1  to  2a,  towit,  as  a  Rational  Quantity  to  a  Ra- 
tional Quantity,  and  confequently  Vi-jcta  and  Viiaa  ate  Commenfurable.  Moreover, 
according  to  this  latter  Divifion  we  may  write  33/3  for  /27iW,  and  2^/3  for  /i  lad. 

Again,  Y-.aaaa+aabb:  and  Y:aabb-\-bbbb:  are  Commenfurable-,  for  each  of 
them  being  divided  by  V:aa-\-bb:  there  anfe  Vaa  and  Ybb,  that  is  a  and  b,  which 
are  Rational  Quantities,  each  of  which  being  multiplied  into  the  common  Divifor 
V  uia-\-bb:  will  give,  inftead  of  the  Surds  propofed,  aV<*a-\-  bb  and  bVaa-^-bb,  which 
have  the  lame  proportion  to  one  another  as  there  is  between  a  and  b. 

Likewife  V°oz      ^mPZ- and  ^aaoom>  "»  ^La ™are  Commenfurable,  for  each  of 

m  m~  

them  being  divided  by  their  common  Divifor  Y-.oo-i-qmp :  there  will  arife  V—  and 

aa 

Yaamm  that  is,  -and"'",  (to  wit,  Rational  Quantities)  each  of  which  multiplied 
ppzz  a        pz 

into  the  common  Divilbr  /  :oo-t-4wp:  will  produce  JL/:  00 +47;^:  and  antY:oo-tqmp: 

a.  pz 

which  are  equal  to,  but  more  limply  exprefs'd  than  the  Surd  Quantites  ptopofed, 

and  have  that  proportion  one  to  another  as  is  between —  and  — 

^___  a       pz 


So  alio  Y:aaaa-\-6ctaa-\-2laa-\--j2a-\-Jo8:  and  Y:aaaa — loaaa-\-^-jaa — I20^4-;oo: 
are  Commenfurable,  for  if  they  be  leverally  divided  by  their  common  Divifor /uw+  1  2: 
there  will  arile  /;,**+ 6«-i-?:  and  /;*<!+ io«-r-2j:  that  is,  a+3  and  «co  5,  each  of 

which 
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which jnultiplied  into  the  common  Divifor  Yja+12  will  produce  a +3/1^+12  : 
and  aw  W-.aa-V-ii:  which  have  the  lame  proportion  between  themfplvpc   ^  th-,*  ^r 


and  iJ(/3  5V: 
a-f-3  to  a  to  . . 

Again,  Y^)biabbb  and  V(3)24flrW  areCommenfurable,  for  if  each  of  them  bedi- 
vided  by  their  common  Divifor  /(3)v,  there  will  arife  V'(i)2-]bbb  and  V(?)8bbb> 
that  is,  lb  and  2^;  therefore  the  Surds  propofed  may  be  reduced  to  %W{-i,)%a  and 
23/(?)?tf,  the  former  of  which  is  to  be  the  latter  as  ib  to  ib  :  and  fo  of  others. 

Sect.  VIII.  Addition  and  Subtraction  in  fimple  Surd  Quantities. 
When  two  or  more  equal  Surd  Roots  are  to  be  added  together,  multiply  one  of  them 
by  the  Number  which  exprelTes  the  Multitude  of  the  Roots  propoled,  and  the  Pro- 
duft  Ifnll  be  their  fum:  as  the  fum  of  Y6  and  Y6  is  1/24 •  for  /6  multiplied  by  2 
that  is  by/4,  produces  V24.  Alfo/(3)6,  Y(i)6,  and/(j)6,  added  into  one  make 
/(?)io25  for /(?)6  multiplied  by  3,  that  is,  by  /(3J27,  makes  /fa)i 62;- 

But  when  two  unequal  Surd  Roots  of  the  fame  kind,  that  is,  fuch  as  have  the  lame  Ra- 
dical Sign  prefix  d  before  each  of  them,  be  to  be  added  together ■  alfo  when  thelelferis 
to  be  fubtra&ed  from  thegreater,  obferve  this  Rule,  viz.  Firit,  (  by  the  preceding  Sett  7 
of  this  Chap.)  you  muft  try  whether  they  beCommenfurable  or  not ;  then  if  they  be 
Commenfurable,  that  is,  if  after  they  have  been  feverally  divided  by  their  greateft  com- 
mon Divifor,  the  Quotients  be  Rational  Quantities,  multiply  the  fum  of  thole  Rational 
Quantities  by  the  faid  common  Divifor,  and  the  Produft  lhall  be  the  fum  of  the  Surd 
Roots  pTopofed  5  but  if  the  Difference  of  thofe  Rational  Quotients  be  multiplied  by  the 
faid  common  Divifor,  the  Produft  lhall  be  the  Difference  of  the  Roots  propoled. 

As  for  Example,  if  the  Sum  and  Difference  of  ^50,  and  /8  be  defired,  firft  I  di- 
vide each  of  them  by  their  greateft  common  Divifor  Yz,  and  the  Quotients  are  /2s 
and  /4,  that  is  5  and  2,  (which  are  Rational  Numbers  exprefling  the  proportion  of 
the  given  Roots  one  to  the  other  -J  whofe  fum  7  multiplied  by  the  common  Divifor 
,/2  produces  7/2,  or  if  you  pleafe  V^d,_  (for  7,  to  wit,  Y49  into  /2,  makes  VqZ  •) 
which  is  the  defired  lum  of  the  given  Roots  /50  and  /8.  And  if  5  —2,  that  is  3  (the 
Diffetence  of  the  Rational  Quotients  before  found)  be  multiplied  by  the  faid  common 
Divifor  V2,  the  Producf  will  be  3/2,  that  is  /18  ;  which  is  the  defired  Difference 
of  V$o  and  /S,  the  Roots  firft  propoled. 

Likewife  the  fum  of  /(3j$oo  and  /(?)io8  will  be  found  8/(3)4,  that  is 
/(3)2o48i  and  their  Difference  2/(3)4,  that  is  /(3)32,  as  will  appear  by  the  fol- 
lowing Work,  viz.  firft,  I  divide  each  of  the  given  Roots  /(3)joo  and  /(3J108  by 
their  greateft  common  Divifor  ^^4,  and  the  Quotients  are  /(?)S2J  and  /(3J27 
that  is  5  and  3  ;  then  by  multiplying  8  (to  wit  5  +  3,  the  fum  of  the  Rational  Quo- 
tients) by  the  common  Divifor  A3O4,  the  Producf  8/(3)4,  that  is,  YU^oaZ- 
(for  8,  to  wit,  /(3)5i2  into  /(3.J4  makes  ^3)2048)  which  is  the  fum  of  /(3)?oo 
and  '•(3)1  c8,  the  Roots  propofed. 

And  by  multiplying  2,  (that  is,  5—3  the  Difference  of  the  Rational  Quotients)  by 
the  laid  common  Diviibr  ^(3)4,  the  Producf  is  2/(3^4,  that  is,  ^3)32  -,  (for  2 
to  wit,  / (3)8  into  V(3)4  makes  V(i)ix)  which  is  the  Difference  of  /(3J500  and 
/(3)io8,  the  Roots  propofed. 

Here  follow  Contractions  of  the  Work  in  -the  two  lafl  preceding  Examples^  with 
others  of  like  nature^  to  illu/lrate  the  Rule  before  given  for  the  Addition  and 
Subtraction  of  fuch  fmple  Surd  Roots  as  are  Commenfurable. 

Example  1. 
What  is  the  Sum  and  Difference  of    .....     ,    -/jo  and  /8  ? 

The  Operation. 
/2)  /fo  (/2j,  that  is,  5.  Therefore  $V2=V$o. 

V2)  /  8  (/  4,  that  is,  2.  Therefore  2/2—/  8. 

The  Sum,  7/2=/jo+/8. 

Or,        V,98=/s;o-r-/8. 

The  Difference,  3^2  =^50 — /8. 

Or,        /i8=/5o— /8. 

E  e  2  Example 
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Example  z. 
What  is  the  Sum  and  Difference  of   ....".    V^jco  and  ^(3)108  > 

The  Operation. 
I.  V(i)fi  ^(5)500  (^(3)125,  that  is,  5. 
II. '/(O4)  ^(3)108  (/(3)  27,  that  is,  3. 

From  Divifion  I.        5Y(i)4.=Y(i)soo. 

From  Divifion  II.       3v'(3)4=Vr(3)io8. 

The  Sum,  8V(3)4=V(3)soo4V(3)io8. 

Or,  ^(3)io48='/(3)5oo+VC3)io8. 

The  Difference^     2*^(3)4=^(3)500— ^(3)1 08. 

Or,  A3)52=-/(3)5oo— ^(3)108. 


Example  3. 

What  is  the  Sum  and  Difference  of Vi^-j  aniVn  > 

The  Operation. 
Yi)  ^147  C/49,  that  is,  7.    Therefore  7^3=/i47. 

Y3)  Y  12  (^4,    that  is,  2.    Therefore  iYt,=Y  12. 

The  Sum,  9/3=v'i47+-/i2. 

Or,  V24^='/i474-'>/i2. 

The  Difference,  5/3  =^147 — /12. 

Or,  v/75='/i47 — ^12. 

Example  4. 
What  is  the  Sum  and  Difference  of   ....    VT3J1715  and/^^o? 

T/;e  Operation. 

I.  -/(3)5)  ^3)1715  (^(3)343,  that  is,  7. 

II.  ^(3)5)  Vf3)    40  (/(3)    8,  that  is,  2. 

From  Divifion  I.  7Y(^)$=Y(^)i-ji^. 

From  Divifion  II.         2^(3)5=^(3]    40. 


The  Sum,  9-/(^)5=V(3)i7I5  +  ^(3)4°- 

Or,  ^(3)364?=^  3)171 5+^(3)40- 

The  Difference,  5V(3)5  =V(3 J171 5 — V(3J4o. 

Or,  ^(3)625=*/(3Ji7I5— ^C3)4°- 

A"ote,  When  two  Commenfurable  Surd  Roots  propofed  to  be  added  or  fubtra£ted 
are  Fractions,  or  mix'd  Numbers  reduced  into  the  for/n  of  Fractions,  if  they  have  nor 
a  common  Denominator,  reduce  them  into  others  which  may  have  a  common  Denomi- 
nator in  the  leaft  Terms ,  then  to  find  out  the  Rational  Quotients  divide  only  the  two 
new  Numerators  feverally  by  their  greateft  Common  Divifor,  and  continue  theProcefs 
as  before.    The  Practice  of  this  Note  will  be  evident  in  the  two  following  Examples, 

Example  5. 
What  is  the  Sum  and  Difference  of   .    .    1    .   ^0f  j^ttjJIj^T- 
Tbe  Operation. 
Yjj)  Y-7,-]-  (V36,  that  is,  6.    Therefore  6Y-r^=Y2ri. 
^rr)  Y-rr  (/2j,  that  is,  5.    Therefore  ^Y^-=Ys 


The  Sum,  1  W^=Y^fWTh 

Or,  V^.-Y^-\-Y^-. 


The  Difference  Vrzr=Y^^—Yi 


ExampU- 
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Example  6. 

What  is  the  Sum  and  Difference  of    .    .    .    •  {  Or, /I|  aSd  ^tf  ? 

The  Operation. 

£|)  /±i.  <yi<5,  that  is,  4.  Therefore  q/\=tf±*.. 

Y\)  Y^;  (v7  9,  that  is,  3.  Therefore  tY^=Y±y 

The  Sum,         -jY^Y^+Y^. 

Or,  V.i±z=-/±|4-v^. 

The  Difference,  Y±=Y^ — /.Li. 

When  two  fimple  Surd  Roots  given  to  be  added  or  fubtra&ed  be  Incommenfurable, 
neither  their  Sum  nor  their  Difference  can  be  exprefs'd  by  any  fimple  Roor,  but  they 
are  to  be  added  by  -+- ,  and  to  be  fubtracted  by  — .  As  to  add  Vj  and  V3,  I  write 
Ys+Vt,  for  the  Sum  ;  but  to  fubtract  •/?  from  Yf,  I  write  Y$ — /?  for  the  Re- 
mainder. So  alfo  the  Sum  of  /C3J40  and  VT3J12  is  Y(iXo-\-Y(i)i2,  and  their 
Difference  is  1/(3)40 — Y(i)i2. 

But  Incommenfurable  fquare  Roots  may  be  added  or  fubtracted  by  this  following 
Rule,  (which  is  deduced  from  Prop.  4.  iff  7.  lib.  2.  Euclid?) 

To  the  Sum  of  the  Squares  of  the  given  Surd  fquare  Roots,  add  the  double  Product 
of  the  Multiplication  of  thofe  Roots  one  into  another ;  fo  fhall  the  fquare  Root  of  the 
Sum  be  the  Sum  of  the  Roots  propofed  to  be  added.  But  if  the  faid  double  Product 
be  fubtracled  from  the  faid  fum  of  the  Squares,  the  fquare  Root  of  the  Remainderman 
be  the  Difference  of  the  given  Surd  fquare  Roots.  As  if  the  Sum  and  Difference  of  Y6 
and  V-}  bedefired,  their  Sums  fhall  be  Y  :<p-\-Y-]2:  and  their  Difference  Y :  9 — V72: 
for  the  Sum  of  the  Squares  of  the  given  fquare  Roots  Y6  and  Y$  is  9,  and  the  double 
Product  of  their  Multiplication  is  ^72,  which  I  add  to  and  fubtract  from  9  ;  fo  the 
fquare  Root  of  the  fum,  to  wit,  Y-.y-^Y-j  2  :  is  the  Sum  defired ;  and  the  fquare  Root 
of  the  Remainder,  to  wit,  Y:$ — V72  :  is  the  Difference. 

After  the  fame  manner  the  Addition  and  Subtraction  of  fimple  Surd  Quantities  ex- 
prefs'd by  Letters  may  be  performed ;  as  to  add  Yj$aa  and  Y2~jaa,  firft,  (by  the  pre- 
ceding  Sett.-/.)  I  find  them  to  be  Commenfurable-,  for  if  v^aa  and  V^aa  befeveral- 
iy  divided  by  their  greateft  common  Divifor  Y$aa,  the  Quotients  are  Yz  $  and  ^9, 
that  Is,  5  and  3,  whole  fum  8  multiplied  into  the  common  Divifor  Y%aa  makes 
8v  3  ra,  (that  is,  Yiyiaci)  for  the  fum  of  Yi%aa  and  Y2jaa.  But  if  the  Difference 
of  -  fame  Rational  Quotients  5  and  3,  to  wit  2,  be  multiplied  into  the  faid  common 
Dn  (or  •/?#*,  it  makes  2'/?^,  (that  is,  Yi2aa)  for  the  Difference  of  Vj$aa  and 
Y2-jaa,  the  Roots  firif  propofed. 

Or  we  may  write  8a*/?  (inftead  of  Sv^aa)  for  the  Sum,  and  2a-/ 3  inftead  of 
■zYxaa)  for  the  Difference  of  Y-j$aa  and  Yz-jaa  before  propofed  ;  for  thefe  divided 
feverally  by  their  common  Divifor  •/?,  give  Rational  Quotients,  to  wit  Y2$aa  and 
Yyaa,  that  is,  ya  and  3a  -,  whofe  Sum  8a  multiplied  into  the  common  Divifor  -/?, 
gives  8a-/ 3  for  the  Sum  of  Y~j%aa  and  Y2jaa ;  but  if  the  Difference  of  the  faid  Ra- 
tional Quotients  $a  and  3«,  to  wit,  2a,  be  multiplied  into  the  faid  common  Divifor 
•/3,  the  Product  2^/3  is  the  Difference  of  the  faid  Yj^aa  and  Y2jaa. 

Again,  to  add  Y(^)2$6aaa  and  Y(i)$2aaa,  firft,  (by  Sett.  7.)  I  find  them  to  be 
Commenfurable,  for  if  each  of  them  be  divided  by  their  common  Divifor  Y(  3  J4,  the 
Quotients  are  Rational, 'to  wit,  Y{^)6^aaa  and  Y(i)Saaa,  that  is,  4a  and  2a  ;  thefe 
added  together  make  6a,  which  multiplied  into  the  common  Divifor  ^(3)4,  makes 
<W(3)4  (that  is,  Y(z)86qaaa)  for  the  defired  Sum  of  ^(3)2 5 6aaa  and  Y(^2aaai 
but  if  2a,  the  Difference  of  the  fame  Rational  Quotients  4a  and  2a,  be  multiplied  into 
the  faid  common  Divifor  '^(3)4,  the  Product  2aV(3)4,  (that  is,  Y($)32aaa)  fhall 
be  the  Difference  of  Y(3)2^6aaa  and  Y(^)izaaa  firft  propofed. 


More 
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More  Examples  of  the  Addition  and  Suhtraftion  of  Commensurable  fimple  Surd 
Quantities  exprejs'd  by  Letters. 

Example  i. 

What  is  the  Sum  and  Difference  of   .    .    ;    .    .    .    YzSaa  and  Yjaa  ? 

The  Operation. 
I.  V-j)  YzSaa  (Vqaa,  that  is,  2a. 
W.V7)  V  "jaa  (V  aay  that  is,    a. 

From  Divifion  I.        2aY-j=Y2$aa. 
From  Divifion  II.         aY-j—Y  -jaa. 

The  Sum,  i,aY-]=Y2$aa-\-  V-jaa. 

The  Difference,      aY-]=Y28aa — Y*jaa. 

Example  z. 

What  is  the  Sum  and  Difference  of    .    .    .     .    .    Ytfaabc  and  Yzcaabc  ? 
The  Operation. 
I.   Y%bc)  Ytfaabc  (Y$aa,  that  is,  %a. 
JI.  Yrfc)  Vzoaabc  (V^aa,  that  is,  2a. 

From  Divifion  I.        7,aY  ibc=Y  tfaabc. 

From  Divifion  II.        zaY^bc^Yioaabc. 

The  Sum,  %aY  %bc—Y  ^aabc-\-Y  2oaabc. 

The  Difference,       aV '*ibc=Y \%aabc — Vzoaabc. 

Example  3. 

What  is  the  Sum  and  Difference  of    .    .    .    .    Y(i))%iabbban&Y(i)2Atabbb> 

The  Operation. 

I.  V<s)ia)  Y(s)Siabbb  (Y(})2-jbbb,  that  is,  ib. 

II.  V(i)2a)  V(i)2$abbb  (V(i)  8AW,  that  is,  ib. 

From  Divifion  I.  ibY(i)ia—Y(i)Qiabbb. 

From  Divifion  II.  2bY(T, )},a=Y( ; )z\abbb. 

The  Sum,  ^M(i)ia-Y(-i,  )%\abbb-\Y(^)2^abbb. 

The  Difference,       bV($ )i<*=V(i  JZiabbb— Y(i)2\abbb. 

Example  4. 

What  is  the  Sum  and  Difference  of   .    .    .    .   {oJ^%$*£& 

The  Operation. 

I.  Y->\d)  Y-~aad  (Vl6aa,  that  is,  6a. 

II.  V%4i)  Y~yaad  (Y2$aa,  that  is,   $a. 

From  Divifion  I.  6aYT±-d=Y-^aad. 

From  Divifion  II.       %aVTii— Ysjj.aad. 

The  Sum,  liaV  Tld~Y-i^aad->rY-t-^-aad. 

The  Difference,  aY~{-d=Y-~^aad—Y^aad. 

If  two  Surd  Quantities  exprefs'd  by  Letters  be  Incommenfurable,  their  fum  is  given 
by  -f ,  and  their  Difference  by  — ;  as  to  add  Y%a  and  /ja,  I  write  Y$a+Y$a  for 
the  Sum  ;  and  to  fubtracf  Via  from  -/5a,  1  write  Y$a — Y$a  for  the  Remainder  or 
Difference. 


Se£t.  IX.     Addition  and  Subtratlion  in  Compound  Surd  Roots. 

The  Arithmetic  of  Compound  Surds  depends  upon  the  Rules  of  the  Simple,  and 
the  Rules  of  -\-  and  —  in  Algebraical  Addition,  Subtraction,  Multiplication,  and 
Divifion-,  but  how  thofe  Rules  are  applied  to  the  Arithmetic  of  Compound  Surds,  I 
•  ihall  (hew  in  this  and  the  following  tenth  and  eleventh  Sections,  by  Examples  both  in 
Surd  Numbers  and  Surd  Quantities  exprefs'd  by  Letters. 

Examples 
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Examples  of  addition  and  Subtr  attion  in  Commenfurable  fimple  Surd  Numbers  con- 
veiled  to  Rational  Numbers  bj  +  or  — ,  as  alfo  in  Compound  Surd  Numberi 
compofed  of  Commenfurable  fimple  Surds. 

To  and  from        6+/1 8(3/2) 
Add  and  Subtr.    4+/  8(2/2) 

The  Sum        10+^50(5/2; 

Difference        2—/  2 


^192(8/3)+ 3 
V  27(  3/3)  + 6 


To  and  from  4-/242(1 1/2)— 1 2 

Add  and  Subtr.  — /  5  o(— 5/2^+8 

Sum  +/  72(  6/2)— 4 

Difference  4-/512(16/2) — 20 


15— 2/2(/8; 
7+  /2 


22 —  /2 
8— ?/2(/i8) 


To  arid  from 
Add  and  Subtr. 

Sum 

Difference 


/242+/192 
/  50+/  75 
/512+/507 
/  72+^27 


\  that  is,  -j 
>  that  is,  4 


11/2+  8/3 
5/2+  5/3 

16/2  + 13/3 
6/2+  3/3 


To  and  from 
Add  and  Subtr. 

Sum 
Difference 


/320 — /108 
/  8c — /  27 
/720 — /243 
/  80 — /  27 


]-  thatis,  4"       SV;~  6^ 
->  (.   _4/5—  ?/? 


}  thatis,  {      12/5—  9v3 

}  I  4/  5—     3/? 


To  and  from 
Add  and  Subtr. 

Sum 

Difference 


/320+/108 
/  80 — /  27 
/720+/  27 
/  80+/243 


;}  thatis,  -[! 


8/5+  6V? 
4/5—  3/3 


To  and  from 
Add  and  Subtr. 

Sum 

Difference 


/(3)2058+/(?)  54 
/(3)  i62+/(3)  16 
/(3)6ooo+V(3)25Q 
/(3)  384-/(3)     2 


\  thatis,  -j 
]-  thatis,  j 


7/(3)6+3/(3)2 

3/(3)6+2/(3)2 

10/(3)6  +  5/^3)2 

4^(3)6-  /(3)2 


To  and  from 
Add  and  Subtr. 

Sum 

Difference 


/(4)i875+/(})25o 
Z(4)  48— A3)  16 
/(4)7203+/(^  54 
/(/|)  243+/(5)686 


>■  thatis,  4 
|-  thatis,  4 


5/(4)3 +  5^(3)2 
3/(4)?— 2/(3)2 

7/(4J3  +  3/(3)2 
3>/(4)3  +  7^?> 


EXPLICATION. 

In  thefirft  Example  the  Rational  Numbers  6  and  4  added  together  make  10,  and 
their  difference  is  2  ;  then  forafmuch  as  /18  and  /8  (that  is,  3/2  and  2/2')  are 
Commenfurable,  (for  the  former  is  to  the  latter  as  3  to  2)  their  Sum  is  /50  (that  is, 
5/2)  and  their  Difference  V2  (by  Sett.  8.)  Wherefore  10+^0(5/2)  is  the  Sum, 
and  2-/2  the  Difference  of  the  two  Binomials  6+/18  and  4+/8,  propofedin  the 
firft  Example. 

Likewife  in  the  fccond  Example  the  two  Commenfurable  Surd  Roots  /192  and 
/75,  (thatis,  8/3  and  5/3)  added  into  one  fimple  Surd  make /507,  (thatis,  13/3) 
but  their  Difference  is  /27,  (that  is,  3/3  ,)  alfo  +3  and  —3  added  together  make 
o,  but  —3  fubtrafted  from  +3  makes  +6.  Wherefore/507  (thatis,  13/3)  is  the 
Sum,  and  /27  (that  is,  3/3 )  +6  is  the  Difference  of  the  Binomial  /192  +  3,  and 
the  Refidual  V75 — 3  propofed  in  the  fecond  Example. 

Again,  in  the  third  Example,  where  — /50+8  is  propofed  to  be  added  to  /242 
— 12,  and  alfo  to  befubtracfed  from  the  fame;  firft,  — /50  added  to  +/242  (that 
is,    5/2   to  +11/2;  makes   +/72  (that  is,    6/2;;   but   — /50  fubtrafted 

from 
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from  4V242  (that  is,  —5/2  from  +.1.1V2)  leaves  the  Remainder  or  Difference 
4-/5 1 2,  Cthat  is,  16/2  •  alfo  +8  added  to  —12  makes  —4,  but  -f-S  fubtrafted 
from  __I2  leaves  the  Remainder  or  Difference  —20.  Wherefore  ^72  (that  is, 
6/2)— 4  is  the  Sum,  and  /?  12  (that  is,  16/2)— 20  is  the  Difference  of  the  two 
Refiduals  propofed  in  the  third  Example.  The  Operation  in  the  reft  of  the  preceding 
Examples  is  after  the  fame  manner. 

Examples  of  Addition  and  Subtraction  in  Compound  and  Surd  Numbers,  partly 
Commensurable  and  partly  Incommenfurable. 

To  and  from       -Y2^Yi)\Y%  I  /io4V8(2/2) 

Add  and  Subtr.     /i  2(2/3)+/? V  3—  V2 ' 

The  Sum,  /7?:?/3)+/"8+/?  I  /io+/2+~77 

Or,  /7  7.' t/3  )+/"•■  ii-\-Vi6o:       j  / :  i?  +  /i2o:  +/2 

The  Difference,  V;  +/8— V?  /io— Y?+Yii(ly~T) 

Or,  ^3  +V11.3— /'i6o:  Y  :i^—V  120  :-\-Y  1^,(^2) 


To  and  from        ^(3)?6+/(3ji6 
Add  and  Subrr.    Y(i)  7— /( '3  !i2 


Sum  3^(?)  7+V(?;i6—  /(?)i 2 

Difference  /(?')  7^^(5)1 6-fv'(?J)i  2 


^(4)405— ' v/(?)2 
/(4.)  8o+/f*)? 


5VC4)     5+VC3;s— V^;2 
^(4)     5— A?)?— "/(?)2 


E  XPLIC  ALIO  N. 

In  the  firft  of  the  four  laft  preceding  Examples  the  Sum  of  the  two  Commenfurable 
Surd  Roots  V27  and  V12  (that  is,  3V3  and  2/3)  is  /7?,  (that  is,  5/3  ;)  but  their 
Difference  is  V? :  and  the  Sum  of  the  two  Incommenfurable  Roots  /8  and  /?  is 
/84V?,  or  /:i3+/i6o:  but  their  Difference  is  Y 8—/?,  or  V  :i3— V160: 
(according  to  the  Rule  before  given  in  Sett.  8.  for  adding  and  iubtracting  two  Incom- 
menfurable fquare  Roots.  Therefore  ?/3+/8+/?  ,  or  $Yi+Y:i3—  V160: 
is  the  Sum;  and  /3+/8-V?,  or  /3  +  V  :  13—  Y160 :  is  the  Difference  of  the  two 
Binomials  /274V8  and  /12+/?,  propofed  in  the  faid  firft  Example. 

Again,  in  the  third  of  the  faid  four  Examples,  where  /(3)?64-/(3)i6  and 
/(3)7 — V(3)i  2  are  propofed  to  be  added  and  fubtra&ed ;  the  Sum  of  the  two  Com- 
menfurable Surd  Cubic  Roots  /(3)?6  and  /(3J7  is  3/(3)7,  and  their  Difference  is 
/(?)7-,  alfo  the  Sum  of  the  two  Incommenfurable  Cubic  Roots  /(j)i6  and 
— /(3)i2  is  W3J16— /(3)i25  but  — /(3)ia  fubtracled  from  Y(:)i6  lea\es 
■/;  7  Ji  54-/(^)12.  Wherefore  3/(3)7+^?^ — ^(3)12  is  the  Sum,  and 
V(3)7+V(3)i6+/(3ji2  is  the  Difference  of  the  faid  Binomial  and  Refidual  propo- 
fed in  the  third  Example. 

Examples  of  Addition  and  Subtraction  in  Compound  Surd  Quantities  exprefs'd  by 

Letters. 

Example  1. 

To  and  From  Y-j<;aa+Y%bl>  7    -z  $  ? V3 4- ibYz 

Add  and  Subtr.  /i 2^4-/2/;/' j      '\  2V3+  bYz 

The  Sum  is 7^/5  + 3/^/2 

The  Difference  is 3^3  +  bY-i 

EXPLICATION. 
Firft,  ('by  Sett,  -j.)  I  find  that  Y-jfaa  and  /J2«a  are  Commenfurable,  and  may  be 
reduced  to  ?<n/3  and  2-3/3  ■-,  likewile  Yibb  and  Yibb  are  Commenfurable,  and  may- 
be reduced  to  2bYi  and  bYi:  then  the  fum  of  ?j/3  and  211/3  is  7^/3  •,  a  1  io  e 
Sum  of  2/V2  and  bY?.  is  3/1/2  :  therefore  the  .Sum  of  the  two  Binomials  propofed  in 
the  Example  is  -jaY%\%bYz.  But  by  iubtracting  2-2/3  from  ?<*/3,  the  Remainder 
is  3<*/g  5  and  by  fubtracfing  M7  from  2/V2  the  Remainder  is  /;/2.  Therefore  the 
Difference  of  the  two  Binomials  propofed  is  3^/3  4-^/2. 

Examph 
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mteSumand  Difference  of  this  Binomial  j  /(3)i7i?^+/(?)W 

5 I  y(3)     40a  #;— -Vfojfcd*? 

Thofe  reduced  give  thefe,  to  wit,    .    .   .    .    .  S      ~~7ahV(3)5-f\\3)kI~' 

The  Difference,    .    .         EK#i    „  ;, 


Examples  of  Addition  and  SultratVion  in  Compound  Surd  Numbers 
altogether  Incommenfuralle* 


To  and  from 
Add  and  Subtr. 
Sum, 
Or, 
Difference, 
Or, 

To  and  from 
Add  and  Subtr. 

Sum, 

Difference, 


Via  +  V-7 

y  1  +  vz 

V10  +  vi  +  v*-wi_j — 

V:  17  +  /280 :  —  ;T7vF/24: 


•(3)10+  VdJrj 
V(l)  3  —  /(3)2 

/(?;io+  ^3)7  -/(?J3  4-  V(3)2. 


Multiplicand, 
Multiplicator, 


Secf.  X.  0/  Multiplication  in  Compound  Surds. 
Example  1. 
V180+V48?  r  5/5+4/3 


Producf, 
That  is, 


150+  20/15 
IJo-J-  32/15  +  24 


J74+  32/15. 


Multiplicand, 
Multiplicator, 


Example  2. 
-^   that  is,  {   *'-»** 


-/4JJ 

Pfoducf, 


3A 

—  16/5 

—  18/5+30 
"78  —  34/5" 


Multiplicand 
Multiplicator, 


/18  — 
/  8  + 


Example  3 

1} 


that  is,  j^27* 
>  }  2/2  -J-  2 


12  —  6/2 

-f  6V2  —  6 

Producf,        I2 
That  is,      6. 


—  6 


Example  4. 
Multiplicand,        4/5  ■+  3/5  7     ,      .     r  -/- 
Multiplicator,       4/5  +  3/5  |  that  is,  j  g 

Producf,        245 


Ff 
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EXPLICATION. 
In  the firft  Example,  the  two  Compound  Surd  Numbers  propos'd  to  be  multiplied  are 
/180+/48  and  /125+/12,  which  are  reduced  to  6/5  +  4/3  and  5/5  +  21/3  5 
rbv  SeS  6  of  this  Cbap.Jthcn  6/5  multiplied  by  5/5,  (accordingto  Rule  5.  mSeS.A. 
ol  this  Chap  )  produces  150  ;  alfo  4/3  multiplied  by  51/5  (according  to  Rule  6.  in 
SeS  a  )  produces  20/15;  again,  6/5  into  2/3  makes  12/15,  and  4/5  into  2/? 
nroducesHi  laftly,  thole  Produas added  together  make  174+32/15,  the  Product 
ibught     The  reft  of  the  Examples  are  wrought  in  like  manner. 

When  the  Multiplicand  has  not  the  fame  Radical  Sign  with  the  Multiplier,  they 
muft  firft  he  reduced  to  the  fame  Radical  Sign,  (by  SeS.  3.  of  this  CLip)  and  then 
the  Multiplication  is  to  be  made  by  fome  of  the  Rules  in  SeS.  4  as  will  be  mani- 
feft  in  the  following  Example. 

Multiplicand,        V(i)6-\-V(l)l  +   5 

Multiplicator,        Vj 

Product,  /(10J8748  +  Vf 6)1323  +  5^3- 

EXPLICJTIO  K 

1.  V(5)6"  and  /3  are  reduced  to  theft  having  a  common  Radical  Sign,  to  wit, 
V(io)$6  and  /(ic)243,  which  multiplied  one  into  the  other  prod  uce/(  10)874  8. 

2.  ^3)7  and  /;  are  reduced  to  V(6)49  and/(6)27,  which  multiplied  one  by  the 
other  produce /(6)  13 23.  ,.,.,. 

3.  The  Rational  Number  5  multiplied  into/ 3  makes  5V 3  or  V75. 

Laftly,  thofe  three  fimple  Products  added  together  give  the  Product  fought,  to  wit, 
^(10)8748+^(6)1 5?^TT--5^3(V7f  -) 

Three  Compendious  Rules,  very  ufeful  in  the  Multiplication  of 
Binomials  and  Refiduals. 

1.  Becauft  a\e  multiplied  by  a-\-e  produces  aa+iae+ee,  it  is  evident  that  the 
fum  of  the  Squares  of  the  Parts  (or  Names)  or  any  Binomial,  together  with  twice  the 
Product  of  the  Parts  multiplied  oneinto  theother  is  equal  to  the  Square  of  the  Sum  of 
the  Parts.  Therefore  to  multiply  any  Binomial  by  itftlf  (or  to  Iquare  it)  take  the 
Squares  of  the  Parts,  and  twice  the  Product  of  the  Parts  for  the  Square  fought. 

2.  Becauft  a — e  multiplied  by  a— e  produces  aa—2ae-\-ee,  it  is  manifeft  that  the 
fum'of  theiquares  of  the  Parts  of  any  Refidual,  lefs  by  the  double  Product  of  the 
Parts  is  equal  to  the  Iquare  of  the  difference  of  the  Parts.  Therefore  to  fquare  any 
Refidual  from  the  Sum  of  the  Squares  of  the  Parts  fubtracl  twice  the  Producl:  of  the 
Parts,  and  take  the  remainder  for  the  Square  fought. 

3.  Becauft  a-\-e  multiplied  by  a — e  produces  a* — <?e,  it  is  evident  that  the  differ- 
ence of  the  Square  of  the  Parts  of  any  Binomial,  is  equal  to  the  Product  made  by  the 
Multiplication  of  the  Sum  of  the  Parts  into  their  difference.  Therefore  if  a  Binomial 
be  to  be  multiplied  by  its  correfpondent  Refidual,  that  is,  by  the  difference  of  the  Parts 
of  the  Binomial,  take  the  difference  of  the  Squares  of  the  Parts  for  the  Product  fought. 
Theft  three  Rules  will  be  exerciftd  by  the  fix  Examples  next  following,  and  by  divers 
other  Examples  in  this  and  the  following  Sections  of  this  Chapter. 


Multiplicand,  3  •+•  /? 

Multiplicator,  3  +  A 

Produft  9  +  6/5  +  5 

That  is,  14  +  6/5 


3  —  A 


9  —  wT+ 

14  —  6/5 


Multiplicand,  3   -+■  V$ 

Multiplicator,  3  Hr  /? 

Producl,  9  —  5 
That  is,               4 


V(3)  27  +  ^3)  8 
VfO  27  —  V(7)  8 


5 


Multiplicand,      V(6)-j  —  V(6)<; 

Multiplicator,     V(6)-j  +  /(6)5 

Producl,         /(3)7  —  /(3)5 


/(io)7  +  /(i 0)3 

/flo)7  —  /( 1 0)3 

/  (5)7  -  7  CsJi 

h  x~ 
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In  thefirft  of  the  fix  laft  Examples  the  Binomial  3-f  •$  multiplied  into  it  felf  or 
fquared,  produces  14+6V5  -,  for  the  Squares  of  the  Parts  3  and  -/jare9  and  j  and 
twice  the  Produtt  of  3  into  V$  makes  6Y$,  to  wit  V'iSo  ;  therefore  (by  the  firft  of 
the  three  preceding  Rules)  9+5  +  6v/J5  that  is,  14+6/?  is  theSquare  ofthegiven 
Binomial  3-rVs- 

In  thefecond  Example  the  Refidual  3— V$  fquared  or  multiplied  by  itfelf  produ- 
ces 14 — 6V-),  (by  the  fecond  of  the  faid  three  Rules.; 

In  the  third  Example  the  Binomial  3+^5  multiplied  by  its  correfpondent  Refidual 
3— V5  produces  4,  which  (by  the  laft  of  the  faid  three  Rules  J  is  equal  to  the  dif- 
ference of  the  Squares  of  the  Parts  3  and  V-y. 

Likewife  in  the  fourth  Example  the  Binomial  Y(i)2-j+Y(3)8  multiplied  by  its 
correfpondent  Refidual  1^(^)27— '•(3)8  produces  •/(3J729— Y( 3J64,  to  wit,  the 
difference  of  the  Squares  of  the  Parts  of  the  given  Binomial  or  Refidual. 

And  in  the  fifth  Example  the  Refidual  Y(6)-j— Y(6)%  multiplied  by  its  correfpon- 
dent Binomial  v'(6)7+Vr(6)?,  produces  ^(3)7— /(3J5  ;  which  is  equal  to  the  differ- 
ence of  the  Squares  of  the  parts  of  the  given  Refidual  or  Binomial.  For  (by  the  fe- 
venth  Rule  in  Sett.  4.  of  this  Chap.)  the  Square  of  Y(6)j  15/(3)7,  and  theSquare  of 
S(6)$  is  /(3)J. 

Examples  of  Multiplication  in  Compound  Surd  Quantities  exprejlby  Letters. 


Multiplicand      Yabb+Ycff  \  fW  •     j  bYa-\-fYc 
Multiplicator,     Yaid+Ycaa  J  mdl "'    {  JYa+aYc 


bda-\-fdYca 
-\-baYca-\-fac 


Producf, 

bda+fd+baxYca+faG. 

Multiplicand, 
Multiplicator, 

2a+iaYd 
%c — 2cYd 
6ac-\-  gacYd 

— ^acYd — 6acd 

Ybc-t-a 
Ybc — a 

bc-\-aYbc 
— aVbc—aa 

ProducTr, 

6ac-\-  $acYd—6acd 

be            — aa 

Multiplicand,      a-\-Yb 

Multiplicator,  _a+Yb  

Product,         aa+zaVb+b 


Yab-\-Ve 
Yac-\-Yd 


aYbc + cYa+  Yabd+  Ycd 


Multiplicand,      \Wl\dbfl  \  .u„ie    ( ibb+dxYd 
Multiplicator,      3bbVd+dYd   J  tftatis'  \  TH+IxSl 


Product,  9bbbbd+6bbdd+ddd    or     <jbbbb-\-(>bbd-+dd%d. 

The  Operation  in  thefe  fix  laft  Examples  will  be  familiar  to  him  that  underftands 
the  Rules  and  Examples  before  delivered  concerning  the  Multiplication  of  Surd 
Numbers  and  Quantities  expreft  by  Letters. 

SedT:.  XI.    Divijion  in  Compound  Surds. 

Examples  of  Divijion  where  the  Dividend  is  a  Compound  Quantity -,  and  the 
Divifor  a  Simple  Quantity. 


Dividend, 
Divifor, 

Quotient, 


Y21+Y15 
Vj 

/7+V  5 


•(3)14-/(3)28 

•(?)  a-/f  3;  4 
Ff  2 


DM- 


The  Arithmetic  of  Surd  Quantities.  BOOK  II. 


Dividend,    12/6+ 6/18— 2/12 
Divifor  1V6       


Quotient,         4    +  2/  3— f^  2 


Yzo — v'(?)ic 
3 

^-/(3>^ 


Dividend,    VU)S+V($)i 
Divifor,       Yz_ 


Quotient,     V(4)2+Y(io)rl 


Y($)  2  3  3  2  8— VY4J 1  o  3  6  8 

6 

yf4;,8       -/(4J8 


The  firft  Example  is  wrought  according  to  Rule  1.  in  Sett.  5.  of  this  Chap.  For 
flrft,  Y21  divided  by  /3  gives  the  Quotient  Y7,  then  V15;  divided  by  Yt,  gives  the 
Quotient  Y%.  Therefore  Yz\-\- V 15  divided  by  /$  gives  Yj+Y 5,  the  Quotient 
fought  in  the  firft  Example. 

The  fecond  Example  is  wrought  like  the  firft;  for  Y(fj  14  divided  by  Y(i)-j  gives 
^(3)2,  and  — Y(i)zS  divided  by  /(3)7  gives  —^(3)4.  Therefore  Y(-t,)\±— 
Y{{)zZ  divided  by  Y{  3)7,  gives  VT3J2— /C3J4,  the  Quotient  fought  in  the  fecond 
Example. 

The  third  Example  is  wrought  according  to  the  fifth  and  fixth  Rules  of  Sett,  j.  of 
this  Chap.  For  firft,  1 2Y6  divided  by  3/6  give  the  Quotient  4,  ( by  the  faid  fifth 
Rule:,  )  then  6/18  divided  by  3/6  gives  2/3,  (by  the  faid  fixth  Rule -J  likewife 
—2V 12  divided  by  3/6  gives — ~Yz  ;  (for  2  divided  by  3  gives  -f,  and  ^12  divided 
by  Y6  gives  Y2)  Therefore  12/64-6/18 — 2/12  divided  by  3/6  gives 
_^.2^/? — 1/2,  the  Quotient  fought  in  the  third  Example. 

In  the  fourth  Example  /20  divided  by  Yi,  ( that  is,  by  Y<?)  gives  /—,  or  Yz±  j 
and— V(3)io  divided  by  3,  (that  is,  by  Y(  1)17)  gives  — V(3)4-f. 

In  the  fifth  Example  /(4J8  and  Yz  are  firft  reduced  to  ^(4)8  and  Y(^  -,  then 
■/(4)8  divided  by  ^(4)4  gives  Y(^)z  ;  likewife  Y($)i  and  Yz  are  reduced  to  Y,  10J9 
and  V(io)l*s  then  v (10)9  divided  by  Y(io)i2  gives  the  Quotient  Y(\o)T?.. 
Therefore  Y(4.)8-\-Y($)z  divided  by  V2,  gives  /(4>2+/(io1Tt,  the  Quotient 
fought  in  the  fifth  Example.  The  fixth  Example  is  wrought  in  like  manner,  and  the 
Proof  in  thefe  or  the  like  Examples  of  Divifion  may  be  made  by  Multiplication. 

Tropofitions  concerning  Divifion  in  Surd  Quantities,  when  the  Divi/or  is  a 
Binomial  or  Trinomial,  &c 

When  the  Divifor  is  a  Binomial  or  Refidual  confifting  of  two  Square  Roots  or  Bi- 
quadratic Roots,  or  of  one  Square  Root  or  Biquadratic  Root,  and  of  a  Rational  Num- 
ber- as  alfo  when  the  Divifor  isa  Trinomial  or  Quadrinomial,  and  none  of  its  Radical 
Signs  exceeds  tha^of  the  Square  Root,  the  work  of  Divifion  in  thofe  cafes  is  grounded 
upon  thefe  five  following  Propofitions,  viz. 

'  1.  If  a  Binomial  confifting  of  two  fimple  fquare  Roots  connected  by  +-,  be  multi- 
plied by  its  correspondent  Refidual,  that  is.,,  by  the  difference  of  thofe  Roots;  or  if 
a  Refidual  confiftingof  two  fimple  fquaie  Roots  conne&ed  by — ,  be  multiplied  by  its 
correfpondent  Binomial,  that  is,  by  the  Sumof  the  fame.Roots,  the  Producl  will  be 
entirely  Rational.  So  the  Binomial Y 5+/ 3  multiplied  by  V5— •/?,  for  the  Refidual 
V-y—Yz  by  Y'y-'rYx)  gives  the  Rational1  Producl  2,  (by  the  Iaft  of  the  three  Rules 
before  delivered  in  Sett.  1  o.  of  this  Chap.) ' 

Likewife  Ya-\-Yb  multiplied  by  Ya—Yb  gives  the  Rational  Product  a— b. 

2.  If  a  Binomial  confifting  of  two  Biquadratic  fimple  Roots  connected  by +,  be 
multiplied  by  its  correfpondent  Refidual,  to  wit,  by  the  difference  of  thofe  Roots  the 
Producl  will  bealfo  a  Refidual  confifting  of  two  fquare  Roots  connected  by  — ,  and 
if  this  Refidual  be  multiplied  by  the  fum  of  its  Names  (or  Parts  J  it  will  give  a  Pro- 
duel:  entirely  Rational.  " 

As  for  Example,  the  Binomial  Y(ar)$-\-Y(^  multiplied  by  ^4)5— ' v(4)3  makes 
■y/j—v'q,  which  multiplied  by  /$•+•■/ 3  gives  the  Rational  Producl:  2. 

Likew'ifev/(4/)8i— 2  or,  ^(4)  8 1-7/(4)  16  multiplied  by  Y(4)Si+YU)i6  makes 
/81—  Y16,  which  multiplied  by  /81+/16  gives  the  Rational  Product  65. 

3.  If 
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3.  If  a  Trinomial  confifting  of  three  fimplefquare  Roots  connected  by  +  or  by  + 
and—,  be  multiplied  by  the  fame  Trinomial,  after  any  one  Sign+is  changed'  into  — 
or  any  one  Sign  —  into  +,the  Product  willconfiftof  two  Names  (or  Parts*  )  and  then 
if  this  Product  be  multiplied  by  its  correfpondent  Binomial  or  Refidual,  (according  to 
the  preceding  Prop.  1.)  the  laft  Product:  will  be  entirely  Rational. 

As  for  Example,  the  Trinomial  /S+/3+/2  multiplied  by  v^-fV?— v^  gives 
2/15  +  6,  and  this  multiplied  by  21/15;— 6  gives  the  Rational  Product.  24. 

Likewife  V30— V5— Yi  multiplied  by  /30+/5;— Y2  produces  28—2/90 
and  this  multiplied  by  28+2/90  gives  the  Rational  Product  424. 

After  the  fame  manner  Ya  +  Yb—Yc  multiplied  by  Ya-\-Yb-\-Yc  gives  the  Product 
2Y<zl)-\-a-\-b— c,  whofe  Rational  Part  a+b—c  we  may  fuppofe  to  be  equal  to  fome 
fingle  Quantity  d,  and  then  the faid  Product  will  be  aBinomial  2Yab+d,  which  multi- 
plied by  its  correfpondent  Refidual  zYabcnd  gives  a  Product  entirely  Rational,  to 
wit,  4abw  dd.    And  -fo  of  other  Trinomials  that  are  qualified  as  before  is  iuppof'ed. 

4.  If  a  Quadrinomial  confifting  of  four  fimplefquare  Roots  connected  by  +,or  by  + 
and  — ,  be  multiplied  by  the  fame  Quadrinomial  after  two  Signs  +  are  changed  into 
— ,  or  two  Signs  — into+,  the  Product  will  confift  of  three  Names  (or  Parts;  (then  if 
this  Product  bemultiplied  by  its  correfpondent  Trinomial(according  to  Prop.  3.)  there 
will  come  forth  a  Binomial  or  Refidual.  And  laftly,  this  Binomial  or  Refidual  mul- 
tiplied by  its  correfpondent  Refidual  or  Binomial  will  give  a  Rational  Product. 

As  for  Example,  the  Quadrinomial  /6+/ j JrYi+Yz  multiplied  by/6+/j— 
V?— Yi,  produces  the  Trinomial  6+ 2/30—  2/6  ;  which  multiplied  by  its  corre- 
fpondent Trinomial  6  +  2/30+21/6,  (according  to  the  precedent  Prop.  3.)  gives  the 
Binomial  132  +  241/30;  and  this  multiplied  by  its  correfpondent  Refidual  132— 
24/30,  gives  the  Rational  Product  144. 

Atter  the  fame  manner  the  Quadrinomial  Ya+Yb+Yc— Yd  multiplied  by  Ya— 
Yb—Yc—Yd  gives  the  Product  a-\-d— b— c—  v/ad—  xYbc,  whofe  Rational  Part 
a-\-d— b— ewe  may  fuppofe  to  be  equal  to  fome  lingle  Quantity/,  and  then  the  faid 
Produa  will  be  a  Trimonial,  to  wit,  f—zYai—zYbc  h  this  multiplied  by  it  felf 
after  one  of  its  Signs —  is  changed  into  +  (according  to  Prop.  3.)  will,preduce  a 
Refidual  of  two  Names  (or  Parts,)  and  this  Refidual  multiplied  by  its  correfpondent 
Binomial  will  give  a  Rational  Product. 

5  If  two  Numbers  be  given  for  a  Dividend  and  Divifbr,  and  each  be  multiplied  by 
fome  Number,  the  firft  Product  divided  by  the  later  will  give  the  fame  Quotient  that 
arifes  by  dividing  the  given  Dividend  -by  the  given  Divifor  As  if  6  be  to  be  divided 
by  2,  if  you  multiply  each  by  4,  and  divide  the  firft  Product  24  by  the  later  8,  the  Quo-  ' 
tient  2  is  the  fame  that  arifes  by  dividing  6  by  2.  For  (by  17  Prop  7.  Elem.  Euclid) 
if  a  Number  a  multiplying  twonumbers /;,  c,  produce  two  other  Numbers^  and  ac, 
the  Numbers  produced  fhall  be  in  the  fame  proportion  that  the  numbers  multiplied 

are,  viz.  as  b  .  c  : ;  ab  .  ac,  and  therefore  _  =  _  h  alfo  %  —  JL.  From  the  fore^ 

ac        c  ab        b 

going  five  Propofitions  the  following  Rule  is  deduced,  viz. 

6.  A  Rule  for  Divifon  in  Surd  Quantities  when  the  Divifor  is  a  Binomial, 
Trinomial  or  Quadrinomial  cf  fuch  kind  as  before  is  declared. 

Reduce  the  given  Divifor  to  a  new  Divifor  that  may  be  a  fimple  Rational  Quan-' 
tity  ;  reduce  alio  the  given  Dividend  to  a  new  Dividend,  by  multiplying  the  for- 
mer by  the  fame  Quantity  or  Quantities  that  were  Multiplicators  in  reducing  the 
given  Divifor  to  a  Rational  Quantity ;  then  dividothe  new  Dividend  by  the  new  DlvU 
for,  (according  to  the  Method  in  the  Examples  at  the  beginning  of  this  Sett,  n.)  ib 
the  Quotient  fhall  be  the  fame  with  that  which  would  arife  by  dividing  the  given 
Dividend  by  the  given  Divifor. 

As  for  Example,  to  divide  /8+/6  by  Y^-\Yt,  I  firft  multiply  the  Divifor 
/4+/2  by  its  correfpondent  Refidual  Y \ — Y2,  and  it  produces  2  for  a  new  Divifor ; 
alfo  I  multiply  the  Dividend  /8+/6  by  the  faid  Y\ — /2,  and  it  gives  the  Product 
/32+V24— Y16 — /13  for  anew  Dividend,  this  divided  by  2  fthe  Divifor  before 
found)  gives  /8+/6 — 2-^/5  the  Quotient  fought,  being  equal  to  that  which 
would  arife  bv  dividing  /8+/6  bv  /4+/2,  as  will  be  evident  by  the  Proof; 

fof 
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for  if  the  faid  Quotient  V8+-/6— 2— •?  be  multiplied  by  the  given  Divifor/4-^ 
•  2,  it  produce  the  given  Dividend  •8-fV6. 

Likewife  to  divide  ab+bVbc,  by  a+Vk,  I  multiply  each  by  a—Vbc  (the  Refidn- 
al  Correfpondent  to  the  Divifor)  and  it  produces*.* — be  fora  new  Divifor,  andaab — 
bbc  for  a  new  Dividend,  this  divided  by  that  gives  b  for  the  Quotient  fought  ;  for  b 
multiplied  into  the  given  Divifor  a-^Vbc  makes  the  given  Dividend  ab+bVk:  Ano- 
ther way  of  finding  out  the  Quotient  in  this  laft  Example,  is  fhewn  in  the  firft  of 
the  fix  Examples  at  the  latter  end  of  this  Se3.  11. 

Again,  to  divide  10  by  •(4)5  +  /(4)3>  I  multiply  each  by  •(4)5-/(4)3,  and 
there  comes  forth  a  new  Dividend  •(4)50000— ^(4)30000,  and  a  new  Divifor 
Vj — V}  •,  but  this  Divifor  notbeinga  Rational  Number,  I  multiply  again  both  the 
laid  new  Dividend  and  Divifor  by  •  5  +  /?,  and  it  produces  another  new  Dividend 
•(4)1250000 — • ("4)750000-1-'/ (4)4 5 0000 — •(4)270000,  and  another  new  Divi- 
for 2  ;  by  this  I  divide  the  laft  Dividend,  and  there  arifes  •(4)78125—^(4)46875 
4- •(4)28125— V ("4)16875  the  Quotient  fought ;  for  if  it  be  multiplied  by  the  pro- 
posed Divifor  V(^)$-\-V(^)^  it  will  produce  the  given  Dividend  10. 

Again,  to  divide  V8  by  •  34V24- 1,  I  firft  multiply  the  Divifor  by  Vi-\-V2 — r, 
and  it  makes  •244-4,  this  multiplied  by  its  correfpondent  Refidual  •24 — 4  gives 
the  Producf  8  for  a  new  Divifor.  Now  becaufe  the  given  Divifor  was  firft  multiplied 
by  Vi+Vi — 1,  and  the  Product  by/24 — 4,  the  given  Dividend  muft  likewife  be 
multiplied  firft  by  •  34V2— 1,  and  the  Produtt  •  244-4— •£  by  •24—4,  and 
there  will  be  produced  8-fVi28 — 1/192  for  a  new  Dividend  5  loinftead  of  the  given 
Dividend  and  Divifor  we  have  other  Numbers  in  the  fame  proportion,  viz.  8-f  -/i28 — 
•  192  and  8.  Therefore  (by  Prop.  5.)  the  former  divided  by  the  latter  will  give  the 
Quotient  fought,  to  wit,  1  -fV2 — •?  ^  but  that  this  is  the  trueQuotient  willappear 
by  Multiplication,  for  if  1-W2 — V$  be  multiplied  by  the  propoled  Divifor  •34-/2 
4-T,  it  will  produce  the  given  Dividend  Y8. 

Note,  Although  the  new  Divifor  and  Dividend  found  outasaforefaid,may  fometimes 
happen  to  be  Negative  Quantities,  (that  is,  fuchwhofe  values  are  left  than  nothing)  yet 
Divifion  being  made  by  them  with  refpect  to  the  Rules  of  4-  and — ,  they  will  give  the 
true  Quotient  fought.  As  for  Example,  fuppofe  30  be  to  be  divided  by  24V9,  (that 
is  30  by  5  ;  )  firft  the  Divifor  24V9  being  multiplied  by  2 — V?  gives  4 — ■?,  thatis, 
— 5  fora.  new  Divifor,  and  the  Dividend  30  multiplied  by  the  faid  2 — V$  gives  6c — 
•8100  fora  new  Dividend,  which  divided  by  — 5  gives  4-6,  which  is  the  fame 
,  with  the  Quotient  that  arifes  by  dividing  30  by  24-v'9,  that  is,   by  5. 

Again,  let  44V25  be  divided  by  1  4-1/9,  ("that 's,  9  by  4,  where  the  Quotient  is 
manifeftly  2-^)  firft,  the  Divifor  1 4- V?  multiplied  by  1 — Vg  produces  1 — 9,  that 
is,  — 8  for  a  new  Divifor-,  and  the  Dividend  44-2^5  multiplied  by  the  faid  1 — Vg 
makes  44V25 — 4^9—^225  for  a  new  Dividend,  which  divided  by  — 8,  (accord- 
ing to  the  Examples  at  the  beginning  of  this&ff.  11.)  gives — 4. — V^-\-'rVg-\-V^4^ 
the  Quotient  fought,  which  after  due  contraction  makes  2~.  For  4V9,  that  is,  V^4± 
is  equal  to  i-^,  and  •-•14-  is  -4,  which  added  to  the  faid  -^  makes  -i* ;  alio  — •44 
is  — 4,  which  added  to  — |,  (or  — 4)  makes  — -f-,  this  added  to  -Ogives  — *-  (or  2\) 
the  Quotient  before  found. 

7.  When  the  Divifor  is  a  Binomial  or  a  Refidual,  confifting  of  two  fimple  Cubic 
or  Biquadratic,  &c.  Roots,  it  may  be  reduced  to  a  Rational  Divifor  by  this  following 
Propofition,  viz. 

If  in  the  Proportion  of  the  Names  (or  Parts)  of  a  Binomial  or  Refidual,  there  be 
found  fo  many  continual  Proportionals  in  multitude  as  there  be  Units  in  the  Index 
of  the  Radical  Sign,  and  that  the  Radical  Signs  of  the  Parts  of  the  Binomial  or 
Refidual,  and  alfb  of  the  Proportionals  be  the  fame,  but  connected  in  the  Binomial 
by  4-,  and  in  the  Proportionals  by  4-  and—  alternately  ^  or  contrarily,  in  the  Pro- 
portionals by  4-,  and  in  the  Refidual  by  4*  and —  ^  the  Product  made  by  the  Mul- 
tiplication of  the  Proportionals  by  the  Binomial  or  Refidual  fhall  be  Rational. 

As  for  example,  if  therebe  propoled  the  Binomial  •C?J7+^(3)5  ;  find  three  con- 
tinual Proportionals,  that  the  firft  may  be  to  the  fecond,  and  the  fecond  to  the  third, 
as/(3j7  to  ^(3^5,  which  may  be  done  by  the  help  of  Sett.  S.Cbap.  5.  of  this  Book  -y 
where  it  has  been  fhewn,  that  aa,  ae,  and  ee,  are  continual  Proportionals  in  the  Reafon 
of  a  to  c.  Therefore  if  we  fuppole  /( 3)7  to  be  a,  and/(3)5  to  be  ?,  then  the  Square 
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ofYf3)7,  to  wit,  ■•('3)49,  mail  be  the  firft  Proportional  (aa);  the  Prod  ua  of /CO  7 
into  VCiX,  to  wit,  V(lhj,  ftall  be  the  fecond  Proportional  («;5  and  the  Square  of*  '• 
Vf  3)?,  to  wit,  V(?)2j,  fliall  be  the  third  Proportional  (ee)  :  fo  that  thefe  three  Cu- 
bic Roots,  to  wit,  v(?J495  ■/(?>?*,  and  ^(3)27,  are  continual  Proportionals  in  the 
Reafon  of -/(3)7  and  V^jj.  Now  I  fay,  (according  to  the  Propoh'tion)  if  V^w 
— V(0?5+V(a>5  be  multiplied  by  ^(3)74V(3Jj,  the  Prod uft  ftail  be  Ratio 
nal-,  alfo  if  ^r?)49+V(?)?5+^(3>5 be  multiplied  by  ^(3J7— V(3)y,  the  Pro- 
duct;  fliall  be  Rational,  as  will  appear  by  the  following  Operation. 

Multiplicand,      /(3J49  ■— VY3)  35  +  V(z)  2$ 

Multiplicator,      V(i)  7  +  ^(3)    $ __ 

7  —  ^(3)245  +  vY?Ji7J 


4-  ^(3)245  —  V(i)ii$  +   7 
The  Product,  1 2  is  Rational. 


Multiplicand,      V(3J49  4-  Vfo)  35  4-  ^(3)  27 

Multiplicator,    yp)  7  —  ^(3)    5 _ 

7  +/0)24*  +1^(3)17? 


—  v^(3>4?  —  ■/(Qi7?  —  j 
The  Product,  2  is  Rational. 


But  for  the  greater  Evidence  of  the  certainty  of  this  Propofition  in  a  Binomial  and 
Refidual  confuting  of  any  two  fimple  Cubic  Roots  whatever,  let  there  be  propofed 
this  Binomial  V( 3)£+vY 3K  and  iuppofe  /"■  greater  than  d;  then  three  continual  Pro- 
portionals in  the  Proportion  of V(i)b  to  Y($)d  will  be  found  Y(})bb  Y(i)bd  and 
Y(j)dd;  then  multiply  as  before,  v'nt. 

Multiplicand,      V(i)bb  —  Y(i)bd  4-  Y(i)dd 
Multiplicator,     Y(j)b    +  Y(j)d 


b  —  Y(j)bbi  +  V(?)bdd 

+  Y(.i)bbi—Y(\)bii- 

The  Product,  b  4-  d  is  Rational. 


Again, 
Multiplicand,      Y(\)bb  +  V(j)W  +  Y(i)U 
Multiplicator,     Y({)b   ~  Y($)d 


b  4-  V(i)bbd  +  Y(i)bM 
—  V(i)bbd—V(i)bdd' 


Product,  b  —  d  is  Kauonal. 

Whence  you  may  obferve,  that  the  firft  Rational  Produft  is  the  fumof  the  Names 
Cor  Parts  J  omitting  the  Radical  Signs,  of  the  Cubic  Binomial  propofed  ;  and  the 
latter  Rational  Product  is  the  difference  of  the  Parts,  omitting  the  Radical  Signs,  of 
the  Cubic  Refidual  ptopofed :  fo  that  the  Rational  Product  made  by  the  Multiplica- 
tion of  the  faidttoportionalsand  Binomial  or  Refidual  may  be  difcovered  without  any 
Multiplication. 

8.  Now  that  the  ufe  of  thelaft  preceding  Propofition  may  appear,  let  it  be  required 
to  divide  toby  V(i)-j-W(i)<}  3  firft,  becaufe  the  Index  of  the  Radical  Sign  is  3,  I 
feek  three  continual  Proportionals  in  the  Proportion  of  VT3J7  t0  ^ (%)">'■>  which  Pro- 
portionals as  .before  has  been  fhewnfare  Y(x)\%  •/('3J35,  and  v^M  •,  thefe  I 
connect  by  +,  becaufe  the  Parts  of  the  given  Divifor  are  connected  by  — ,  and  thete 
arilesv/(3;494-/C3(35+'/('3j25:  then  by  this  common  Multiplicator  I  multiply 
as  well  the  Dividend  10,  as  the  Divifor  1^(3)7— -1^3)7,  and  it  produces  ^(3^49000 
-*-V(3J??°c>c.+'V/f3)25®°o  for  a  new  Dividend,  and  2  for  a  new  Divifor.  Laltly, 
by  dividing  the  laid  new  Dividend  by  the  new  Divifor,  there  arifes-/(3)6i2j4- 
V'(3J4375 — ■/(3)?i2?  theQuotient  fought :  for  if  it  be  multiplied  by  the  gteat  Di- 
vifor/tj);— /(3)5,  it  will  produce  the  given  Dividend  10. 
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In  like  manner,  to  divide  10  by  this  Binomial  VY B^+vY?)?,  firft,  1  feek  three 
continual  Proportionals  in  the  Reafon  ofV(3  jj  to  V  (3)3,  which  Proporcionals  win  be 
iound  v/(3)25,v/('3)i5,  and/(3)9j  theie  I  conned  by  -\-  and  —  alternately,  btxaule 
the  Parts  of  the  given  Diviforare  connected  by  ■+,  viz.  to  the  firft  Proportional  I  pre- 
fix +  ,  to  the  fecond — ,  and  to  the  third  4-  ;  lb  they  makeVX?)??  —  1^(3)1  54VC?)?. 
By  this  as  a  common  M  duplicator  I  multiply  as  well  the  Dividend  10  as  the  Divilor 
vXBJJ-tVi  3)?i  an(i  tnere  afilcs  a  new  Dividend  1/(3)25000 — v\  3)15000+ 
•v\3)9Coo,  and  a  new  Divifor  8,  by  whichl  divide  the  laid  new  Dividend,  and  there 
comesforth  V'CbH-^H— ^3)— ^+^(3)— H>  theQuotient  lought. 

The  lame  Method  is  to  beoblerved  when  the  Divifor  is  a  Binomial  or  a  Refidual 
contlftingof  two  limple  Biquadratic  Roots. 

As  lor  Example,  to  divide  10  by  1/(4) 5 -fV(4) 3,  (which  h3s  already  been  done  af- 
ter another  manner  in  the  third  Example  of  the  Rule  in  the  fixth  Itep  olthisSecfion^ 
firlt,  becaufe  the  Index  of  the  Radical  Sign  is  4, 1  fearch  out  four  continual  Proportio- 
nals in  the  Reafon  of  VC4J5  to  V{$)$  in  this  manner,  viz.  Forafmuch  as  (by  Sett.  8. 
Chap.  5.  of  this  Book,)  thefe  are  continual  Proportionals,  to  wit,  aaa^aae,  aee,  andtw; 
1  fuppofe  1/(4^5  to  be  «,  and  1/(4,)}  to  be?,  then  1  multiply  VY4J5  into  it  felfcubi- 
cally,  and  it  gives  the  firft  Proportional  1/(4)125,  to  wit,  acta  ; )  alio  I  multiply  the 
Square  of  1/(4)5  int0  ^(4^3 >  and  it  gives  the  lecond  Proportional  V{^)i 5,  (towir, 
aae ;)  again,  I  multiply  '/(4J5  into  the ; square  of  VX4J3,  and  it  gives  the  third  Propor- 
tional 1/(4^45,  (to  wit,  aee  ;  )  laftly,  I  multiply  v'(4,)3  into  klelf  cubicaLy,  and  it 
gives  theiourth  Proportional  1/(4)27,  (to  wit,  eee:  )  Then  becaufe  the  two  Parts  of 
the  given  Divifor  are  connected  by  -f,I  conned  thofe  lour  Proportionals  by  ■+■  and  — 
alternately  -,  fo  there  arifes  this  Compound  Number  1/(4)125 — 1/(4)7 5 4-V(4)45 — 
•/(4J27,  by  which  as  a  common Multiplicator  I  multiply  as  well  the  given  Dividend 
10,  as  the  given  Divifor  1^(4^5 -\-V( 4) 3,  and  there  arifts  a  new  Dividend 
1/(4)1250000 — ^(4)7500004- 1/(4)450000— -1/(4^270000,  and  a  New  Divilor  2; 
which  are  the  fame  in  every  refpecl  with  thole  found  in  the  place  before  cited. 

After  the  fame  manner,  when  the  Divilor  is  a  Binomial  or  a  Refidual  having  5  or  6, 
ts'c  for  thelndex  of  the  common  Radical  Sign  of  the  Roots,  it  maybe  reduced  toa 
new  Divifor  that  fhall  be  Rational.  But  it  muft  be  remembred,  that  when  the  Roots 
are  of  different  kinds  they  muft  firft  be  reduced  to  a  common  Radical  Sign. 

But  when  the  Divifor  cannot  be  reduced  to  a  fimple  Rational  Number  by  any  of  the 
foregoing  Rules,  ("which  are  all  that  I  have  met  with  in  Algebraical  Authors)  the  Divi- 
dend may  befet  as  a  Numerator  over  the  Divifor  as  a  Denominator,  and  the  Fraction 
fo  conftituted  fhall  be  equal  to  the  Quotient.  As  for  Example,  if  1/484-1/(3)3  beto  be 
divided  by  Vi54V(3;6 — 1/3,  the  Quotient  may  be  reprefented  by  this  Fra&ion, 
to  wit, 

1/484-/(3)3 

V15  4-  A3J6— 1/3. 
Examples  of  Divifion  in  Compound  Surd  Quantities  expreft  hj  Letters. 

Divifion  in  Compound  Surd  Quantities  expreft  by  Letters  depends  upon  the  Rules 
of  fimple  Surds  before  delivered  ;  as  alfo  upon  the  general  Method  of  Divifion  in 
Self.  9.  Chap.  5.  Book  1.  as  will  appear  by  the  following  Examples,  fome  of  which  I 
fhall  afterwards  explain. 

Divifor.        Dividend. 
a  4-  Vbc )   ab  4-  bVbc  (b         Quotient.   . 
ab  4-  bVbc 


a  4"  Vbc )    aa  —  be        (a  —  Vbc. 
aa  4-  aVbc 

—  be — aVbc 

—  be —  ai/bc 


V*!>- 


CHAP.  p.        The  Arithmetic  of  Sure/  Quantities.  233 


Vab — Vcd  )    ab  —  cd    (  Vab  -j-  Vci 
ab  —  Vabcd 

—  cd  -\-  Vabcd 

—  cd  -j-  Vabcd 


a  +  Vbc  )     aaa  -{■  bcVbc    (  aa  -f-  be  —  aVbc 
aaa  -\-  aaVbc 

-\-  bcVbc  —  aaVbc 


-f-  bcVbc  -\-  abc 


aa  4-  aVbc  )     aaab  —  abbe    (  ab  —  bVbc 
aaab  -f-  aabVbc 


• —  abbe  —  aabVbc 
—  abbe  —  aabVbc 


a  —  Vbc)     aab  —  bbc  —  abVbc  +   ^Vbc     (  ab  — ■"  **? 
aab  —  abVbc 

-bbc      i  +  **Vfc  ~ 

^C  -f    •/&<; 


EXPLICATION. 


In  the  firft  Example,  firft,  a£  divided  by  a  gives  the  Quotient  A,  by  which  I  multi- 
ply the  whole  Divifor  a-\-Vbc,  and  it  makes  ab+bVbc,  this  fubtrafted  ftom  the  gi- 
ven Dividend  ab-\-bVbc,  there  remains  o  -,  fo  the  Quotient  fought  is  b. 

In  the  third  Example,  firft,  ab  divided  by  Vab  gives  the  Quotient  Vab,  by  which  I 
multiply  the  whole  Divifor  Vab — Vcd,  and  theProduft  is  ab — Vabcd,  this  fubtra&ed 
from  the  given  Dividend  ab — cd,  there  remains  to  be  yet  divided  —  cd-\-Vabcd;  then 
I  divide  — cd  by  — Vcd,  and  it  gives  the  Quotient  -\-Vcd,  by  which  I  multiply  the 
whole  Divifor  Vab — Vcd,  and  it  makes — cd+Vabcd,  this  fubtra&ed  from  the  remain- 
ing Dividend  — cd\Vabcd  leaves  o  5  fo  the  Divifion  is  finifh'd,  and  the  Quotient 
fought  is  Vab-\-Vcd. 

In  the  fixth  and  laft  Example,  firft,  aab  divided  by  a  gives  the  Quotient  ab,  this  mul- 
tiplying the  whole  Divifor  a — Vbc  produces  aab — abVbc,  which  fubtrafted  from  the 

given  Dividend  leaves  to  be  yet  divided  —bbc-\-—Vbc;   then  I  divide  +—Vbc  by 

a  a 

— Vbc,  and  it  gives  the  Quotient  — --,  by   which  I  multiply   the  whole  Divifor 

a 

a — Vbc,  and  it  produces — bbc-\-—Vbc,  which  fubtra£led  from  the  remaining  Di- 

a 

vidend  —bb«\—Vbc  leaves  nothing  ;  fo  the  Quotient  fought  is  ab  —  - . 
a  a 

G  g    •  The 
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the  Arithmetic  of  Vniverfal  Surd  Roots ,  both  in  Numbers  and  Quantities  ex- 

prefs'd  by  Letters. 

Se£t.  XII.    Multiplication  in  Univerfal  Surds. 

Univerfal  Roots  are  the  Roots  of  Compound  Numbers  or  Quantities.  How  to  ex- 
press Univerfal  Roots,  and  to  find  out  their  values,  has  alrejdy  been  fhewn  in  Se&.  28. 
Chap.  1.  Book  i.  I  fhall  therefore  proceed  to  their  Multiplication. 

1.  If  the  lquare  Root  of  any  compound  Number  to  be  fquared,  or  multiplied  into 
itfelf,  caft  away  the  univerfal  Radical  Sign  /  or  /(2),  asalfo  the  Line  that  is  drawn 
over  the  compound  Number,  and  the  compound  Number  itfelf  fhall  be  the  Square 
of  the  univerfal  Root  propoled.  Alio  the  Cube  of  the  Cubic  Root  of  any  compound 
Number  is  the  compound  Number  itfelf,  the  Line  dtawn  over  it,  and  the  univerfal 
Radical  Sign  1/(3)  being  caft  away  ^  and  lb  of  others.  

As  for  Example,  the  fquare  of  this  univetfal  fquare  Root  / :  1 2-1-  v  7, :  is  12+/3  - 
likewife  the  fquare  of  / :  1 2-/3  :  is  12— /3;  alfo  the  fquare  of  /  :  15  +  y  3  +  y  2; 
is  i$+/3+/2  i  and  the  fquare  of  /:  15 — V? — Vi :  is  15 — /? — /2. 

After  the  fame  manner  the  Cube  of  this  univerfal  Cubic  Root  /(3):/25+V5>:  is 
V25+v'9,  that  is  8.  

Likewife  the  Square  of  /  :aa+bb:  is  aa+M,  and  the  Cube  of  /(?) :  b!>b+ccc: 
•is  bbb+ccc-,  alfo  the  fquare  of  V:\c-\-  \ic — n:  is  itM-v+o; — n:  and  fo  of  others. 

2.  When  an  univerfal  Root  is  to  be  multiplied  by  a  Rational  Quantity,  or  by  a 
fimple  or  compound  Surd,  or  by  any  univerfal  Root;  multiply  the  lquare  of  the 
Multiplicand  by  the  lquare  of  the  Multiplier,  when  the  univerfal  RadicalSign  isQua- 
dratic ;  or  the  Cube  of  the  one  by  the  Cube  of  the  other,  when  the  univerfal  Radical 
Sign  is  Cubic,  &c.  then  before  that  Cubic  prefix  the  given  univerfal  Radical  Sign; 
fo  fhall  this  new  univerfal  Root  be  the  Pfoduft  fought, 

As  for  Example,  if  it  bedefired  to  doubleor  multiply  by  2  this  univerfal  fquare  Root 
V:  1 0+/40: 1  take  thefquare  of  2  which  is  4,  and  the  fquare  of  /: 10+/40:  whxh 
(by  the  foregoing  firft  Rule  of  this  SeS.)  isio+/40j  then  I  multiply  10+1/40  by  4, 
and  it  makes  40+4/40,  or  40+/640,  whofe  univerfal  lquare  Root,  to  wit, 
/:  40+4/40:  or  /:40+/64o:  is  the  Product  of  /  ;  i 0-1-/40 :  multiplied  by  2, 
or  the  faid  Product  may  be  exprefs'd  thus  2/ :  10+/40: 

Likewife  if  V(^):  V^)6^-\-y\i,2-j:  be  to  be  doubled  or  multiplied  by  2,  I  firft 
multiply  each  of  thofe  Numbers  cubically,  becaufe  the  RadicalSign  of  the  given  univer- 
fal Root  is  /(?),  and  their  Cubes  will  be/v3)64+/(3)27  and  8  ;  which  multiplied 
one  into  the  other  make  8/^3)64+8/(3)27,  to  which  Product  1  prefix  the  univerfal 
RadicalSign  A3)  and  it  gives /(?}  18/(3)64+ 8/(3  27:  that  is,  A3):  32  +  24:  or 
^(3)56,  which  is  the  Product  foughr,  to  wit,  the  double  of  /(3):A3)64+ /(3)27 : 
After  the  fame  manner  if  /n):/(3)64+/( 2)36  +  3  :  be  to  be  multiplied  by  5, 
or  /(3)i2j,    the  Produtt  will  be   /(3J:i2j/(3)64+ 125/(2,136+375:  that  is, 

/(3)i62j.  _ 

Again,  to  multiply  /:/io+/3 :  by  A,  their  Squares  are /10+/3  and  5,  which 
multiplied  one  into  another  make  y/ 10+5/3,  (that  is,  /250+/75)  whofe  univer- 
fal fquare  Root,  to  wit,  / 15/10+5/3:   (or  /:/25o+/75  0  is  the  Produ£t  of 

/ : / 1  o + /  3 :  m ultiplied  bv  A-  

Likewife,  to  multiply  A13+/9:  by  /;s.+/i6:  (that  is,  4  by  3,  where  rhe 
Product  ismanifeltly  12  SJ  the  Squares  of  the  univerfal  Roots  propofed  are  13+A 
and  5H-/i6,  which  multiplied  one  into  another  make  65  +  5/9+13/16+A44  h 
whofe  univerfil  lquare  Root,  to  wit,  A65  +  5/9+13/16+A44:  that  is,  /144, 

or  1 2,  is  the  Product  fought.  

Again,  to  multiply  AL+A+  into /-.  J-— /^:  I  multiply  their  Squares  £-+vf| 

and  -7-— A|  one  into  another,  according  to  the  laft  of  the  three  compendious_  Rules 

in  S'eS.  10.  of  this  Chan,  and  there  comes  forth  If  —  if>  that  is  5,  («>  w"fi  the 

1  difterence 
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Soalfo  to  multiply  /:5+/2:  by  /?+/2,  their  Squares  j+/2  and  7+2/io 
multiplied- one  into  another  give  35+10/10+7/2  +  2/^  whofe  univerfal  We 
Root  to  wit,  Y: 35  +  10/1 0+7/2+2/20:  isjhe  Produft  fought 

Moreover,  to  multiply  /:/i44+4:  -/:/4+2:  by  /777^=7r  (that  is 

2  by  3,  which  will  produce  6  )  I  firit  multiply  the  Square  of  /VrZZ+T7  bv  the' 
Square  oi  V  :Y  1 00-1 -viz.  /144+4  by  Vioo-i,  and  it  makes  •14400+J100 
-/i 44-4,  before  which  I  prefix  the  univerfal  Radical  Sign  /  and  it  e  vk 
V:Vi44oo+4Vioo-Vi44-4:  which  is  one  of  the  Members  of  the  Produft 
fought;  then  I  multiply  in  like  manner  -/ ; y4+2 .  by  /77To^7:  and  it  makes 
-V  :/4oo+2/ioo-/4-2:  for  the  latter  Member  of  the  Produa  fought  Laff 
ly,  both  thofe  Members  being  joined  together  give  Y  :v  14400  +  4vico— yir7~ 

Frod^qS60-^"  th3t  *  *****  that  ls>  "^  -  6,    g  J 

3.  Sometimes  the  fourth,  fifth,  and  fixth  Rules  in  &S  -1    nf  Ffcfe  r? 
ufeftM^he  Multiplicadoj  of  univerfal  Surd,    As  rflc  Vuefed^f  ^  ± 

fo  rh«e  is  produced^,';/,  V  is,  ?##£>  forSota'fough?*''5 ' 

Likewife,   ?/:6+/o:  multiplied  by  2/76+Vo7  (that  is    t?  bv  a\  ^ 
60+10/9,  (that  is,  90.)  '"    ^        1S>  **  by  6)  produces 

Moreover  if  5/:  6+/9:  be  to  be  multiplied  by  3^7x7=7^  (that  is,  icbyi2) 
1  firft  multiply  5  by  3  and  it  makes  15,  then  I  multiply  /76+7^by  /^ir^ 
and  it  produces  V;io;+  13/9:  which  latter  Product  multiplied  into  the  former 
Pioduft  15  makes  «/:ioj+i3y9:  (that  is,  180)  the  Produft  fought  * 

4.  Sometimes ;alfo  the  three  Rules  before  delivered  in  SeS.  10.  of  this  cLo  m,^ 
mg  themult.plymg  of  Binomials  and  Refiduals  will  be  ufeful  in  the  MuSicaS   P 
univerfal  Surd  Roots.    As  if  this  Binomial  Root  Y-i2+Y6~+  V^T~&r? 
to  be  fquared  or  multiplied  into  itfelf,  the  Squares  of  the  Parts  are  72+/ fm  li 
V6,  whofeSum  is  24  sjhenthePiodua  made  by  the  Multiplication  of the  Part  S 

faid  Producl  is  a/, 38,  whichldded  to  ^S^l?^S8Sttffi 
^4+^138,  which  is  the  Square  of  yTTT+T^-  +  YTT^YJT  Moreov^  S 
fi^SSjgfe  fal^l±-^  to  wit,  7:24+2/1,8:  is  the  Sum  55 £ 

Again,  if  6+V  :  20-/1 6 :  be  to  be  multiplied  into  6— /•  ?n— -i/t/s  •  i*p  PrnA  n. 
willbefound  2o;  for  (according  to  Rule  3'  in  jfifit  of  £  C&  /  i  20-/  g 
which  is  the  Square  of/  :  2c— /i  6  :  be  fubtrafted  from  36  the  Sauare  of  6  9h£ 
will  remain  i6+/ig,  that  is,  20  the  Produa  fought       3     tlie^uareot  6>  there 

?rotuT^heY?V:2C-V5:  be  "  be  multiP^  into  /2c-/71c=?7:  the 

!  ^1^fr?SS^¥?t0.be  ^Pliedby/,y-/,2o-/i6.-rthat  is 

3  by  1  OJirit, jtheSquares  of  the  univerfal  Roots  propofed  are  ;+/  -20— YTs'- 

If tti  '  S6  •"  ?er+^-Ukiplied  one  ^  the  other>  by  taking  the  difference 
of  the  Squares  of  5  and  YT2^7iT:  give  the  Produa  5+/16,  whofe  univerfal 

"  §  2  fquare 
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fquare  Root,  to  wit,  / :  5  +/16 :  that  is  ?,is  the  Produft  ofthe  two  univerfal  fquare 
Roots  propofed  to  be  multiplied. 

?  The  Tout  preceding  Rules  of  this  Section  are  alfo  to  be  obferved  in  the  Multi- 
plication of  univerfal  Surd  Roots exprefs'd  by  Letters.  As  if  it  be  defired  to  multiply 
VTaa+W:  by  a,  I  multiply  their  Squares  aa-\-bb  and  aa  one  into  the  other,  and  there 
comes  forth  aaaa-\-aabb,  whofe  univerfal  fquare  Root  V  :aaaa-\-aabl/:  is  the  Product 
fought;  which  may  more  compendioufly  be  exprefs'd  thus,  aV  :aa-\-bb: 

Likewife  to  multiply  /:  00+ qmp:  into  — ,  I  writ«  v'00ZZ+4w'F^or  g_  V-.oo^-^mp: 

a  aa  a 

for  the  Produ£E 

Again,  if  V  :aa-\-ii:  be  to  be  multiplied  by  a+3,  the  Product  may  be  fignified 
by " a+  3  into / : aa-\- 1 2:  Or,  after  the  Squares  of  the  Quantities  propofed  are  mul- 
tiplied one  into  the  other,  and  the  univerfal  Radical  Sign  prefix'd,  the  Product  may  be 
exprefs'd  thus,  V : aaaa-\- 6aaa-\-2jaa-\^j2a-\-i 08:      

So  alfo  Vbc  multiplied  into  V-.aa+bb :  produces  V:aabc+bbf>c:  and  V  :Vbc-\-Va \ 
multiplied  by  V:Vba — Vbc:  produces  /  :bVca-\-aVb — be — Vabc:  that  is  ^ 
V:Vbbca-\-Vaab — be — Vabc:  u 

Again,  after  the  manner  ofthe  preceding  third  Rule  of  this  Seftion  aV  :(>b—cc: 
multiplied  by  dVTbb — cc :  produces  adbb — adec. 

And  aV:b-\-c:  into  dV :  b — c :  produces  adV :  bb — cc  \ 

Moreover,  if  this  Binomial  Root  VTVa+Vbc:  +  V:Va—Vbc:  be  to  be  fquared 
or  multiplied  into  itfelf,  firft,  the  Squares  ofthe  Names  or  Parts  of  the  Binomial  are 
/<z+ Vbc  and  Va—Vbc,  which  added  together  make  2vV,  then  the  double  Product 
of  the  Parts  is  2V :  a+ Vbc :  (for  the  difference  ofthe  Squares  of  Va  and  Vbc  is  a — bc^ 
whofe  univerfal  fquare  Root  doubled  is  2V: a— be:)  which  double  ProduQ  added  to 
iVa  (to  wit,  the  fum  ofthe  Squares  of  the  Parts  firft  found)  makes  2Va-\-2V :  a— be: 
which  is  the  Square  or  Product  defired ;  and  if  the  fquare  Root  of  this  Produft  be  ex- 
tracted, it  gives  V:  2/*+ 2/:  a — be:  which  is  equal  to  the  Sum  ofthe  Parts  of  the 
Binomial  Roots  firft  propofed  to  be  fquared. 


SedT.  Xlir.   DivtJioH  in  Vniverfal  Surds. 

Divide  the  Square  ofthe  Dividend  by  the  Square  ofthe  Divifor,  when  the  univer- 
fal Radical  Sign  isQuadratic,or  the  Cube  ofthe  one  by  the  Cube  of  the  other,when  the 
univerfal  Radical  Sign  is  Cubic,  &c  then  prefix  the  given  univerfal  Sign  to  the  Quo- 
tient, fo  (hall  this  new  Root  be  the  Quotient  fought. 

As  for  Example,  if  it  be  defired  to  divide  V:  40 +  4/40:  by  2,  I  divide  40+4/40, 
which  is  the  Square  ofthe  Dividend,  by  4  the  Square  of  the  Divifor,  (according  to 
SeB.11.  of  this  CfiapJ  and  there  arifes  1 0-+/40,  whofe  fquare  Root  univerfal,  to  wit, 
V:  1 0-7-/40 :  is  the  Quotient  fought.      

Again,  if  it  be  defired  to  divide  V :  40+4/40:  by  V:  10+/40:  firft,  *  take 
their  Squares,  to  wit,  40+4/40  and  10+/40  as  a  Dividend  and  Divifor,  then  be- 
caufe  the  Divifor  is  a  Compound  Number,  a  new  Dividend  and  Divifor  mult  be  found 
out  fuch  that  the  new  Divifor  may  be  a  Rational  Number ;  fo  (according  to  the  Rule 
in  the  fixtb  branch  of  Sett.  11.  of  this  Chap.)  there  will  be  produced  240  and  60  for 
a  new  Dividend  and  Divifor,  which  give  the  Quotient  4,  whofe  fquare  Root  is  z  the 
Quotient  fought,  to  wit,  the  Quotient  0^:40+4/40:  divided  by /:  10+ /40: 

Likewife,  todivide  20  by  /:  10— Zf  :  firft,  I  reduce  their  Squares  400  and  10— /? 
to  a  new  Dividend  and  Divifor,  towit,  4000+400/5  and  95  •,  then  I  divide  4000+ 
400/s  by  9T,  and  there  arifes  42t4+4^/?,  whofe  univerfal  fquare  Root,  to  wit, 
/•.42-r4+4^/5:  the  Quotient  fought. 

Another  Example  (in  Rational  Numbers  exprefs'd  Surd-wife)  may  bethis,T;n:.fuppofe 
it  be  defired  to  divide  /  :4+/25 :  by  / :  1  -4-/9 ;  (that  is,  by  3  and  2,  which  gives  the 
Quotient  i.yy)  firft,  I  reduce  4+/2J  and  1  +  /9,  the  Squares  ofthe  given  Dividend 

and 
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and  Divifor,  to  a  new  Dividend  and  Divifor,  to  wit,  4+/2J— 4/9— /22  s  and  —8, 
thefe  give  the  Quotient  4,  (as  has  been  proved  in  the  latter  Example  of  the  Note  in 
the  preceding  Sell.  11.)  the  'fquare  Root  whereof,  to  wit  A,  is  the  Quotient  fought ; 
for  if  the  given  Divifor  V :  1  +  Y9 :  be  multiplied  by  the  Quotient  i-,  it  will  produce 
3,  which  is  equal  to  the  given  Dividend  Y:^  /2? : 
'Again,  to  divide  /(?)  18/(3)64+8/(2)27:  by  2,  I  divide  the  Cube  of  the 
one  by  the  Cube  of  the  other,  viz.  8/(3)64+8/(2)27  by  8,  and  there  arifes 
/(2)64+/(2)27  ,  whofe  univerfal  Cubic  Root,  to  wit',  V^):V6^-\-V(2)2-j% 
is  the  Quotient  fought,  to  wit,  the  half  of  the  Dividend  propofed. 

2.  If  the  given  univerfal  Roots,  to  wit,  the  Dividend  and  Divifor  be  commenfurable, 
then  (according  to  the  fifth  Rule  of  Sett.  5.  of  this  Cbap.)  divide  the  Rational  part  of 
the  Dividend  by  the  Rational  part  of  the  Divifor,  and  what  arifes  is  the  Quotient 
fought.  As  to  divide  21/T6+V9":  by  3V:  6+Y9:  I  divide  21  by  3,  and  there  ari- 
fes 7  for  the  Quotient  fought.  __ 

Likewife  i83V/:V'3— Y2I  divided  by  -i^V  :/3— 2  i  gives  the  Quotient  24, 

2.  Divifion  in  univerfal  Surds  exprefsM  by  Letters  depends  upon  the  Rules  before 
given  :  as  to  divide  V  :aaaa-\-aabb:  by  a,  I  divide  the  Square  of  the  Dividend  by  the 
Square  of  the  Divifor,  viz.  aaaa-\-aabb  by  aa^  and  there  arifes  aa+bb,  whofe  fquare 
Root  univerfal,  to  wit,  Y:aa-\-bb:  is  the  Quotient  fought.  .    J 

Again  if  it  be  defired  to  divide  Y  :Ybbca-\-Yaab—k—Yabc:  by  V:bc+Va: 
I  divide  the  fquare  of  the  Dividend  by  the  fquare  of  the  Divifor,  viz.  Ybbca+Yaab— 
be— Yak  by  Ybc+Ya,  (according  to  the  Method  in  the  Examples  at  the  latter  end  01 
Sett.  1 1.  of  this  Cbap.)  and  there  arifes  Yba—Ybc,  whofe  univerfal  fquare  Root,  to  wit, 
Y  :Yba—Ybc:  is  the  Quotient  fought.        

Moreover  to  divide  iY\bb\cc\  by  ^aY  \bb-\-cc:  becaufe  they  are  commenfurable, 
I  divide  only  the  Rational  part  by  the  Rational,  and  there  arifes  —  for  the  Quotient. 

4  Laftly,  when  the  work  of  Divifion  inuniverfal  Surds  according  to  thefofegoing 
Rules  and  Examples  in  thisSeaion,  happens  to  be  intricate,  or  will  not  work  off  juft 
without  a  Remainder,  you  may  fet  the  Power  of  the  Dividend  (the  univerfal  Radical 
Sign  being  omitted)  as  a  Numerator,  over  the  Power  of  the  Divifor  as  a  Denominator, 
and  prefix  the  univerfal  Radical  Sign  before  the  Line  that  ieparates  the  Numerator  from 
the  Denominator ;  then  fhall  the  univerfal  Root  fo  denoted  fignifie the  Quotient  fought. 

As  if  it  be  defired  to  divide  /:/j+/8— 3 :  by  Y  :Y-]—Yi^  1 :  the  Quotient  may 

be  reprefented  by  this  Fraction  Y  i  A^^r^  ■ 
Likewife  if  Y -.Yabb-^bcd:  be  to  be  divided  by  Y-.Yac— dd:  you   may  write 

^yabb+bed,  t0  fignifie  the  Quotient.        . 
Yuc — dd 


Sect.  XIV.    Addition  and  Subtrallion  in  TJniverfal  Surds. 

1.  When  two  univerfal  Surds  propofed  to  be  added  orfubtra&ed  are  commenfura- 
ble, they  may  be  added  or  fubtraaed  like  fimple  Surds,  (according  to  the  Rule  in  Sett.  8. 
of  this  Cbap.)  As  for  Example,  if  the  Sum  and  Difference  of  /:  8+4/3:  and 
YlT\YT:  be  defired ;  becaufe  each  of  them  divided  by  their  common  Divifor 
'</':  i^-Yf:  gives  Y\  and/ 1,  that  is,  2andi,  which  are  Rational  Numbers  exprefling 
the  proportion  of  the  Surds  propofed.  Therefore  the  Sum  of  2  and  1,  to  wit,  3  multi- 
plied into  the  faid  common  Divifor  gives  3/:  2-1-/3  :  for  the  Sum  required,  (which 
mav  alfo  be  exprefs'd  thus,./:  18+/243  0  and  the  difference  of  the  faid  2andi,  to 
wit,  1  multiplied  into  the  faid  common  Divifor  /:2+/3:  makes  /T2+/3:  for 
the 'difference  of  the  two  Roots  firft  propofed. 

Another  Example  in  Rational  Numbers  exprefs'd  Surd-wife,  viz.  let  it  be  required 
to  find  out  the  Sum  and  Difference  of  /  .-99  +  9/25. •  and  /:44+4/2$:  (that  is, 
12  and  8  ■,  firft,  thofe  univerfal  Roots  being  feverally  divided  by  the  common  Divifor 


22  8  The  Arithmetic  of  Surd  Quantities.      BOOK  II. 

/777+V25":  give  the  Quotients  V?  and  V^  to  wit  3  and  2,  which  are  Rational 
Numbers  expreffing  the  Proportion  which  the  given  Roots  have  one  to  another.  There- 
fore 3  +  2,  to  wit  5,  multiplied  into  the  common  Divifor  V :  21+/25:  gives 
5/:  11+^25:  that  is,  / .•275+^15625  :  (to  wit  20)  which  is  the  Sum  of  the  Roots 
propofed;  and  3— 2,that  is  1, multiplied  into  thefaid  / :  1 1 4-V25  :  gives  /:ii+/2j: 
that  is  4,  for  the  Difference  of  the  given  Roots. 

Here  follow  Contractions  of  the  work  of  Addition  and  Suhtratlion  in  the  two  loft 
Examples j  with  others  of  like  nature  in  Surd  Quantities  exprefsd  bj  Letters. 

Example  1. 

What  is  the  Sum  and  Difference  of   :    .    .    .    *    V:  8+41/3:  and  /T2+/3: 

The  Optration. 
I.  V:2+Vi:  )    VT8+4737    (  /4,  that  is,  2. 
II. /:2+/3:)    V:2+  Yy.     (  /i,  that  is,  1. 
Therefore  from  I.  2/ :  2  +  /  3 :  =  /•■  8+4/3: 
And  from  II.        i/:2  +  /?:  =  /:  2  +  /? 


The  Sum,  3^:2+  V;:  =  V 18+4/3: 

The  Difference    I/-.2+  /3~:  =  /:  8+4/3 


+  /:2+/3: 
—  /:2+/3: 


Example  2. 
What  is  the  Su  m  and  Difference  of   / :  9  9  +  9/  2  5 :  and  / :  44+4/15 

Tie  Operation. 
I.   /:ii+/2f:  )     /:99+9V25 


II. /:ll+/25:  )     / 144+4/25 
Therefore from  I.    ;/:n+  /25 


And  from  II.  2/  •.  1  n-  V2  5 


The  Sum,  5/:  11+  /2? 


The  Difference,       i/:ii+  /25 


(  /9,  that  is,  3. 
(  /4,  that  is,  2. 
==  /:99+9/25: 
=  /:44+4/2>" 

=  /:  99-f9Vz5  :  •+-  ^44+4/25  : 
=  /:  99+9^25:  —  ^44+4/25. • 


Example  3. 


What  is  the  Sum  and  Difference  of   /  :aaaa-\-aabb  :  and  Y-.aabb+bbbb: 

Thole  reduced  (by  Sell.  6.  of  this  Chap)  give    aY:aa-\-bb:  and  bY:aa-\-bb: 
Therefore  their  Sum  is    ....    a-\-b  intoY :aa-\-bb: 
And  their  Difference  is    .    .     .    .    a  c/5  b  into  /  :aa+bb: 


Example  4. 

What  is  the  Sum  and  Difference  of  1 1/ooz*+4»y»  and  ^oomm+qummmp 

j  aa  Ppzx. 

By  dividing  each  of  them  by  their  ~\ 

common  Divifor  Y  .-oo+^np.-C  *.         anj  <»« 

there  will  arife  Rational  Quoti-  \  a  ^ 

ents,  to  wit, J 

Therefore  the  Surds  propoled  are  7  z    V 

Commenfurable  and  inftead  of>— /:oo+4w;p.-  and  ~Y :oo-\-Amp: 
them  we  may  write    .     .    ;    3  ^z 

Therefore  their  Sum  fhall  be    .  X— +  —  into  Y.oo+ynp: 
inans> Jan* — into  / .- oo+4»;p  7 

And 
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-  '   "     '  ■  ■  !■■   ■■  ■■  ■        ■  ml. 

And  the  Difference  of  the  given  Surds  fliall  be  -p2*  ^^into  Y-.oo+^mp-. 


Example  5. 

What  is  the  Sum  and  Difference  of  thefe  two  univerfal  Roots  ? 

Y:aaaa   -\-   6aaa  \   liaa  -f   72*  -f-    1 08:  and 

V:aaaa  -\-loaaa  -+■   $-jaa  —  !2oa-\-  300: 

The  Operation. 

The  given  Roots  are  Commenfurable,  (as  has  been  fhewn  in  the  laft  Example  but 

one  in  Se8.  7.  pf  this  Chap  )  and  may  be  exprefs'd  thusj 

a  4-    3 V  :  aa  +    12:  and  ais>^Y  :aa  4-    12: 
Therefore  their  Sum,  fuppofing  a  to  be  greater  than  ?,  mall  be 

2a  —  2  into  V:jj  -+-   12: 
And  their  Difference  fhall  be  SY-.aa  -\-  12: 

But  if  we  fuppofe  a  to  be  lefs  than  ;,  then  the  Sum  of  the_  given  Surds  will  be 
%V:aa-\-\2  :  and  their  Difference  2a  w  2V  :aa-\- 1 2 :  that  is,  2aw  2  into  V  :aa-\- 1 2  : 

2.  When  the  Root  of  a  Refidual  is  to  be  added  unto,  or  fubtracted  from,  the  Root 
of  its  correfpondent  Binomial,  thofe  Roots  may  be  connected  together  by  -f  °r  —  ; 
and  then  the  whole  being  multiplied  into  itfelf,  the  univerfal  Root  of  the  Produft  fhall 
be  the  Sum  or  Difference  of  the  Roots  given  to  be  added  or  liibtrafted,  as  before  has 
been  fhewn  in  Rule  4.  SeS.  12  of  this  Chi<p.  

As  if  thefe  two  Roots  be  propofed  to  be  added,  to  wit,  Y:  12+V6:  and  Y :  12 — Y6: 
we  may  multiply  this  compofed  Number  V :  124-V6:  +  V:i2 — V6:  into  itfelf, 
and  there  will  be  produced  24+ 2^1 3  8,  whofe  univerfal  fquare  Root,  to  wit, 
Y :  24+  2^178:  fhalfbe  the  Sum  of 'He  two  Roots  propofed  to  be  added. 

Likewife  if.  Y:  i2-\-Y6:  —  V:i2— V6:  be  multiplied  into  itfelf,  the  Produfi 
will  be  24 — iY  1 3 8,  whole  univerfal  fquare  Root,  to  wit,  ^24 — 2^138:  is  the 
D.fiereixe  of  the  two  Roots  propofed. 

After  the  fame  manner  the  Sum  of  thefe  two  Roots,  Y:  io+v'36:  and  V.-io — Y^6% 
will  be  round  Y : 20+2V64:  (that  is,  Y?6,  to  wit  6;)  but  their  Difference 
Y  :  2c — 2V64:  (that  is  ^4,  to  wit  2.)  

Likewife  the  Sum  of  thefe  Binomial  Roots  Y  :Ya-\-Ybc:  and  Y-.Ya — Ybc:  will  be 
found  Y  :2Va-\-2V7a—bc:  and  their  Difference  Y-.2Ya — zY-.a—bc: 

3.  BUt  if  rhe  univerfal  Roots  propofed  be  not  Commenfurable,  nor  fuch  Binomials 
and  Refiduals  as  are  mentioned  in  the  laft  preceding  Rule,  then  they  are  to  be  added 
by  +,  and  fihtraQed  by  — • 

As  if  Y :  5  -\-Y2~:  and  Y  :  5 — v  3  -.  be  to  be  added,  I  write  ■•:  ;-f  Y2:  -+-  Y:  — Y$  : 
for  the  Sum,  and  to  fubttaft:  Y  :■>— Y3:  from  Y:$-\-Vz:  I  write  YlJ+YT:  — 
V:5 — Yl:  for  the  Remainder.  

Likewife  the  Sum  of  Y  :aa-\-bb:  and  Y;aa — cc:  is  Y:aa\bb:  +  Y-'<*a — cc:  and 
their  Difference  is  Y-aa-\-bb:  —  Y:aa — cc: 


Seel.  XV.  Concering  the  Constitution  and  Invention  of  fix  Binomials  in  Numbers, 
agreedle  to  thoje  expounded  in  Prop.  49,  50,  yi,  f  2,  53,  5-4.  Elem.  10. 
Eucl. 

By  way  of  preparation  to  the  Conftruftion  of  the  fix  Binomials  in  Numbers  I  fhall 
premife  this 

QUESTION. 
To  find  two  fquare  Numbers  whofe  Difference  may  be  equal  to  a  given  Rational 
Number  ? 

C  A  NO  N. 
Take  any  two  Numbers,  which  multiplied  one  by  the  other  will  produce  the  given 

Num- 
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Number  •,  then  half  the  Sum  of  thofe  two  Numbers  and  half  their  difference  fhall 
be  the  Sid'es  or  Roots  of  the  two  Squares  fought. 

As  if  5  be  given  for  the  difference  of  two  Squares  fought,  I  take  5:  and  1  -,  for 
rhe  Product  of  their  Multiplication  is  5;  ;  then  thehalf  of  their  Sum  is  3,  and  the 
half  of  their  difference  is  2 ;  laftly,  the  Squares  of  the  faid  3  and  2  are  9  and  4,  the 
Squares  fought  -,  for  their  difference  is  5,  as  was  prefcribed. 

Again,  the  fame  Number  $  being  given  for  the  difference  of  two  Squares,  take  a 
Number  at  pleafure,  as  2,  by  this  divide  the  given  Number  5,  the  Quotient  is  1,  there, 
fore  the  Producf  of  the  Multiplication  of  the  Divifor  a  by  the  Quotient  i  is  ^  then 
according  to  the  Canon,  half  the  fum  and  half  the  difference  of  the  faid  2  and  4.,  to 
wit,  i  and  ~,  fhall  be  the  Sides  of  the  Squares  fought ;  and  confequently  the  fquares 
rhemlelves  are  44-  and  ^4,  whofe  difference  is  5,  as  was  defired. 

After  the  fame  manner  innumerable  pairs  of  fquares  may  be  found  out  in  Rational 
Numbers,and  the  difference  of  each  pair  fhall  be  equal  to  one  and  the  fame  givenN  umber. 

The  Reafon  of  the  Canon  may  be  made  manifeft  by  this 

Tfjeorevt. 

The  Producf  made  by  the  Multiplication  of  any  two  unequal  Numbers  is  equal  to 
the  difference  of  two  fquares,  to  wit,  of  the  fquare  of  half  the  fum,  and  the  fquare 
of  half  the  difference  of  the  fame  two  unequal  Numbers. 
As  if  c  be  the  greater,  and  b  the  leffer  of  two  Numbers,  then 

The  Square  of  \c-*-\b  is ±cc-{-.±-cb+±bb, 

The  Square  of  \c— \b  is -\cc—^cb-\-^bb^ 

The  difference  of  thofe  two  Squares  is     .     .     .    cb 
Which  difference  is  manifeftly  theProducf  of  the  Multiplication  of  the  two  propo- 
fed Numbers  c  and  b ;  wherefore  the  Theorem,  and  confequently  tne  Canon  firft  given, 

is  manifelt. 

The  Definition  of  Binomial  1. 

When  the  greater  Name  (or  Part)  of  a  Binomial  is  a  Rational  Number,  and  the 
leffer  part  is  a  Surd  fquare  Root  of  fome  Rational  Number,  the  fquare  Root  of  the 
difference  of  the  Squares  of  the  parts  is  a  Rational  Number,  the  fum  of  the  two  parts 
is  called  a  firft  Binomial. 

Explication. 

Let  this  Binomial  be  propofed,    .......     3  +  ■/? 

The  Squares  of  the  Names  or  Parts  are H 

The  difference  of  thofe  Squares  is . .     •     4 

The  fquare  Root  of  that  difference  is 2 

Becaufe  the  greater  part  3  is  a  Rational  Number,  and  the  leffer  part  Vj  is  a  Surd 
fquare  Root  of  a  Rational  Number  5,  and  the  difference  of  the  Squares  of  the  Parts, 
viz.  4,  is  a  Square  whofe  Root  2  is  a  Rational  Number ;  the  Binomial  propofed,  to 
wit,  3  +  V5,  is  called  a  firft  Binomial. 


How  to  find  out  two  fitch  Numbers  as  may  covffitute  a  firfi  Binomial. 

...  Canon  of  the  preceding  Queftion  at  the  beginning  of  this ' 
ifSeS.  find  out  two  fquare  Numbers,  whofe  difference  may  be{ 


i.  By  the  Canon  of  the  preceding  Queftion  at  the  beginning  of  this  7 
15  Se8.  find  out  two  fquare  Numbers,  whofe  difference  may  be>-  * 
fome  Rational  Number  not  a  Square,  fuch  are  thefe  Squares,    .  ^  * 

2.  Their  difference  is    .    .• •    ? 

5.  Take  fome  Rational  Number  at  pleafure  for  the  greater  part  of  \    6 
the  Binomial  fought,  as S 

4.  Then  fay,  By  the  Rule  of  Three  if  9  the  greater  of  the  two  fquares 
found  our  in  the  firft  ftep,  give  5  the  difference  inthefecond,  what 
fhall  36  the  fquare  of  the  Number  taken  in  the  third  give>  whence  >  V2. 
the  fourth  Proportional  will  be  found  20,  the  fquare  Root  where- 
of is  the  leffer  part,  to  wit, 

j.  I  fay,  The  fum  of  the  two  Numbers  found  out  in   the  third  \    64/^20 
and  fourth  fteps,  is  a  firft  Binomial,  to  wit    ...:...> 


The 
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The  Definition  of  Binomial  II, 

When  the  leffer  part  of  a  Binomial  is  a  Rational  Number,  and  the  greater  part  is 
a  Surd  fauare  Root  of  a  Rational  Number,  and  the  fquare  Root  of  the  Difference  of 
the  Squares  of  the  Parts  is  Commenfurable  to  the  greater  Part,  the  Sum  of  the  two 

Parts  is  called  a  fecond  Binomial.  . 

Explication. 
Let  this  Binomial  be  propofed •    •    •    V18+4 

The  Squares  of  the  Parts  are '    *   '{       16 

The  Difference  of  thofe  Squares  is '  .    .   ,      2 

The  fquare  Root  of  the  Difference  is    .    ••••••      £  2    .  0  .     . 

Becaufe  the  leffer  Part  4  is  a  Rational  Number  and  the  greater  Part .Vi  8  is  the 
Surd  fauare  Root  of  a  Rational  Number  18,  and  the  fquare  Root  of  the  Difference  of 
rte  Squares  of  the  Parts,  viz  V2,  is  Commenfurable  to  the  greater  Part  Vi  8-,  vtor  ac- 
cording to  the  Definition  in  SeB  f.  of  this  Cbap.V;2  .ViZ; :  1  .  ?,.  that  is,  as  a  Rational 
Number  to  a  Rational  Number)  the  propofed  Number  ^18+4  is  a  fecond  Binomial. 

Huw  to  find  out  two  fitch  Numbers  as  may  conftltiite  a  fecond  Binomial. 

1    By  the  foregoing  Canon  find  out  two  fquare  Numbers,  whole  1 
'  Difference  may  be  fome  Rational  Number  not  a  Square  •,  fuch  S     J 

are  theie  Squares    ....... •     -J 

2.  Their  Difference  is      .     .    .     .     •     •     •     •    •     •     •    •    •     ■        5 

3:  Take  fome  Rational  Number  at  pleafure  for  the  leffer  Part  ot  \  lQ 

'the  Binomial  fought,  as    .    .   ,    .  ■ .    •    •    •     ■    •     •    •     -5 

a   Then  fay   If  5  the  Difference  in  the  third  ftep  gives  9  the) 

greater  of  the  two  Squares  in  the  firft j  what  flialj  100  the£  ^ 

Square  of  the  Number  taken  in  the  third  give  ?  Whence  you  C 

will  find  1 80,  whofe  fquare  Root  lhall  be  the  greater  part,  viz  J 

5.  I  fay,  The  Sum  of  the  two  Numbers  found  out  in  the  third  >    ^l8o+Ie 

'  and  fourth  fteps  is  a  fecond  Binomial,  viz ) 

The  Definition  of  Binomial  III. 
When  each  of  the  two  Parts  of  a  Binomial  is  a  Surd  Square  of  a  Rational  Number, 
and  the  fquare  Root  of  the  Difference  of  the  Squares  of  the  Parts  is  Commenfurable 
to  the  greater  Part,  the  Sum  of  the  two  Parts  is  called  a  third  Binomial. 
1  Explication. 

Let  this  Binomial  be  propofed 50+-/32 

C  50 
The  Squares  of  the  Parts  are     .    .    .- \^2 

The  Difference  of  thofe  Squares  is 18 

The  fquare  Root  of  that  Difference  is  .  .  .  .  •  •  Vl8 
Becaufe  thelwo  Parts  v^o  and  V32  are  Surd  fquare  Roots  of  two  Rational  Num- 
bers co  a  nd  ^  and  the  fquare  Root  of  the  Difference  of  the  Squares  of  the  Parts,  viz. 
•  ,8,  isCommenfurable  to  the  greater Part^c-i  (for  1^18  . V50  : :  3  .  5,  that  is,  as 
a  Rational  Number  to  a  Rational  Number)  the  propofed  Number  /50-K32  is  a 
third  binomial. 

How  to  find  out  two  fuch  Numbers  as  may  confiitute  a  third  Binomial 
1   Find  out  two  fquare  Numbers  whofe  Difference  may  be  fome  \     9 
Rational  Number  not  a  Square  h  fuch  are  thefe  Squares    •     •  j     4 

2.  Their  D'fference  is •     •    •    ■    '        * 

3.  Take  fomeRarional  Numbernot  a  Square,  which  may  exceed -* 
.  the  faid  Differences  5  by  an  Unit  or  two,  viz.  by  1,  when  the  ^ 

faid  Difference  increafed  with  1  makes  not  a  Square ;  but  by  2 ,  \     6 
when  the  Difference  increafed  with  1  makes  a  Square  :  bo  mk 
this  Example  I  take  6,  tjecaufe  5+1  makes  not  a  Square    .    .  J 
a.  Again,  take  fome  Rational  Number  at  pleafure,  as    ....      12 
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5.  The  fquare  thereof  is 144 

6.  Then  fay,  If  6  the  Number  taken  in  the  third  ftep  gives  9  the  ) 

'  greater  of  the  two  fquares  in  the  firft,  what  mail  1 44  the  fquare  (, 
Number  in  the  fifth  give?  whence  the  fourth  Proportional  is  r 
216,  whofe  fquare  Root,  towit/216,  fhall  be  the  greater  part.  ) 

7.  Say' again,  If  the  faid  Square  9  gives  5  the  Difference  in  the  ") 
fecond  ftep,  what  (hall  216  the  fourth  Proportional  found  (  , 
out  in  the  fixth'give  >  Whence  you  will  find  1 20,  whofe  fquare  r    I2° 
Root,  to  witVi2o,  mail  be  the  lefler  part     .     .      .      .  ) 

8   I  fay,  the  fum  of  the  two  Numbers  found  out  in  the  fixth.  \  .     ... 
'  and  feventh  fteps  is  a  third  Binomial ,  to  wit ,    .    .     .     .  y  ZI6+V  } 2° 

The  Definition  of  Binomial  IV. 
When  the  greater  part  of  a  Binomial  is  a  Rational  Number,  and  the  lefler  part  Is 
a  Surd  fquare  Root  of  a  Rational  Number,  and  the  fquare  Root  of  the  Difference 
of  the  fquares  of  the  parts  is  Incommenfurable  to  the  greater  part,  the  Sum  of  the 
two  parts  is  called  a  fourth  Binomial. 

Explication. 

Let  this  Binomial  be  propofed 5  +  /12 

The  Squares  of  the  Parts  are 4^ 

The  Difference  of  thole  Squares  is 13 

The  fquare  Root  of  that  Difference  is  .  .  .  .  Vi? 
Becaufe  the  greater  part  5  is  a  Rational  Number,  and  the  lefler  part  v^i2  is  a  Surd 

fquare  Root  of  a  Rational  Number  12,  and  the  fquare  Root  of  the  Difference  of  the 

fquares  of  the  Parts,  viz.  Vis,  is  Incommenfurable  to  the  greater  part  7  h  (for  -/i? 

has  not  fuch  proportion  to  5  as  a  Rational  Number  to  a  Rational  Number,)  the 

Number  ^-\-Vjz  above  propofed  is  a  fourth  Binomial. 

How  to  find  out  two  fuch  Numbers  as  may  confiitute  a  fourth  Binomial. 

1.  Take  any  fquare  Number,  as :     .     .    .     9 

2.  Divide  that  fquare  Number  9  into  two  Numbers  not  fquares, ">      ,      , 
as  into j" 

3.  Take  a  Rational  Number  at  pleafure  for  the  greater  part  of)      , 
the  Binomial  fought,  as ) 

4.  Then  fay,  If  9  the  fquare  Number  in  the  firft  ftep  give  6  ~S 
the  greatet  of  the  two  Numbers  in  the  fecond,  what  fhall  36  / 

the  fquare  of  the  Number  taken  in  the  third  give?  So  the  >     ^24 
fourth  Proportional  will  be  found  24,  whole  fquare  Root,  v. 
to  wit  V24,  fhall  be  the  lefler  part J 

5.  I  fay,  The  Sum  of  the  two  Numbers  found  out  in  the  third  7      6Jlj2± 
and  fourth  fteps  is  a  fourth  Binomial,  viz, j"       *r     * 

TJje  Definition  of  Binomial  V. 
When  the  lefler  part  of  a  Binomial  is  a  Rational  Number,  and  the  greater  part  is 
a  Surd  fquare  Root  of  fome  Rational  Number,  and  the  fquare  Root  of  the  Difference 
of  the  fquares  of  the  Parts  is  Incommenfurable  to  the  greater  part,  the  Sum  of  the 
■two  Parts  is  called  a  fifth  Binomial. 

Explication. 
Let  this  Binomial  be  propofed V6-\-z 

The  fquares  of  the  Parts  are     , ■< 

The  Difference  of  thofe  fquares  is 2 

The  fquare  Root  of  the  Difference  is V2 

Becaufe  the  lefler  part  2  is  a  Rational  Number,  and  the  greater  part  V6  is  a  Surd 
fquare  Root  of  aRational  Number  6,  and  the  fquare  Root  of  the  Difference  of  the 
fquares  of  the  parts,  viz.  V2,  is  Incommenfurable  to  the  greater  part  V6  ;  (forV'2. 
V6  ::  1  .  V?,  not  as  a  Rational  Number  to  a  Rational  Number)  the  propofed  Num- 
ber V6-\-2  is  a  fifth  Binomial.  H°w 
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How  to  find  out  two  fucb  Numbers  as  may  covjlitute  a  fifth  Binomiol. 


I  Take  any  fquare Number,  as    .    .    .    .    .........       9 

2'  Divide  that fquareNumber  9  into  two  Numbers  not  fquares,  as  into    .    6  and  3 
3!  Take  a  Rational  Number  at  pleafure  for  the  leffer  part  of  the  Bi-  •>    ^ 
normal  fought,  as    .......    •    '    •    ;     •    •    ;    •   ,'     i 

Then  fay    If  6  the  greater  of  the  two  Numbers  in  the  fecond  itep  \ 
sives  9  the  fquare  Number  in  the  firft  $  what  (hall  4  the  fquare  of/ 
the  Rational  Number  taken  in  the  third  give  >  Whence  you  will  find  \  V6 
the  fourth  Proportional  6,  whofe  fquare  Root,  to  wit  1/6,  (hall  be  I 
the  gteater  part  (ought,    .    .    .     •    ■     •     •    •     •    ■    ■     ■ •    •     ■    -) 

5  I  fay,  The  fum  of  the  two  Numbers  found  out  in  the  third  and  |      .  ^g 
'  fourth  fteps  is  a  fifth  Binomial,  viz 3 

The  Definition  of  Binomial  VI. 
When  each  of  the  two  parts  of  a  Binomial  is  a  Surd  fquare  Root  of  fome  Rarional 
Number   and  the  fquare  Root  of  the  Difference  of  the  Squares  of  the  Parts  is  Incom- 
menfurable  to  the  greater  part,  the  Sum  of  the  two  parts  is  called  a  fixth  Binomial. 

Explication. 
Let  this  Binomial  be  propofed Vj+yi 

The  Squares  of  the  Parts  are    .    .    .-  .     .    .    .|    j 

The  difference  of  the  Squares  of  the  Parts  is  ...  2 
The  fquare  Root  of  that  difference  is  ...  .  V2 
Becaufe  the  two  Parts  V'y  and  V3  are  Surd  fquare  Roots  of  two  Rational  Numbers 
<  and  3  and  the  (quare  Root  of  the  Difference  of  the  Squares  of  the  Parts,  viz.  ■/a, 
is  Incommenfurable  to  the  greater  part  V$ ;  (for  Vz  has  not  fuch  a  proportion  toVj 
as  a  Rational  Number  to  a  Rational  Number)  the  Number  V,5+v/3  above  propofed 
is  a  fixth  Binomial. 

How  to  find  out  two  fucb  Numbers  as  may  conftitute  a  fixth  Binomial. 
i>Take  two  fuch  prime  Numbers  that  their  Sum  may  not  be  a  |     7  an(i  ^ 
Squate  as     ..........•••*•••••  j 

■  ■2.  1  heir  Sum  is     ...........•••••••    I2 

3.  Take  alfo  any  fquare  Number,,  as J 9 

4.  Take  again  fome  Rational  Number  at  pleafure,  as    ......    6 

<■•;.  The  fquare  thereof  is    .......••••••.•       36 

6.  Then  fay,  If  9  the  fquareNumber  taken  in  the  third  ftep,  gives  \ 

12  the  fum  of  the  two  prime  Numbers  in  the  firft,  what  (hail  36  (  y  g 
the  fquare  in  the  fifth  ftep  give  i  Whence  you  will  find  48,  whofe  r 
fquare  Root,  to  wit,  ^48,  (hall  be  the'greater  part,    I    .,    .     .  J 

7.  Say  again,  If  12  the  fum  of  the  two  prime  Numbers  in  the  firlt  ) 
ftep,  gives  7  the  greater  of  thole  primeNumbers,  what  (hall  48  the  >    ^^ 
fourth  Proportional  found  out  in  the  fixth  ftep  give>  Whence  you  C 
will  find  28,  whofe  fquare  Root,™*.  1/28,  (hall  be  the  leffer  part,    J 

I  fay,  the  fum  of  the  two  Numbers  found  out  in  the  fixth  and  fe-  \   /4g+/28 

venth  fteps  is  a  fixth  Binomial,  viz. 

If<" 
by  ir 
in  Prop. 


I     HVlI+    •   4.1  •  T1!1//8"^4 

I  IU.V50+Y12  I  By  changing  +  into -4  III.V50— V32  * 
W     S-K12  f      ismadeRefidual       |  IV.      5-V12 


Out  of  Binomial  ^  IV-     •  j_  , 

_VIV  S4V  3  J  -VIY  ^  ?J 

'    The  precedent  Gonftruaiohs  of  the  faid  fix  Binomials  are  demonftrated  in  Trap.  49, 
.  5o,5i,52353554  °f  10  Elm.  Euclid.  Now 
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Now  if  any  Binomial  or  Refidual  be  given,  we  may  eafil'y  find  out  another  cf  the 
fame  kind  in  this  manner,  viz  For  the  firft  and  fourth  Binomials,  if  it  be  made  as  the 
greater  Name  or  Part  to  the  leffer,  foany  Rational  Number  a  {Turned  for  the  greater 
Part  of  a  new  firft  or  fourth  Binomial,  to  a  fourth  Proportional  Number,  this  Num- 
ber fhallbe  the  leffer  Part  of  the  new  firft  or  fourth  Binomial.  But  for  the  fecond  and 
fifth,  if  it  be  made  as  the  leffer  part  to  the  greater,  fo  any  Rational  Number  taken  for  , 
the  leffer  part  of  a  new  fecond  or  fifth  Binomial  to  a  fourth  Proportional,  the  Number 
fo  produced  mall  be  the  greater  part  of  the  new  fecond  or  fifth  Binomial.  And  laftly, 
for  the  third  and  fixth  Binomials,  if  it  be  made  as  thegreater  Part  to  the  leffer,  (each 
of  which  is  a  Surd  fquare  Root,)  fo  any  Surd  fquare  Root  affumed  for  the  greater  Part 
of*  a  new  third  or  fixth  Binomial,  to  a  fourth  Proportional,  rhere  will  come  forth  the 
leffer  part  of  a  new  third  or  fixth  Binomial.  (The  reafon  of  this  Operation  is  mani- 
feft  per  Prop,  i ;.  Elem.  i o.  Bud.)  And  after  a  new  Binomial  is  found  out,  its  corre- 
fpondent  Refidual  is  alfo  made  by  changing  the  Sign  -f  into  — ,  as  before  has  been  fa  id. 

As  for  Example,  if  a  firft  Binomial  3+^5  be  propofed,  to  find  another  like  to 
it  ;  I  take  a  Rational  Number  at  pleafure,  as  8,  for  the  greater  Part  of  the  Binomial 
fought,  then  by  the  Rule  of  Three  as  3  is  to  V$,  fo  8  to  a  fourth  Proportional,  to  wit 
Vl^r,  for  the  leffer  Part  fought,  therefore  8+"/^4  fhall  be  a  new  firft  Binomial, 
and  8— i^  a  new  ^ft  Refidual  i  and  fo  of  tne  reft- 


Seel.  XVI.  Concerning  the  Extratlion  of  the  fquare  Root  out  of  Binomials  and  Re* 
fiduah  confiituted  in  fuch  manner  as  has  been  /hewn  in  the  preceding  Sect.  1 > . 

Every  one  of  the  Binomials  and  Refiduals,  whole  Conftruction  has  been  (hewn  in 
the  preceding  Sett.  15.  has  a  fquare  Roor,  that  is,  fuch  a  Binomial  or  Refidual  that 
if  it  be  multiplied  into  itfelf  will  produce  the  given  Binomial  or  Refidual ;  as  may  be 
evidently  collected  out  of  Prop.  57,  56,  57,  58,  59,  and  60  •,  alfo  out  of  Prop.  92, 
•03,  94,  95:,  96,  and  97.  of  the  tenth  Book  of  Euclid's  Elements. 

As  for  Example,  a  Binomial  of  the  firft  kind,  fuppofe  -j+Y^S,  has  a  fquare  Root, 
to  wit  2+Y  3,  for  this  being  fquared  (or  multiplied  into  itfelf;  produces  that  Bino- 
mial 7  +  48,  whole  greater  Part  7  is  compoled  of  4  and  3,  the  Squares  of  the  Parts 
of  the  Root  2-VV3  ;  and  the  leffer  part  V48  is  the  double  of  the  Product  made  by 
the  Multiplication  of  2.into/3,  the  Parts  of  the  Root  2+1/3  '•  all  which  is  evident 
by  the  Multiplication  of  2+'/ 3  into  itfelf  The  like  effect  will  be  found  in  every  one 
of  the  reft  of  the  Binomials  conttituted  in  the  preceding  Sett.  1 5.  Therefore  if  a  Bi- 
nomial be  propofed,  and  its  fquare  Root  defired,  there  is  given  theSum  of  the  Squares 
of  the  Parts  of  the  Root,  (which  Sum  is  the  greater  Part  of  the  Binomial  propofed) 
and  the  double  of  the  Product  of  the  Parts  of  the  Root  (which  double  Product  is  the 
leffer  Part  of  the  Binomial  propofed)  to  find  out  the  two  Parts  of  the  Root  feverally. 
And  therefore  in  order  to  the  Extraction  of  the  fquare  Root  of  a  Binomial,  it  will  be 
requifite  to  fearch  out  a  Canon  for  the  folving  of  this  following 

QUESTION. 

The  Sum  (b)  of  the  Squares  of  two  Numbers  being  given,  as  alfo  (c)  the  double 
Product  of  the  Multiplication  of  the  fame  two  Numbers,' to  find  the  Numbers  feverally. 

RESOLUTION. 

1.  For  one  of  the  two  Numbers  fought  put    .:...."..-.  a 

2.  Then  forafmuch  as  the  double  of  the  Product  of  their  Mul- ")  c 
tiplication  is  given  r,  therefore  the  Product  itfelf  is    .    .    .3      '    '  "2 

3.  Which  Product  divided  by  the  firft  Number  a  gives  the")  c 
other  Number i"     '    "  20 

4.  Therefore  the  Square  of  the  firft  Number  is aa, 

5.  And  the  Square  of  the  other  Number  is    ......  \    .     .  — 

J  &aa 

6.  Therefore  the  Sum  of  the  fquares  of  the  two  Numbers  is    >    aa-\-  — 

>,  ACM 

7.  Which 
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7   Which  fum  muft  be  equal  to  b  the  given  fum  of  the)  ,   cc      . 

fquares  -,  hence  this  Equation,    .    ._ .     y    ""^^a 

8.  From  this  Equation  after  due  Reduction,  there  will  arife    .        baa—aaaa—^c 
g.  And  from  the  laft  Equation  (per  Canon  in  Se8. 10.  Chap.  15.  Book  1.)  there  will 

arife  this  following  Canon,  to  find  out  the  two  Numbers  fought,  viz. 


CANONi. 

r y? :jLb+V~.  ^bb — \cc7--  =  the  greater  Number. 
/  V :  \b — v  .  ~bb — ^cc . :  =  the  leffer  Number. 
That  is  in  words, 


That  is  in  woras, 

From  a  quarter  of  the  fquare  of  the  given  fum  of  the  fquares,  fubtraa  a  quarter  of 
the  fquare  of  the  double  Producl  given,  then  add  and  fubtraa  the  fquare  Root  of  that 
Remainder  to  and  from  half  the  given  fum  of  the  Squares,  fo  fhall  the  fquare  Roots  of 
the  Sum  and  Remainder  of  that  Addition  and  Subtraftion  be  the  two  Numbers  fought. 


b+Ybb—cc 


10.  Moreover,  becaufe  ~  =  \b-\-Y-.\bb— pc: 

, b+Ybb — cc         , — ;    -— — —- —t~ 
Therefore    ....    v: :  =V  :Lb-\rV  .±bb— -^ce- 


ll. 

12. 

13, 


b—Vbb 


Likewife,  becaufe  ; 2 =   g--*/;.#b--%xi 


.  b — Vbb — cc 
Therefore    ....    Yt .   —^^  .j,_y- . ,±bb—±cc 


14  Therefore  from  the  eleventh  and  thirteenth  fteps  another  Canon  arifes  to  folve 

th^Uefti°n'W'Z'__  CANON 

vPjrVbb--cc.  _  th£  greater  Number 


2. 

! 

the  lefTer  Number, 


2 

That  is  in  words,  .- ..'.,,     '    ■. 

From  the  Square  of  the  given  Sum  of  the  Squares  fubtraa  the  Square  of  the  dou- 
ble Produa  given,  then  add  and  fubtraa  the  fquare  Root  of  the  Remainder  to  and 
from  the  given  Sum  of  the  Squares  3  fo  fhall  the  fquare  Root  of  half  the  Sum  and 
Remainder  of  that  Addition  and  Subtraction  be  the  two  Numbers  fought. 

By  the  help  of  either  ofthofe  Canons  we  may  extraa  the  fquare  Root  of  a  Bino- 
mial or  Refidual,  but  1  fhall  ufe  the  latter  only,  whence  arifes 

A  general  Rule  for  the  Extratlion  of  the  Square  Root  out  of  Binomials  and  Ref duals. 

From  the  Square  of  a  greater  part  of  a  given  Binomial  or  Refidual  fubtraa  the  Square 
of  the  leffer  then  add  the  fquare  Root  of  the  Remainder  to  the  greater  parr,  and  fub- 
traa it  alio'from  the  fame  •  laltly,  connea  the  fquare  Roots  of  the  half  of  that  bum 
and  Remainder  by  the  Sign  +  if  a  Binomial  be  propofed,  but  by  —  it  a  Keiiauai  : 
fo  you  have  the  defired  fquare  Root  of  the  given  Binomial  or  Refidual.     ■ 

The  Praaice  of  this  Rule  will  be  fhewn  at  large  in  the  following  Examples. 

Example  x. 
Let  it  be  required  to  extraa  the  fquare  Root  out  of  this  firft  Binomial    2y-¥Yjo^.t 

The  Operation. 

1  From  the  Square  of  the  greater  part  27,  viz.  from    .        729 

2  Subtraa  the  Square  of  the  leffer  part  V704,  to  wit,    .         704. 

3.  The  Remainder  is 25 

4.  The  fquare  Root  of  that  Remainder  is    ......  ? 
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5.  To  which  fquare  Root  add  the  greater  part 27 

6.  The  Sum  is 52 

7.  The  half  of  that  fum  is    .    .    . 16 

8.  The  fquare  Root  of  the  faid  half  Sum  is  the  greater  part  of  the  7 

'  Root  fought,  to  wit,    •••■••.••••••.•••     3       4 

9.  Then  ftom  the  greater  part  of  the  given  Binomial,  viz.  from    .     .    27 

10.  Subtract  the  fquare  Root  before  found  in  the  fourth  ftep,  to  wit,    .      5 

11.  The  Remaindet  is 22 

12.  The  half  of  which  Remainder  is n 

19.  The  fquate  Root  of  the  faid  half  Remainder  is  the  leffer  part  of 7    , 

the  Root  fought,  to  wit,  ' ' j- VII 

14  I  fay,  the  two  Names  or  Parts  in  the  eighth  and  thirteenth  fteps  7     ,    , 

being  connected  by  +  (hall  be  the  fquare  Root  fought,  to  wit.     j"4+Vli 

But  if  —  inftead  of  +  be  prefix'd  to  the  leffer  part  of  the  faid  Root,  it  will  give 
4 — Y\  1,  which  is  the  fquare  Root  of  the  firft  Refidual  or  Apotome  27 — /704. 

The  former  of  thole  two  Roots  anfwers  to  the  Irrational  Line  called  (in  Prop.  37. 
6/  <;<;.  lib.  10.  Elem.  Eucl.)  a  Binomial  Lhe,  and  the  latter  anlwers  to  the  Irrational 
Line  called  (in  Prop.  74.  C?  92.)  an  Apotome  or  Rejidual  Line. 

The  Proof  of  the  Root  above  extraBed  out  of  the  frjl  Binomial  is  made  by  multiplying  the 

Root  into  itfelf  thus : 

The  Sum  of  the  Squares  of  the  Parts  of  4+1/1 1,  the  7        ,  ,  . .    .-,  „.  . 
n.rj»-  r     io  +  ii,  that  is,    27 

Root  found  out  is )  '      '  '       ' 

The  ProduO:  of  the  fame  Parts  multiplied  one  into  the  7         y       that  is    V116 

other  is j       4       '  '        ' 

The  double  of  the  faid  Product  is 8V11,  that  is,  V176. 

The  Sum  of  the  faid  Sum  of  the  Squares  of  the  Parts  7  ~-.jl.-j  ™ 

and  the  double  Produft  is    .     .     . S'    '    27"t"v70+ 

Whence  it  is  manifeft  that  ^-j-^Yjon,.  is  the  Square  of  4+^11, therefore  this  is  the 
true  fquare  Root  of  that  firft  Binomial ;  which  was  to  be  proved.  Moreover,  if  the 
faid  double  Producf  be  fubtra&ed  from  rhe  faid  Sum  of  the  Squares  of  the  Parts,  the 
Remainder  27 — /704  is  the  Square  of  4 — Yn  ;  therefore  this  is  the  fquare  Root  of 
that  firft  Refidual. 

Example  z. 

Let  it  be  required  to  extract  the  fquare  Root  of  this  fecond  Binomial    .    Y~~+  6; 

The  Operation. 
1 .  From  the  Square  of  the  greater  part  V-^-,  viz.  from    .    .    ^~ 

I.  Subtract  the  Square  of  the  lefler  part  6,  to  wit    ....       36 

3.  The  Remainder  is i- 

4.  The  fquare  Root  of  that  Remainder  is Y% 

5.  To  which  fquare  Root  add  the  greater  part,  (by  the  7  ,,4, 
Rule  in  5^7.  8.  of  this  Chap.) )  * 

6.  The  Sum  is ^48 

7.  The  half  of  which  Sum  is Y12 

8.  The  fquare  Root  of  that  half  Sum  is  the  greater  part  7      ^,  >. 
of  the  Root  fought,  to  wit, $        ™ 

9.  Again,  from  the  greaterpurt  of  the  given  Binomial,  viz.  )  . ,  47 
from J     '    <  "T** 

10.  Subtract  the  fquare  Root  before  found  in  the  fourth  7  ^, 
ftep,  (by  the  faid  Rule  in  Sett.  S.)  viz J     ' " "     T 

II.  The  Remainder  is Yif 

12.  The  half  of  which  Remainder  is Y^ 

13.  The  fquare  Root  of  the  laid  half  Remainder  is  the  7        Y(a&2- 
leffer  part  of  the  Root  fought,  to  wit, j"  ™  + 

14.  I  fay,  the  two  parts  in  the  eighth  and  thirteenth  fteps? 

being  connected   by  the  Sign  -f-  (hall  be  the  Root  >    Y '(4)i2+/(4)H 

fought,  to  wit, 3 

And  if —  inftead  of -f  be  preflx'd  to  the  leffer  part  of  the  laid  Root,  it  will  give 
■/(4)i2 — /(4)-£,  which  is  the  fquare  Root  of  the  fecond  Refidual  •—-?• — 6. 

The 
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The  former  of  thole  two  Roots  anfwers  to  the  Irrational  Line  called  (in  Prop.  38. 
&  56.  lib.  10.  Ekm.Eucl.)  a  frfi  Bimedial,  and  the  latter  anfwers  to  the  Irrational' 
Line  called  (in  Trop.  75.  iff  93.)  zfirft  Medial  Refidual. 

Tf)e  Proof  of  the  Root  above  extrafted  out  ofthefecond  Binomial. 

The  Squares  of  the  parts  of  Y(^)i  2+^(4)^  the  Root  7  ,         ,  /t . 
found  out  are JV12  anav-^ 

Which  Squares  added  together  (as  in  Example  6.  &5.8.  >     ,,     ,     . 
of  this  Chap,  is  manifeft)  makes  the  Sum P  ^  S'  tT™ 

The  Product  of  the  parts,  viz.  ^(4)12  into  V(4m  is    ^(4)8 1,  that  is,  3. 

The  douhle  of  the  laid  Product  is 6 

Therefore  the  Sum  of  the  Sum  of  the  Squares  of  the  "7  4\  47  , 
parts  and  the  faid  double  Produ<ft  is j"v^-+  +  ° 

Whence  it  is  manifeft  that /^-f  6  is  the  Square  of  v^n+v^)^,  therefore 
this  is  the  true  fquare  Root  of  that  fecond  Binomial,  which  was  to  be  proved.  More- 
over, if  the  faid  double  Product  be  fubtracted  from  the  faid  Sum  of  the  Squares  of  the 
Parts,  the  Remainder  v'-i-ii — 6  is  the  fquare  of  ^(4)  12—^(4)^;  therefore  this  is 
the  fquare  Root  of  that  lecond  Refidual. 

Example  3. 
Let  it  be  required  to  extract  the  fquare  Root  of  this  third  Binomial    V^-\-YSo- 

The  Operation. 

1.  From  the  Square  of  the  greater  part  V^-\,  viz.  from    .    .    .    iif 

2.  Subtract  the  fquare  of  the  leffer  part,  to  wit,    .......      80 

3.  The  Remainder  is s. 

4.  The  fquare  Root  of  that  Remainder  is ■/-£• 

5.  To  which  fquare  Root  add  the  greater  part    .....    .      vrilf 

6.  The  Sum  is V^ 

7.  The  half  of  which  Sum  is    ... •/■if- 

8.  The  fquare  Root  of  that  half  Sum  is  the  greater  part  ")  .,  ^gB" 
of  the  Root  fought,  to  wit, j"  W  * 

9.  Again,  from  the  greater  part  of  the  given  Binomial,  viz.  \  ,1 4 1 
from 3     '    '  * 

10.  Subtract  the  fquare  Root  before  found  in  the  fourth  7  Ji 
ftep,  to  wit, j     '    '    '      * 

11.  The  Remainder  is : V60 

12.  The  half  of  which  Remainder  is /15 

13.  The  fquare  Root  of  the  faid  half  Remainder  is  the)  V(a.)it 
leffer  part  of  the  Root  fought,  to  wit, j"     '       ^  5 

14.  I  fay,  the  two  parts  in  the  eighth  and  thirteenth  fteps? 

being  connected  by  -\-  fhall  be  the  fquare  Root  fought,  >     .    v/(4)-f +^(4)1  j 

to  wit,. 3 

And  if —  inltead  of  -+-  be  prefix'd  to  the  leffer  part  of  the  faid  Root,  it  gives  ^(4) 
i-f — V(<\)i  y,  which  is  the  fquare  Root  of  the  third  Refidual  v^-f — /80. 

The  former  of  thofe  two  Roots  anfwers  to  the  Irrational  Line  called  (  in  Prop.iy. 
&  57.  lib.  10.  Elem.Eucl.)  a  fecond  Bimedial ,  and  the  latter  anfwers  to  the  Irrational 
Line  called  (in  Prop.  76.  &  94.)  a  fecond  Medial  Refidual. 

The  Proof  of  the  Root  above  extraBedout  of  the  third  Binomial. 

The  Squares  of  the  Parts  of  VC^)^-\-V(^)i%  the  7^  and  ^ 

Roots  found  out,  are $      * 

•  Which  Squares  added  together  make 7^-f,  that  is,  tfiif 

The  Produft  of  the  parts,  viz.  V^y~-  into  ^(4;  15  is     ^(4)400,  that  is,  /20 

The  double  of  the  faid  Product  is v'80 

Therefore  the  Sum  of  the  Sum  of  the  Squares  of  the")  ^^  i^g0 
parts  and  the  faid  double  Product  is 5    ."  ' 

Whence  it  is  manifeft,  that  ■/i±f+V8o  is  the  Square  of  Y(4PfWf(4)*i  J 
therefore  this  is  the  fquare  Root  of  that  third  Binomial:  which  was  to  be  Foved 
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Moreover,  if  the  faid  double  Product  be  fubtrafred  from  the  laid  Sum  of  theSa  .ires 
of  the  Parts,  the  Remainder  /i-i^— 80  is  the  s<luare  of/(4)i°— 1/(4,1  J;  therefore 
this  is  the  fquare  Root  of  that  third  Refidual. 

Example  q. 
Let  it  be  required  to  extraO:  the  fquare  Root  of  this  fourth  Binomial    .    74-/20. 

77;e  Operation. 

1.  From  the  Square  of  the  greater  part  7,  viz.  from    ....    49 

2.  Subtract  the  square  of  the  leffer  part  V20,  to  wit,    ...    20 

3.  The  Remainder  is •     • 29 

4.  The  fquare  Root  of  that  Remainder  is    ........      Y29 

5.  To  which  fquare  Root  add  the  greater  part    ......       7 

6.  The  Sum  is 7-I-/29 

7.  The  half  of  which  is t+/-| 

8'  The  fquare  Root  of  that  half  Sum  is  the  greater  part?  j?, 

of  ihe  Root  fought,  to  wit, .    .     .    .     .3     ^  :t    V^-: 

9.  Again,  from  the  greater  part  of  the  given  Binomial,  viz.  \ 
from }  ' 

10.  Subtract  the  fquare  Root  before  found  in  the  fourth  ftep,  >  , 
to  wit, 3 

11.  The  Remainder  is 7 — ^29 

12.  the  half  of  which  Remainder  is 2, — Y±JL 

13.  The  fquare  Root  of  the  laid  half  Remainder  is  the  leffer  7  ^"TZyTT: 
part  of  the  Root  fought,  to  wit, 3  '•       '♦ : 

14.  I  fay,  the  two  parts  in  the  eighth  and  thirteenth  fteps  ~\ 

(the  former  of  which  is  a  Binomial,  and  the  latter  a  Refi-  /  yr/fyrg:^ .?_ v±£ 

dual)  being  connected  by   +  (hall  be  the  fquare   Rootf    "»•      *"  Y ■*     v   «• 

fought,   to  wit, ) 

Which  Root  anfwers  to  the.Irrational  Line  called  (in  Prog.  40.  &  58.  lib.  10.  Elm. 
End.)  a  Major  Line. 

And  if  the  leffer  Name  of  the  faid  Root  be  fubtrafted  from  the  greater,  by  inter- 
pofing  the  Sign  — ,  it  gives  V :?i-\-Y^:  —  /:  7T—V^:  which  is  the  Root  of  the 
fourth  Refidual  7 — /20,  and  anfwers  to  the  Irrational  Line  called  (in  Prop.  77.  C  95. 
lib.  10.  Elem.  Evcl)  a  Minor  Line. 

TJ)e  Proof  of  the  Root  above  extraSei  out  of  the  fourth  Binomial. 

The  Squares  of  the  Parts  of  the  Root  found  out  are    .    l+Y±Z  and  l--Y^ 
■Therefore  the  Sum  of  the  Squares  of  the  Parts  is    .    .    .    4.+-I,  that  is,  7. 
The  ProduQ  of  the  Parts  will  be  found  (by  Rule  2.  Se3.  \y.-±?—^-:  that  is  /; 

12.  of  this  Chap.) 3        1 

The  double  of  the  faid  Produft  is /20 

Therefore  the  Sum  of  the  faid  Sum  of  the  Squares  of  I     ,y2Q 

the  Parts  and  the  faid  double  Produft  is    ....     ••     . 3  t 

Whence  it  is  manifeft  that  7-1-/20  is  the  Square  of/.-l-r-Zi-'  .•  +  /  -l— /—•  * 
therefore  this  is  the  fquare  Root  of  that  iourth  Binomial;  which  was  to  be  proyed. 
Moreover,  if  the  laid  double  Product  be  fubtra&ed  from  the  (aid  Sum  of  the  Squares 
of  the  Parts,  the  Remainder  7— /20  is  the  Square  of  /.--J-r-/-^-  —  Y:'l— Y^ : 
therefore  this  is  the  fquare  Root  of  that  fourth  Refidual  7 — /20. 

Example  5. 
Let  it  be  required  to  extraO:  the  fquare  Root  out  of  this  fifth  Binomial  /20-f  4: 

The  Operation. 

1.  From  the  Square  of  the  greater  part  / 20,  viz.  from    .    •    20 

2.  Subtraft  the  Square  of  the  leffer  part?  4,  to  wit,     ...     16 

3.  The  Remainder  is 4 

4.  The  fquare  Root  of  that  Remainder  is 2 

5.  To  which  fquare  Root  add  the  greater  part    ....     /20  - 

6.  The 
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6.  The  Sum  is ^204-2 

7.  The  half  of  that  Sum  is    . :.    V  5+1 

8.  The  fquare  Root  of  the  faid  half  Sum  is  the  grea-  7  J7Zr~r~~ 
tet  patt  of  the  Root  fought,  to  wit, 3      :  v  5  + * : 

9.  Again,  from  the  greater  part  of  the  given  Binomial,  7       , 
viz.  from 3 

10.  Subtract  the   fquare  Root  before  found  in  the  7 
fourth  ftep,  to  wit, 3 

IX.  The  Remainder  is :    .    .    .    /20— 2 

12.  The  half  of  which  Remainder  is V  $ — 1 

13.  The  fquare  Root  of  the  laid  half  Remainder  is  the  7    j—r^_ — 
leffer  part  of  the  Root  fought,  to  wir,    ....     3    V;V>     I; 

14.  I  fay,  The  two  Parts  in  the  eighth  and  thirteenth  "\ 

fteps,  ( the  former  of  which  Parts  is  a  Binomial,  and  (./-■>  _i_r  _i_  .J~J 

the  latter  a  Refidual)  being  conneaed  by  +  fliall  C        5_t"    :  "^  V  :V5_ *  : 

be  the  fquare  Root  fought,  to  wit, J 

Which  Root  anfwers  to  the  Irrational  Line  called  (in  Prop.  41.  &  59.  lib.  10.  £/«». 
End)  a  Line  containing  in  Power  a  Rational  and  a  Medial  Reftangle.  And  if  the  leffer 
Name  of  the  faid  Root  be  fubtrafted  from  the  greater,  by  the  interpolation  of  the  Sign 
— ,  it  gives  V :  Vj-t- 1 :  —  V :  •/;— 1 ;  which  is  the  fquare  Root  of  the  fifth  Refi- 
dual V20  — 4,  and  anfwers  to  the  Irrational  Line  which  (in  Prop.  78  tSf  96.  lib.  10.) 
is  called  a  Line  making  with  a  Rational  Space  the  whole  Space  Medial. 

The  Proof  of  the  Root  above  Extra&ed  out  of  the  fifth  Binomial. 

The  fquares  of  the  Parts  of  V :  Y$  -\- 1 :  +  V  .Vj— 1  •• 7     ;,„  .  .      ,    , 
(the  Root  found  out)  are }     ^+iand/j-i 

Therefore  the  Sum  of  the  faid  Squares  of  the  Parts  is    /j+v's',  that  is,  Y20 

The  Produft  of  the  Parts  multiplied  one  into  the  7     ^   -    ,      . 

other  (according  to  Rule  2.  SeS  12.  of  this  Chap.)  isj"        5         tnat  1S>  2t 

The  double  of  the  faid  Product  is    ....    .■ -4. 

Therefore  the  Sum  of  the  faid  Sum  of  the  Squares')       ,      , 
ofthePatts  and  double  Product  is J    V20+4 

Whence  it  is  manifeft  that  ^20+4  is  the  Square  of  ■v'.Vj-fi.-  -f-  Y:Y$ 1: 

therefore  this  is  the  fquare  Root  of  that  fifth  Binomial ;  which  was  to  be  proved. 
Moreover,  if  the  faid  double  Product  be  fubtra&ed  from  the  faid  Sum  of  the  Squares 
of  the  Parts,  the  Remainder  Y20 — 4  is  the  fquare  of  •/.Vj-fi;  — .  YW$ i.-  there- 
fore this  is  the  fquare  Root  of  the  faid  fifth  Refidual  V20 — 4. 

Example  6. 

Let  it  be  required  to  extract  the  fquare  Root  of  this  fixth  Binomial    Yio-\-y~8. 

The  Operation. 

1   From  the  fquare  of  the  greater  Part  Y20,   viz.  7 

from    .    .    4    .    .    .    .         !    .     J"     •     20 

2.  Subtra£t  the  fquare  of  the  leffer  part  -/8,  to  wit,  ....       8 
5.  The  Remainder  is 12 

4.  The  fquare  Root  of  that  Remainder  is     .     .     .     .    .  Y12 

5.  To  which  fquare  Root  add  the  greater  Part    ....  /20 

6.  The  Sum  is .     .      ...  V2o-f  Y12 

7.  The  half  of  which  Sum  is ••  5-rV  3 

8.  The  fquare  Root  of  the  faid  half  Sum  is  the")    j—p — 

greater  part  of  the  Root  fought,  to  wit,    .    .    .     y   V"/5-fV3: 

9.  Again,  from  the  greater  part  of  the  given  Bino-  7  » 
mial,  viz.  from 3      " 

10.  SubtraO:  the  fquare  Root  before   found   in  the  7        „,,„ 
fourth  ftep,  vtz      .     .     .     .     ■ $    -Vl2 

1 1 .  The  Remainder  is Y20 — Vi  2 

12.  The  half  of  which  Remainder /  5 — V  3 

Ii  13.  The 


Extraftion  of  V(z)  out  of  Binomials.      ROOK  II. 


13.  The  iquare  Root  of  the  laid  half  Remainder  is  \.,        ,  ■■ 
the  leffer  part  of  the  Root  fought,  to  wit,    .      3 

1 4.  I  fay,  the  two  Parts  in  the  eighth  and  thirteenth  -j   

fteps  (the  former  of  which  Parts  is  a  Binomial, Cy.y  -  .  y,.   .   yTy^— 77. 
and  the  latter  a  Refidual)  being  connefted  by  +  C    '      ■  ■       '  ^ 


{hall  be  the  fquare  Root  fought,  to  wit, 

Which  Root  anfwers  to  the  Irrational  Line  which  (in  Prop.  42.  £3"  60.  Z//>.  10.  JE7«*. 
£»c/.)  is  called  a  Line  containing  in  Power  two  Medial  ReBangks.  And  if  the  leffer 
part  of  the  faid  Root  be  fubtrafted  from  the  greater,  by  the  interpofing  of  the  Sign 
—  it  gives  •/■V5-+V5:  —  V:V<;—  Vfi  which  is  the  Root  of  the  fixth  Refidual 
y2o— / 8,  and  anfwers  to  the  Irrational  Line  which  (in  Prop.  79.  &  97.  lib.  10.  End.) 
is  called  a  Line  making  with  a  Medial  Rettangle  a  whole  Space  Medial. 

The  Proof  of  the  Root  above  extraRed  out  of  the  fixth  Binomial. 

The  Squares  of  the  Parts  ofV:V5+Vj:  +  V:V5— Vy.  \V<.jlV,  and  y._y2 
the  Root  fought  are     . .-     •      3  >       * 

Therefore  the  Sum  of  the  faid  Squares  of  the  Parts  is    ■/;+■/;,  that  is,  /20 
"~  The  Produft  of  the  Parts  multiplied  one  into  the  other  is    V:$ — 3:  that  is,  V2. 

The  double  of  the  faid  Produft  is ^8. 

Therefore  the  Sum  of  the  faid  Sum  of  the  Squares  of  the  "ly20  j_ys 
Parts  and  double  Product  is .  S  '     _ 

Whence  it  is manifeft  that /2o-r-v/8  is  theSquareof  V-.V^+Vt, :  ■+■  V:V<$ — •/?: 
therefore  this  is  that  fquare  Root  of  the  fixth  Binomial  ■,  which  was  to  be  proved. 
Moreover,  if  the  faid  double  Producf  be  fubtra£ted  from  the  faid  fum  of  the  Squares 
of  the  Parts,  the  Remainder  Vic — /8  is  the  Square  of  V  JVj+Ti  :  —  V-.V^—V?: 
therefore  this  is  the  fquare  Root  of  that  fixth  Refidual. 

Note.  In  every  Binomial  and  Refidual  conftituted  according  to  the  preceding  Se3. 
\$.  the  fquare  Root  of  the  Difference  of  the  Squares  of  the  Names  or  Parts  is  equal 
to  the  Difference  of  the  Squares  of  the  Parts  of  the  Root  of  the  Binomial  or  Refidual. 

As  in  the  firft  Binomial  27-+V704,  whofe  fquare  Root  has  before  been  found 
4-V/11,  theSquareof  27,  to  wit  729,  exceeds  704,  the  Square  of  ^704  by  2J, 
whofe  fquare  Root  5  is  equal  to  the  Difference  of  the  Squares  of  the  Parts  of  the  Root 
of  the  Binomial  propofed,  to  wit,  the  Difference  between  16  and  11. 

This  Property  may  be  demonftrated  thus;  let  b-\-Vd  reprefent  a  Binomial  Root, 
whofe  greater  Part  is  ^  ^  then  the  Square  of  that  Root  is  bb-\-2bVd-\-d,  this  divided 
into  its  Names  or  Parts  makes  the  Binomial  bb-\-d  more  ibVd  -,  then  the  Squares  of 
the  Parts  of  this  Binomial  are  bbbb-\-2bbd+ddand  ^.bbd,  and  the  Difference  of  thofe 
Squares  is  bbbb — zbbd-\-dd,  whofe  fquare  Root  bb — iis  manifeftly  the  Difference  of 
the  Squares  of  the  Parts  of  the  Root  b-\-Vd  firft  propofed  ;  which  was  to  be  fhewn. 
The  like  Property  may  be  demonftrated  in  a  Refidual. 

How  to  extratl  the  Square  Root  out  of  a  Binomial  defigii'd  by  Letters,    if  it  has  e 

Binomial  Root. 

By  the  fame  general  Rule  which  has  before  been  exercis"d  in  extracting  the  fquare 
Root  out  of  Binomials  exprefs'd  by  Numbers,  we  may  extracl  the  fquare  Root  out  of  a 
Binomial  defign'd  by  Letters,  when  it  has  a  Binomial  Root,  as  will  be  evident  by  the 
following  Examples ;  where  for  the  more  apparent  diftin£lion  of  the  Parts  of  the  gi- 
ven Binomial,  inftead  of  -\-  I  fet  the  Word  [more]  between  the  Parts,  andinfteadof 
—  I  fet  the  Word  \Jefs~]  between  the  Parts  of  a  given  Refidual. 

Example  I. 

Let  it  be  required  to  extratt  the  fquare  Root  out  of  Uj  1  ^  more  ^1 

this  Binomial •    .    .     .  5 

The  Operation. 

1.  From  the  Square  of  the  greater  part,  (which  fuppofe  to|^  ,  2M  ,  ^ 
be  bb-\-d)  viz.  from ) 

2.  Subtract  the  Square  of  the  leffer  part  ihVd,  to  wit,    .    .      +$M 

3,'  The 
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3.  The  Remainder  is bbbb—2dbb+dd 

4.  The  fquare  Root  of  that  Remainder  is bb—d 

5.  To  which  fquare  Root  add  the  greater  part,  to  wit.    .    ;  bb+d 

6.  The  Sum  is ibb 

7.  The  half  of  which  Sum  is bb 

8.  The  fquare  Root  of  the  faid  half  Sum  is  the  greater  part  \  , 
of  the  Root  fought,   to  wit, .    .  3  d 

9.  Then  from  the  greater  part  of  the  given  Binomial,  viz.  from     bb\i 
1  o.  Subtra£t  the  fquare  Root  before  found  in  the  fourth  ftep,to  wit,    bb — i 

ii.  The  Remaindet  is     ............       -f2i  / 

12.  The  half  of  which  Remainder  is \.  & 

1 1 .  The  fquare  Root  of  the  faid  half  Remainder  is  the  leffer  part  \  ,-, 

'of  the  Root  fought,  to  wit, y   .'  .    t 

14.  I  fay,  The  two  Parts  in  the  eighth  and  thirteenth  fteps  being  )      ,      „ 
connected  by  theSign  +,fhallbethefquareRootfought,to  wit,  f     b~rVd 

Which  Root  being  fquared,  or  multiplied  into  it  felf,  will  evidently  produce  the 
given  Binomial  bb-\-d  more  ibVd. 

Example  z. 

Let  it  be  required  to  extract  the  fquare  Root  out")        ,pxx_^         , 
of  this  Binomial,     ........     )"*+*-  Moie  xV^ 

The  Operation. 

t.  From  the  Square  of  the  greater  part  >»"+P~lmmmm+2^xx+PP^*x 

viz.  from 3  mm 

2.  Subtract  the  Iquare  of  the  leffer  part  xVqmp,  to  wit,  .      -\-qmpxx 

3.  The  Remainder  is \mmmm—2mpxx-\^c^! 

J  mm 

4.  The  Square  of  that  Remainder  is    .    .    ..    .-    .  \     mm — ^~ 

J  m 

5.  To  which  Iquare  Root  add  the  greater  parr,  to  wit,  \      mm^— 

J  7ft 

6.  The  Sum  is 2mm 

7     The  half  of  which  Sum  is    . mm 

8.  The  fquare  Root  of  the  faid  half  Sum  is  the  \ 

greater  part  of  the  Root  fought,  to  wit,  .  .  .  y  M 
j.  Agait^fr-om  the  greatetpart  of  the  given  Binomi- ")  ,  pxx 

al,  viz.  from    ...... j"  m 

10.  Subtract  the  fquare  Root  before  found  in  the  \         pxx 

fourth  ftep,  to  wit, y     mm     ~^ 

11.  The  Remainder  is ,2£** 


?n 


12.  The  half  of  which  Remainder  is -f^5 

m 

1 3.  The  fquare  Root  of  the  faid  half  Remainder  is  £         ^pxx  Qt  ^p^ 
the  leffer  part  of  the  Root  fought,  to  wit,    .     .   y  m  m 

1 4  I  fay,  the  two  Parts  in  the  eighth  and  thirteenth? 
fteps  being  connected  by  +  mail  be  the  fquare  >        m+xV±- 
Root  fought,  to  wit,    .....,,..  3  m 

Which  Binomial  Root  being  fquared,  or  multiplied  into  it  felf,  will  produce  the 
given  Binomial. 

Example  3 . 
Let  it  be  required  to  extract  the  fquare  Root  out  *?     '     .   ,  ,     •  M  '■  , 

of  this  Binomial,    .     .    . J-.«+*^more  a-ft 

Ii  2  Tht 


252  Extraction  of  Yi*$  out  of  Binomials.        BOOK  II. 

The  Operation. 

i.  From  the  fquare  of  the  greater  part,  ■oh.  from    .    .    aaab-\-2aabb-\-abbb 
i.  Subtratt  the  Square  of  the  lefTer  part,  to  wit,     ....      -\-^aabb 

3.  The  Remainder  is    .    . aaab—zaabb+abbb 

4.  The  fquare  Root  of  that  Remainder  is a — bVab 

5.  To  which  fquaie  Root  3dd  the  greater  part,  to  wit,    .    .   "^4~7£/j/, 

6.  The  Sum  is .     2aVab 

7.  The  half  of  which  Sum  is a/l7/, 

v      8.  The  Iquare  Root  of  the  faid  half  Sum  is  the  greater ")  7 — 7-7- 

part  of  the  Root  fought,  to  wit, fV:aVab:  or  V(fiaaab 

0.  Again,  from  the  greater  part  of  the  given  Binomial,  7         — —,  ,  , 

viz  from I     •    aJrbVab 

10.  Subtract  the  fquare  Root  before  found  in  the  fourth  7  -< — r  ,  , 

ftep,  viz. J     •    "—bVab 

ix.  The  Remainder  is ibVab 

12.  The  half  of  which  Remainder  is bVab 

1  j.  The  fquare  Root  of  the  faid  half  Remainder  is  the")  rrr~r         1,  ^  ,,r 

lefTer  part  of  the  Root  fought,  to  wit     ....      J-v-M.fr  or  V(4>*M 

14.  I  fay,  the  two  Parts  in  the  eighth  and  thirteenth  1    

fteps,  being  connected  by  -\-,  ihall  be  the  fquare  >V  :aVab:  -\-  Y-.bYab: 
Root  fought,  to  wit, } 

1 5.  Which  Binomial  Root  may  be  alfo  exprefs'd  thus    .     Y^aaab+YC^abbb 
The  Proof  may  be  made  by  multiplying  the  Root  found  out  into  it  felf. 

Example  4. 

Again,  if  the  fquare  Root  of  this  Refidual  be  defired    .     a-\-dVbc  lefs  iVabci 
The  Root  being  extracted  by  the  precedent  Method"?  J.a,/yc7 ■J-Mbc' 

Which  Root  may  be  alfo  exprefs'd  thus    .   ' .    .    .    .   Y^)aabc — Y(^)Jdbc 

But  if  it  happen  that  when  the  Square  of  the  lefTer  part  of  the  given  binomial  or  Re- 
fidual is  fubtracf  ed  from  the  fquare  of  the  greater  part,  the  fquare  Root  of  the  Remain- 
der and  the  greatet  part  are  not  commenfurabie,  (according  to  the  Definition  betote 
given  in  Setl  7.  of  this  Chap.)  there  is  no  more  to  be  done  in  fuch  a  cafe,  but  to 
prefix  before  the  given  Binomial  or  Refidual  the  Sign  V,  with  a  Line  drawn  over  both 
its  Paits,  to  denote  the  univerfal  fquare  Root  of  the  given  Binomial  01  Refidual. 
As  to  extra£t  the  fquare  Root  out  of  this  Refidual  Y:\aa-\-bb:  —  i«,  I  write 
Y:Y~aa-\-bb — ±a:  which  kind  of  Roots  are  commonly  called  Univerfal. 

Se£t.  17.     Queftions  to  exercife  the  foregoing  Rules  of  this  Chapter. 

QUESTION.    1. 

To  divide  10c  into  two  fuch  parts,  that  if  each  part  be  divided  by  the  other  part, 
the  Sum  of  the  Quotient  may  make  3. 

RESOLUTION. 

1.  For  one  of  the  parts  fought  put a 

•2.  Then  confequ-ently  the  other  part  is 100 — a 

3.  Therefore  according  to  the  import  of  the  Queftion ")      a       ,  100— -a 
this  Equation  arifes,  viz. j"  1 00 a         ~^ 

4.  Which  Equation  duly  reduced  gives    .....     1000a — aa—icoo 

5.  Wherefore  by   refolving  the  faid  Equation  by  the  ~\ 

•  Canon  in  Sell.  10.  Chap.  15;.  Bock  1.  the  two  values^  _   f  5:0+ 10V; 
of  «,  which  are  the_dgfired  parts  of  100,  will  bef^a~  \  50 — ioVj 

found  thefe,  to  wit, .-    .   J 

6.  The 
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6.  The  Sum  of  the  faid  Parts  or  Numbers  found  out  is  manifeftly  100,  fo  it  remains 
only  to  prove  that, 

50+  10V5  ,50 — 10/5  __ 

50— 10/5     50+10/5"" 

The  Proof. 

7.  To  add  thofe  two  Surd  Fractions  in  the  fixth  ftep  into  one  "\ 

Sum,  reduce  them  to  a  common  Denominator,  viz..  multiply  /  . 

5o+io-/5by5o+iov'5,andtheProduarbythefirftofther3000+IOOO'/5 
three  compendious  Rules  in  Sett.  1  o.  of  this  CZ?.)  will  be  found  J 

8.  Likewife  multiply  50 — 10/5  by  50 — 10/5  and  the  Pro-  7  , 
duft  (by  the  lecond  of  the  faid  three  Rules  (will  be    .    1  pooo— 1000V5 

9.  Then  take  the  Sum  of  thofe  two  Produces  for  the  Nume-  \, 
rator  of  a  Fradtion  or  a  Dividend,  to  wit,     ...      .  j"6oo° 

10.  Alfo  multiply  the  two  Denominators  of  the  Surd  Frafti- ") 
ons  in  the  fixth  ftep  one  by  the  other,  (according  *to  the  ( 

laft  of  the  three  Rules  above  cited  J  and  take  the  Product  a-2000 
for  a  Denominator  or  Divifor,  <viz j 

11.  Laftly,  the  Numerator  in  the  ninth  ftep  being  fet  over?  , 

the  Denominator  in  the  tenth  gives  the  Sum  of  the  two  >  °°—  =  3 
Surd  Fractions  or  Quotients  in  the  fixth  ftep,  viz.    .    .    .3  200° 
Which  Sum  is  manifeftly  3,  as  was  to  be  proved. 

Another  Proof. 
The  Quotient  that  arifes  by  dividing  50+ 10/5  by  50 — 10/57 

(according  to  the  Rule  of  Divifion  in  the  fixth  branch  of  U-rVj 

SeB.  11.  of  this  Chap.)  is .\ 

Likewife  the  Quotient  that  arifes  by  dividing  50 — 10/5  by  7> ^x 

50+10/5  is 3T       * 

The  Sum  of  thofe  two  Quotients  is  manifeftly  3,  ("as  before.) 

QUESTION.    2. 

To  divide  a  given  Number  (fuppofe  6)  into  three  fuch  unequals  Numbers  in  con- 
tinual proportion,  that  theSum  of  the  Squares  of  the  Extremes  may  be  to  the  Square 
of  theMean  in  a  given  proportion  ;  but  the  firft  Term  of  this  proportion  muft  exceed 
the  double  of  the  latter  Term.  Let  it  therefore  be  defired  that  the  Sum  of  the  Squares 
of  the  Extremes  may  be  to  the  fquareof  the  Mean  as  3  to  1. 

RESOLUTION. 
I.  For  the  mean  Proportional  put a 

1.  Thenbecaufe  the  fum  of  all  the  three  Proportionals  muft  7  , ; 

make  6,  and  the  Mean  is  a,  the  fum  of  the  Extremes  fhall  be  j"       a 

3.  Therefore  the  fquare  of  the  fum  of  the  Extremes  is    .    .     36 — iia-\-a<x 

4.  But  'by  Theor.  3.  Chap.  6.  of  this  Book)  the  fquare  of  the  "j 
Sum  of  the  Extremes  of  three  Numbers  continually  pro- 
portional is  equal  to  the  fquares  of  the  Extremes,  together  j 

with  the  double  fquare  of  the  Mean  -,  therefore  from  the  >  36 — 12a— aa 
fquare  in  the  third  ftep  I  fubtraft  2aa  (the  double  fquare 
.    of  theMean)  and  there  remains  the  fum  of  the  fquares  of 
the  Extremes,  to  wit, 

5.  But  (according  to  the  Queftion)  the  fum  of  the  fquares  ) 

of  the  Extremes  muft  be  equal  to  the  triple  fquare  of  tne  C26— 12a aa=^aa 

Mean  ;  therefore  from  the  fourth  and  firft  ftep  this  Equa-  C  3 
tion  ariles,  viz J 

6.  From  which  Equation  after  due  Reduction  this  arifes,  viz.    aa-\-  ;<t=9 

7.  Therefore  by  refolving  the  laft  Equation  (according  to 7 

the  Canon  in  Se8.  6   Chap.  15.)  the  value  of  a,  that  is,  Wi^— 4.  =  theMean 
the  mean  Proportional  fought  will  be  difcovered,  viz.    .  \ 

8.  And 
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8.  And  from  the  feventh  and  fecond  fteps  the  Sum  )  ,  ,     ji4       Q        f 

of  the  Extremes  will  be  alfo  made  known,  viz.  5-  ~^-= Sum  of  the  Extremes. 

9.  Then  (as  is  manifett  by  gueft.  4.  Chap.  16.  Book  1.)  the  Sum  of  the  Extremes  of 
three  Numbers  continually  proportional  being  given,  as  alfo  the  Mean,  -the  Ex- 
tremes fhall  be  given  feverally  by  this  following 

CANON.     ] 
From  the  Square  of  half  the  Sum  of  the  Extremes  fubtractthe  Square  of  the  Mean, 
and  extract  the  fquare  Root  of  the  Remainder  j  then  this  fquare  Root  being  added  to, 
and  fubtractedfrom  the  faid  half  Sum,  will  give  the  Extremes  feverally.    Therefore, 

10.  From  the  fquare  of  the  half  of  -14-/14,  that  is,  from    .    .  -^4— if/ii. 

11.  Subtract  the  fquare  of  ^ — ]-,  viz .    .    .  S£g — ^|V±i 

12.  The  Remainder  is — 1 —  iy*| 

1 3 .  The  fquare  Root  of  that  Remainder  being  extracted  (by  the  7 

general  Rule  before  delivered,  in  SeB.  16.  of  this  Chap,  for  ex-  >    V~6-  —  \ 
tracking  the  fquare  Root  out  of  Binomials)  will  be  found    .  3 

14.  Which  fquare  Root  added  to  the  half  of  44 — V±J-,gives  the  ) 

greater  Extreme  fought,  to  wit, j"         "      3 

15.  But  the  faid  fquare  Root  fubtracled  from  the  half  of  A£  ">  „ ,4f 

— /±|,  leaves  the  leffer  Extreme,  to  wit    .*..-.  j      "    ""  T     v"~+ 

16.  Wherefore  (in  the  feventh,  fourteenth  and  fifteenth  fteps)  three  Numbers  conti- 
nually proportional  are  found  out,  viz.  3,  V±% —  |5  and  £ — V±i,  whofeSum  is 
6 ;  and  the  Sum  of  the  Squares  of  the  Extremes  is  equal  to  the  triple  of  the  Square 
of  the  Mean,  as  will  appear  by 

The  Proof. 

Firft,  The  Product  made  by  the  Multiplication  of  the  firft  and  third  Numbers  one 
into  the  other,  that  is,  of  3  into-' — V~\,  1% -.: — iVM,  which  is  alfo  the  fquare  of 
the  iecond  Number  V^ — 4,  (as  will  eafily  appear  by  Multiplication ,)  therefore  the 
faid  three  Numbers  are  Proportionals. 

Secondly,  The  Sum  of  the  faid  three  proportional  Numbers  is  6  •,  for  the  Mean 
v'^4 — '  added  to  | — tf±z  the  leffer  Extreme,  makes  5,  to  which  adding  the  greater 
Extreme  3,  the  Sum  is  6. 

Thirdly,  The  Sum  of  the  Squares  of  the  Extremes  3  and  ■§■ — -/if  is  equal  to  the 
triple  of  the  Square  of  the  Mean  V^  —  i-i  for  the  ft'd  Sum,  as  alfo  the  faid  triple 
Square  will  by  Multiplication  be  found  AE —  $Vi~.  Therefore  all  the  Conditionsin 
the  Queftion  are  fatisfied. 

But  that  the  neceflity  of  Determination  annexed  to  the  Queftion  may  be  made  ma- 
nifeft,  it  remains  to  prove,  that  if  three  unequal  Numbers  be  in  continual  proportion, 
the  Sum  of  the  Squares  of  the  Extremes  is  greater  than  the  double  of  the  Square  of 
the  Mean.    Therefore, 

Let  three  unequal  Numbers  in  continual  proportion  be  expo-  ">  , 

fed,  fuppofe  thefe, j*  a  J 

Then  their  Squares  fhall  be  alio  Proportionals,  (per  23  Prop.  7 
,  ui       v    i\     ■  raa  .  ae  ::  ae  .  ec 

6  turn,  hud.)  viz 3 

Therefore  (by  25  Prop.1).  Elem.  End.) aa-{-eec~zae 

But  aa-\-ee  is  the  Sum  of  the  Squares  of  the  Extremes  of  the  three  Proportionals 
expofed,  and  iae  is  equal  to  the  double  Square  of  theMean  proportional;  wherefore 
the  Theorem  is  proved,  and  confequently  the  Determination  is  manifeftly  neceffary 
to  be  annexed  to  the  Queftion  propoied,  that  there  may  be  a  pothbility  of  finding  out 
what  is  thereby  defired.  The  Determination  may  alfo  be  eafily  inferrd  from  the  Ca- 
non in  the  foregoing  ninth  ftep. 

QUESTION  1. 


e  ~ 


r 
What  is  the  Product  made  by  the  continual  Multiplica- 
tion of  thefe  four  Numbers  one  into  another,  which  dif- 
fer by  an  equal  Excefs,  to  wit,  Unity  >     .    .    .    . 


4  +  v'101: — i 

4-fVlOI:-t-| 
~i  +  Vl0l:  +  4 

An  fa. 
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Anfxp.  The  defired  Produft:  is  exa&ly 100 

For,  (by  the  laft  of  the  three  compendious  Rules  before  deli, 7 

vered  in  SeB.  10.  of  this  C/wp.  for  the  Multiplication  of  Binomials  W101 i 

and  Refiduals)  theProduft  of  the  firft  and  fourth  Number  is    .    ^ 

Likewife  theProduft  of  the  fecond  and  third  Number  is     .     .    Vioi-f- 1 

Laftly,  the  two  laft  preceding  Produces  being  multiplied  one  V 
into  another  (by  the  fame  Rule)  make    .     .     .    ....    .3     l0° 

QUESTION  4. 

1.  Iftf,  b,  c,  be  fuch  Quantities,  that aa\ca  =£ 

What  is  the  value  of  a  > 

2.  Aitfw.  By  the  Canon  in  SeB.  6.  Chap.  15.  Booh  1.    .    .    .     a  =V  :b-\-i^c- j  c 

By  which  value  of  a  the  Equation  propos'd  may  be  expounded  (as  is  ufual)  by  the 

following 

Demonflration. 

3-  If      •     •      •      •      ;      •     •  ' •"     •        a  =/i+^-if 

4.  Then  confequently  by  adding  \c  to  each  part    .    .    .     a-\-±c  — Y^JX  j  .  T 

5.  And  by  multiplying  each  part  of  the  laft  Equa-")        .       ,    '  "ra- 
tion into  it  felf    ...'.' J  aa+Ca+iCC  =*+** 

6.  Wherefore  by  fubtra£ting  ±cc  from  each  part, ) 

there  remains .j*  aa+ca  s* 

Which  was  to  be  proved. 

2Vbf  <?.  -This  Demonftration  is  formed  in  the  way  of  Compofition  by  the  ftens  of  rh 
Refolution  of  the  fame  Queftion  in  SeB.  ?.  Chap.  15.  Book  1.  but  in  a  retrograde  S 
backward  order;  for  the  firft  ftep  in  the  Compofition  (or  Demonftration)  isthebft 
m  the  Refolution,  the  fecond  ftep  in  the  Compofition  is  the  laft  but  one  in  the  Refh. 
lution ;  and  fo  by  returning  backwards  by  the  fteps  of  the  Refolution  the  DemonftrS" 
tion  ends  in  the  Equation  propos'd  to  be  refolved.  But  this  islareelv  handle  ; 
fourth  Book  of  Algebraical  Elements.  S  Y    andIed  m  ^ 


^U E  S  T  1  0  N.    5. 
1.  If  a,  b,  £,  be  fuch  Quantities  that aa—ba—k 

Whar  is  the  value  of  a? 
1.  Atifw.    By  the  Canon  in  SeB.  8.  Chap.  15.  Book  1.    ,      .      g=jAW  l-u-fh' 
foUowinhiCh  Vake  °f  *  th£  Equation  Pr°P°s'd  may  be  expounded,  as'appears  by  the 

Demovjlratioii. 

-      J£  , 

4.  Then  by  fubrra£ting  ±b  from  each  part    .....     a—Lb~        i/Ttj"Tti' 

5.  And  by  multiplying  each  part  of  the  laft  EquatiO  ,        2~         v-*T+w: 
on  into  it  felf,     , •     •   3    **— **+i#=JU-iW 

6.  Wherefore  by  fubtrafting  \bb  from  each  part,    .    aa—bci        =£ 
Which  was  to  be  proved. 

^UE  ST  10  N   6. 

1.  If  c  and  «  be  put  for  fuch  known  Quantities  > 

that, '  r     ■    » not  —±cc 

2.  And  if  a  be  put  for  a  Quantity  unknown,  and '  .    .    ca—aa=n 
What  is  the  value  of  a  > 

3.  Anfv.  By  the  Canon  in  5e5. 10.  Cbap.15.  ^ooki  ?  <  irJL-J~ -■ 

theie  two  values  of  a  will  be  found  out,  viz.     J     '     •    •  a~\     _lr^ °~n' 
By  each  of  which  values  of  a  the  Equation  propofed  in  the  fecond  ftep  ma/belx" 

fcitT  ^  6iCher  *+4p  °r  l^fef  *  P«  equal  to  "the" 

A?-- 
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DEMONSTRATION.  " 

4.  Firft,    if    .      •'  : a=ic+V:-fo— V: 

5    Then  by  fubtracYing  4-c  from  each  part a — i.c=       V  :^cc—n: 

6.  And  by  multiplying  eachpan  of  thelaftEquaO    _  aa__ca+Uc=Scc_n 
tion  into  it  ielf ) 

7.  And  by  adding  ca  to  each  part aa+±cc=\cc-\-ca — n 

8.  And  by  fubtracting  -\cc  from  each  part     ...      ...    aa=ca—n 

9.  And  by  adding  n  to  each  part aa-\-n—ca 

10.  Wherefore  by  fubtratting  aa  from  each  part     ....    n—ca — aa 

11.  That  is, ca—aa=n 

Which  was  to  be  proved. 


Again,  if     .     •    •     ■     • «=4-c — V.-^cc — n. 

12.  Then  by  adding  V:±cc — n:  to  each  part      .     a-\-Y :  ±cc — n:  =±c 

13.  And  by  fubtrafting  a  from  each  part     ...      .      V : ±cc—n :  =ic—a 
ia.  And  by  multiplying  each  part  of  the  laft) 

Equation  into  it  lelf    .     .      .     .      .    .     .  |    '    '    ^c-n  =^c-ca+aa 

1  j.-  And  by  adding  ca  to  each  part ca+^cc — n  =±cc-\-aa 

16.  And  fubtrafting  ice  from  each  part ca— n  —aa 

17.  And  by  adding  n  to  each  part .    .     ca        =aa-\-n 

18.  Wherefore  by  fubtracYmgaa  from  each  part     .  '.     .   ca — aa—n 
Which  was  to  be  proved. 


^UE  ST  10  N  7. 

1.  If  b  and  c  be  put  for  fuch  known  Quantities,  that  c  is  greater  than  b,  but  left  than 
ib  •,  and  ifiii  be  put  for  a  Quantity  unknown  -, 

2.  And  if    .      .      .    i    V^A  +  V^^V^ 

4  4  c 

What  is  the  value  of  a? 

RESOLUTION. 

3.  Becaufe  the  Squares  of  equal  Quantities  are  alio  equal,  by  multiplying  each  part  of 
the  Equation  in  the  fecond  ftep  into  it  ielf,  this  is  produced,  viz. 

•aa       ,a+-~-j)fa .  _  baa 

24c 

4.  Then  to  the  end  the  Surd  Quantity  in  the  Equation  in  the  third  ftep  may  folely 

make  one  part  of  an  Equation,  let-"  be  fubtra&ed  from  each  part  of  that  Equati- 

2 
on,  and  this  will  remain,  viz. 

,a* — 9^  _  baa aa ibaa — caa 

4  c         2  zc 

5.  And  to  the  end  the  Radical  Sign  in  the  firft  part  of  the  laft  Equation  may  vanifh,  let 

each  part  be  multiplied  by  it  ielf,  fo  an  Equation  in  Rational  Quantities  will  be  pro- 

,        ,       .  a+ — 9.')  *        abba* — ±bca*\ccaa± 

duced,  viz.  2 —  =  ~ ^_ 

4  4<:c 

6.  Andbyreducingthe  laft  Equation  to  a  common  Denominator  4CC,  and  then  by  mul- 
tiplying each  part  by  the  fame  4a-,  this  Equation  in  Integers  will  be  produced,  viz. 

cca*  —  gb*cc  =  <\bba*  —  4^1+  -f  cca* 

7.  And  from  the  Equation  in  the  laft  preceding  ftep,  after  due  Reduction  is  made,  to 
make  thofe Quantities  wherein  a*  is  found  to  pofleis  one  part,  this  following Equa- 
tioi   arifes,  viz.  ^bca* —  4M1I+  =  yb*cc 

8.  Then  by  dividing  each  part  of  the  laft  Equation  by  qbc — 4W,  to  the  end  that  a* 
may  ftand  alone,  this  Equation  ariies,  viz. 

4  _      gb*cc         _    gbh'c 
<\bc — \bb        4c — 4^ 

a    d,,*  gbbec .   '       b  gb^cc 

9.  But z —  into =  -2- 

4  c—},        ¥—^b 

10.  There- 


1 '   "  "   ■ 
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10.  Therefore  from  the  two  laft  preceding  Equations,  by  exchanging  equal  Ouanff 
ties,  this  Equation  arifes,  viz.  °  o   i       ^«uu- 

qbbcc  •         b 
<*4  =  zr__r  mto  — _ 

4  c—b 

1 1.  And  by  extracting  the  fquare  Root  out  of  each  part  of  the  Equation  in  the  tenth 
If  en.  this  ariles-. 


Hep,  this  ariiesj 

2  c—b 

12.  Wherefore  by  extracting  the  fquare  Root  out  of  each  part  of  the  Equation  in  the 
•  eleventh  ftep,  the  defired  value  of  a  is  difcovered,  viz. 

a=/:3ifinto/-i_: 
2  c — b 

An  Example  of  Queft.  7.  in  Numbers. 

1?.  if  ..-:;,..£  =  16 

14.  And C  =  25 

15.  And a  =  a  Number  unknown 

16.  Andif V«J±iM  +  Vaa-W^ba* 

44c 
What  is  the  Number  a  ? 

17.  Anfw.  From  the  thirteenth,  fourteenth,  and  twelfth  fteps,  «=V8oo,  or  20  V2. 
By  which  value  of  a  the  Equation  propos'd  may  be  expounded,  as  will  appear  by 

The  Proof. 

18.  If  b  —  16,  c  =  25,  and  a  =  •/8ooi  then  it  will  follow  that 

•/aa-i-lbb  .,aa — zbb  __,bax    ,       ~  /n  , 

- — — —  +v : —  =V —   (  =  8/8,  or  /512  ) 

44c 

Note,  The  Numbers  toexprefs  the  values  of  b  and  c  muft  not  be  taken  at  pleafure, 
but  fuchthat  the  N  umber  c  may  exceed  the  Number  b,  and  be  left  than  2b,  as  ispre- 
icribed  in  the  Queftion  -,  the  former  part  of  which  Determination  is  difcovered  by  the 
Denominator  c — b  of  the  Surd  Fraction  in  the  twelfth  ftep,  and  the  latter  part  of  the 
Determination  is  manifeft  by  the  latter  part  of  the  Equationin  the  fourth  ftep,  where 
caa  is  to  be  fubtra&ed  from  zbaa,  which  cannot  be  done  lb  as  to  leave  a  Remainder 
gteacer  than  nothing,  unleis  c  be  leis  than  2b. 


Se£h  XVIII.  An  Explanation  of  Fran,  van  SchootenV  General  Rule  to  extraft 
what  Root  you  pleafe  out  of  any  Binomial  in  Numbers,  having  fucb  a  Binomial 
Root  as  is  defired. 

Preparation. 
.  Firft,  if  the  given  Binomial  has  Fractions  in  it,  muft  be  freed  from  them  by  mul- 
tiplying the  Binomial  by  their  Denominator.  Asfor  Example,  to  extract  vY?,)  that  is, 
the  Cubic  Root  out  0^242+124,  I  multiply  the  Binomial  by  2,  and  it  makes 
V968+25;  for  V242  multiplied  by  1/4,  ('that  is,  by  2)  produces  ^968  ;  and  I2f 
into  2  makes  25.  Likewife,  if  there  be  propofed  /ilf  4'/-i-H,  I  firft  multiply  it  by 
V?,  and  it  makes  /242-f-f,  then  this  Binomial  multiplied  by  2  produces  (as  be- 
fore) -/968-V-2?  ;  andfo  of  others. 

Secondly,  if  neither  of  the  two  Parts  of  the  given  Binomial  be  Rational,  it  muft  be 
reduced  by  Multiplication  or  Divifion  to  another  Binomial  that  mail  have  one  of  its 
Parts  Rational  ;  which  Reduction  may  always  be  done  by  the  Multiplication  of  either 
Part,  but  oftentimes  more  briefly  by  the  Multiplication  or  Divifion  of  the  leffer  Num- 
ber. As  for  Example,  V  2+z+V  2^  may  be  multiplied  by  ^242,  and  it  makes  242+ 
V  5;  8  8  06;  but  more  compendioufly  by  V2,  and  there  comes  forth  2  2  -\-  V<\&6.  After  the 
fame  manner:  v'(3,?993+v/('6ji7578i2  5;  may  be  firft  multiplied  by  v'(3)?99?,  and 
the  Product  again  by  1^(3)399^  fo  there  will  be  produced  another  Binomial,  whole 
Rational  Partis  the  abfolute  Number  399- ;  but  more  briefly  by  /(?)?,  and  there  will 

Kk  be 
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be  produced  another  Binomial  whole  Rational  Part  is  33 ;  and  yet  more  compendioufly 
if  the  Binomial  propos'd  be  divided  by  VY3J3,  there  will  arife  n+/izy. 

But  here  is  to  be  noted,  that  when  one  part  of  a  Binomial  is  Rational,  whither  it  be 
of  a  Binomial  firft  given,  or  of  another  deduced  fas  above J  from  that  given,  then  alio 
the  Square  of  the  other  part  ought  to  be  rational,  otherwife  no  Root  can  be  extracted 
out  of  the  Binomial,  or  the  other  deduced  from  it. 

Thirdly,  toextracf  V(6)  out  of  a  given  Binomial  qualified  as  above  is  fuppofed,  we 
muft  firft  extract,  the  fquare  Root,and  then  out  of  this  the  Cubic  Root  -,  and  to  extract 
y/(y)  we  muft  firft  extrafr  </(3),  and  thejiout  of  the  Cubic  Root  found  out  we  muft 
again  extracf  V(i)  ;  and  fo  of  any  other  Root  whofe  Index  is  a  Compofit  Number. 
But  as  to  the  Extraction  of  the  fquare  Root  out  of  a  Binomial,  a  Rale  has  been  al- 
ready given  and  exemplified  in  the  preceding  Sett.  16,  fo  that  here  there  is  need  on- 
ly that  I  fhew  how  to  extra£t  -/(3J,  Y($),  Y(~j\  Y(  11J,  and  fuch  like  whole  Indi- 
ces are  Prime  Numbers. 

Fourthly,  to  extract  Y(t, ),  Y($),  Y(-j\  or  the  like  Root,  whofe  Index  is  a  Prime 
Number,wemuft  firft  of  all  try  whether  out  of  the  given  Binomial  there  can  be  extract- 
ed a  Binomial  Root  which  has  one  part  Rational,  but  that  may  be  difcovered  byfub- 
tracfing  the  Square  of  the  lefler  part  of  the  given  Binomial  from  the  fquare  of  the  grea- 
ter, and  extracting  the  Root  out  of  the  Remainder,  to  wit,  the  Cubic  Root  of  1/(3) 
be  to  be  extracted  out  of  the  given  Binomial,  or  the  Root  of  the  fifth  PoWer,ifV(3)  be 
to  be  extracted  :  and  fo  of  others.  For  if  the  Root  of  the  faid  Remainder  be  not  a 
Rational  Number,  then  the  Binomial  Root  fought  will  certainly  want  a  Rational  part, 
viz.  each  of  its  parts  will  be  Surd  •,  in  which  cafe,  in  order  to  extract  the  Root,  the 
given  Binomial  muft  be  multiplied  by  the  Difference  of  the  Squares  of  the  Parts,  if 
the  Queftion  be  concerning  the  Extract  ion  of  the  Cubic  Root  -,  or  by  the  Square  of  the 
faid  Difference,  if  Vf  5  J  be  fought  ;  01  by  the  Cube  of  tbe  lame  Difference,  if  Y(-j) 
be  required  ;  or  by  the  fifth  Power  of  the  faid  Difference,  if  Y(\i)  be  fought ;  and  fo 
of  the  reft  By  which  Multiplication  anotherBinomial  will  alwaysbe  produced,w  herein, 
the  Root  of  the  Difference  of  the  Squares  of  the  Parts  will  be-the  fame  with  the  Dif- 
ference of  the  Squares  ot  the  Parts  of  theformer  Binomial 

As  to  extraft  the  Cubic  Root  out  of  2j-rV96S,I  firft  lubtracl  625  the  Square  of 
25,  from  0(^8  the  SquareofY968,  and  there  remains  342,  whole  Cubic  Root  7  is  3 
Rational  Number ;  which  argues  that  the  Root  ot  the  given  Binomial,  if  there c«  ,ibea 
Root  extracted  out  of  ir,  is  a  Binomial  which  has  one  of  its  Parts  Rational. 

Likewife,  to  extracf  the  Cub'c  Root  out  of  22+V486,  we  muft  liibtract.  484,  the 
Square  of  22,  from486,  and  extraft  the  Cubic  Root  out  of  the  Remainder  2  ;  butbe- 
caufe  that  cannot  be  done  exacfiy,  it  fhews  that  the  Cubic  Root  of  224V486  wants 
a  Rational  Part;  and  therefore  22-FV486  muft  be  multiplied  by  the  fad  Remainder 
2,  that  there  may  be  a  Binomial  44-j-Vi944,  wherein  the  Cubic  Root  of  the  Diffe- 
rence of  the  Squares  of  the  Parts  in  2. 

So  to  extract  Vf  5,)  out  of  11-f  Vi^,  becaufe  121  the  Square  of  11  fubtracted  from 
125  leaves  4,  which  confidered  as  a  fifth  Power  has  not  an  exa£t  Rational  Root,  we 
muft  multiply  11+V125;  by  16  the  Square  of  4,  that  thete  may  come  forth  176+ 
V32000,  where  Y(^)  of  the  Difference  of  the  Squares  of  the  Pans  is  4. 

Again,to  extracf  Y(j)  out  of  3  3  8-fVi  14242,  wherein  the  Difference  of  the  Squares 
of  the  parts  is  2'-,  becaufethis  2  is  not  the  leventh  Power  of  any  Rational  Number,the 
given  Binomial  may  be  multiplied  by  8,  that  is,  by  theCubeof  2,  and  it  make  2704-t^ 
•/731 1488,  wherein  the  v^7)of  the  Difference  of  the  Squares  of  the  Parts  in  2. 

The  RULE. 

,  When  a  Binomial  given,  or  another  deduced  from  it,  (if  need  be  J  by  the  Precedent 
Preparation  is  fuch,  that  one  of  its  parrs  and  the  Square  of  the  other  parr,  as  alfo 
the  Root  of  the  Difference  of  rhe  Squares  of  rhe  Parts,  (to  wit,  the  Cubic  Root  when 
Y(  3),  or  1/(5 )  when  Y($)  is  fought)  are  Rational  whole  Numbers  •,  then  out  of  a 
Binomial  fo  qualified /(3),  or  ^(5  J,  or  Y( 7),  &c.  may  be  extracted,  ifithasfucha 
Root,  in  manner  following,  viz. 

Firft,  extracf  the  Root  of  the  Difference  of  the  Squares  of  the  parts  ofthe  Binomial 
qualified  as  aforefaid, viz.  the  Cubic  Root  when  Y(i)  is  fought,  but  Y($)  whenv'Cj;, 
or  V(7)  when  </(j\  c>vc.  which  Root  fo  extracted  is  to  be  refeivedfor  a  Dividend. 

Se- 
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Secondly,  find  out  a  Rational  Number  a  little  greater  than  the  Root  fought  with  this 
caution,  thatthe  Rational  Number  found  out  may  not  exceed  the  faid  Root  above  '  • 
which  may  eafily  be  done  by  Vulgar  Arithmetick,  and  take  the  faid  Rational  Mumber 
for  a  Divifor. 

Thirdly,  divided  the  faid  Dividend  by  the  faid  Divifor,  and  if  the  Rational  tfartof  the 
given  Binominal  be  greater  than  the  other  part,  add  the  Quotient  to  the  faid  Rational 
Divifor,  and  the  half  of  the  greateft  whole  Number  contained  in  the  Sum  fhall  be  the 
Rational  part  of  the  Root  fought ;  then  from  the  fquare  of  that  Rational  part  fubtraft 
the  Root  of  theDifference  of  the  fquares  of  the  parts,  (to  wit,  the  Dividend  firft  found 
out  as  above;  fo  the  Remainderman  be  the  Square  of  the  other  part,when  fucha  Root 
as  was  required  can  be  extracted  out  of  thegiven  Binomial;  whichyou  may  eafily  try 
by  multiplying  this  Rootfound  out  into  itfelf,  according  to  the  degree  of  the  Power  re- 
prefented  by  the  given  Binomial :  for  the  Root  found  out  being  multiplied  into  itfelf 
cubically,  if  /(?)  was  fought,  or  five  times  into  itfelf  ifv'Cj)  was  fought,  ought  to 
produce  the  given  Binomial. 

But  if  the  Rational  part  of  the  given  Binomial  be  left  than  the  other  part,  then  after 
you  have  found  out  the  Quotient  as  above,fubtracl  it  from  the  Rational  D'ivifor,  and 
the  half  of  the  greateft  whole  Number  contained  in  the  Remainder  fhall  be  the 
Rational  Part  of  the  Root  fought ;  to  the  fquare  of  which  part  if  there  be  added  the 
Dividend  firft  found  out  as  above,  the  Sum  will  be  the  Squareof  the  other  part,when 
the  Binomial  propofedhas  a  Root;  butby  multiplying  the  Root  found  out  into'  itfelf 
as  before,  you  may  eafily  try  whether  it  be  a  true  Root  or  not. 

Example  I.  To  extrali  tbeCubic  Root  out  of  2oJt-Vl^z. 
Firft,  the  Difference  of  the  Squares  of  the  Partsof  the  given  Binomial,  viz..  theEx- 
cefs  of  400,  the  Square  of  20,  above  392,  the  Square  of -/3 92  is  8,  whofe  Cubic 
Root  I  referve  for  a  Dividend. 

Secondly,  I  feek  a  Rational  Number  that  may  be  greater  than  the  Cubic  Root  of 
2o-r-/?92,  the  given  Binomial,  yet  fo  that  the  Excefsmay  not  be  greater  than  £5  to 
which  end  I  extracf  the  Square  Root  of  392,  andfind  it  to  be  greater  than  i?,but  left 
than  20 ;  then  to  20  the  Rational  part  of  the  given  Binomial  I  add  19  and  20  leverally 
and  it  makes  3  9  and  40,  which  are  the  neareft  Rational  whole  Numbers  that  can  ex- 
prefs  the  true  value  of  the  given  Binomial ;  whence  the  Cubic  Root  thereof  will  be 
found  greater  than  3,  but  left  than  34-:  this  34- which  (according  to  the  Caution  before 
given )  exceeds  the  true  Cubic  Root  of  the  given  Binomial  by  an  Excels  not  greater 
than  4.,  I  reierve  for  a  Divifor. 

Thirdly,  I  divide  2  (the  Dividend  before  referved)  by  the  faid  Divifor  34.,  and  the 
Quotient  is  ±-  Now  becaufe2othe  Rational  part  of  the  given  Binomial  is  greater  than 
the  other  part  ^392, 1  add  the  faid  Quotient  i  to  the  laid  Divifor  3-f,  and  it  makes  the 
Sum  4-^,  wherein  the  greateft  whole  Number  is  4,  whofe  half  is  2  the  Rational  part  of 
the  Root  fought:  by  the  helpof  whichRational  part  the  other  part  is  eafily  difcovered, 
for  if  from  4  the  Square  of  the  faid  2  you  fubtratt  2,  the  Cubic  Root  of  the  Difference 
of  the  Squares  of  the  parts  of  the  given  Binomial,  there  will  remain  2  the  Square  of  the 
other  pare.  So  that  2+^2  is  the  Cubic  Root-of  2o-fv/392  the  Binomial  propofed, 
as  will  appear  by  the  Proof-,  for  2+^2  being  multiplied  into  itfelf  cubically  produces 
2o-r-/392,  and  for  the  fame  reafon  2 — V2  is  the  Cubic  Root  of  20 — ^392. 
Example  2.  To  extrali  the  Cubic  Root  out  of  444-^1 944; 
Firft,  the  Cubic  Root  of  the  Difference  of  the  Squares  of  the  Parts  is  2  for  a  Divi- 
dend. Secondly,  the  fquare  Root  of  1 944  is  greater  than  44,  but  left  than  47  ;  thefe 
added  feverally  to  44  the  rational  part  of  the  given  Binomial,  make  88  and  89,  whofe 
Cubic  Roots  being  extracted,  do  fhew  that  the  Cubic  Root  of  the  given  Binomial  is 
greater  than  4,  but  left  than  44-  5  this  RationaL  Number  4!,  which  according  to  the 
Caution  before  given  exceeds  the  true  Root  fought  by  an  exceft  not  greater  than  ;-,  I 
take  for  a  Divifor.  Thirdly,  I  divide  the  faid  Dividend  2  by  the  faid  Divifor  44-,  and 
the  Quotient  is  $,  which  1  fubtracf  from  the  faid  44-,  (I  fubtraft,  becaufe  44  the  Ratio- 
nal part  of  the  given  Binomial  is  left  than  the  other  Part  '/1944J  and  there  remains 
4-T4- ;  then  the  half  of  4,the  greateft  whole  number  contained  in  4-74,  is  2,  which  is  the 
Rational  Part  of  the  Root  fought.  Laftly,  to  4  the  Square  of  the  faid  2  I  add  2,  the 
Cubic  Root  of  the  Difference  of  the  Squares  of  the  Parts,and  it  makes  6  rhe  Squareof 
the  other  part.  So  that  2-\-V6  is  the  Cubic  Root  fought,aswill  appear  by  the  Proof  * 
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for  if  it  be  multiplied  into  itfelf  cubically,  it  produces  44+ Vi  944  the  Binomial  pro- 
pofed ;  and  for  the  fame  Reafon  V6—2  is  the  Cubic  Root  of  Vi  944~ 44- 

Example  3.  To  £,Atrai?VC5)owt  0/  i76-r-'/320co. 
Firft  the  Difference  of  the  Squares  of  the  Parts  will  be  found  1024,  whole  /(j)  is 
a  for  a  Dividend,  Secondly,  the  Sum  of  the  Parts  will  be  found  greater  than  3  54,  but 
lei's  than  355  ;  and  confequently  -/(?)  of  thefum  of  the  Parts  is  greater  than  3,  but 
lefs  than  li-  Thirdly,  by  the  laid  34- 1  divide  the  faid  4,  and  the  Quotient  is  i4-,which 
Ifubcracf  from  the  faid  Divilor  34.,  fbecaufe  the  rational  Part  of  the  given  Binomial 
is  lefs  than  the  other  Pair)  and  there  remains  z~\  ;  then  the  half  of  2  (the  greateft 
whole  Number  contained  in  z%$)  is  1,  the  Rational  Part  of  the  Root  fought.  Laltly, 
the  Square  of  the  faid  i,to  wit  i,addedt0  4  (theV($)  of  the  Difference  of  the  fquares 
of  the  Parts  of  the  given  Binomials,)  makes  5  the  fquare  of  the  other  Part.  So  that 
I-4V?  is  thev'Cs:)  of  the  given  Binomial  1764-V32G00,  at  leaft  if  any  ■/(>)  can  be 
extracted  out  of  the  fame  ;  but  1+V5  multiplied  into  itfelf  five  times  makes  176-f, 
•/32C00J  therefore  14V5  is  manifeftly  the  defired  V($)  of  1764-^32000. 

Example  4.  To  Extratl  V(-j)  out  0/2704+^7311488. 
Firft  the  ^(7)  of  the  Difference  of  the  fquares  of  the  Parts  in  2  for  a  Dividend.  Se- 
condly^ the  value  of  the  given  Binomial  will  be  found  greater  than  5407,  but  lefs  than 
5408  ; 'whence  the  ^(7)  thereof  will  be  difcovered  to  be  greater  than  3,  but  lefs  than 
3.1.  Thirdly ,by  the  faid  34- 1  divide  the  Dividend  before  found  2,  and  the  Quotient  is  4, 
which  I  add'  to  the  Divilor  3  4-,  (becaufe  the  Rational  Part  2704  is  greater  than  the 
other  Part  J  and  it  makes  the  Sum  4—1-  ■-,  and  therefore  2  the  half  of  the  greateft  whole 
Number  contained  in  4—,  is  the  Rational  part  of  the  Root  fought.  Laftly,from  4  the 
fquare  of  the  faid  2  I  fubtracl  2,  to  wit  V(-j),  of  the  Difference  of  the  Squares  of  the 
Parts  of  the  given  Binomial,  and  there  remains  2  the  fquare  of  the  other  Part.  So  that 
2-4-  Vi  is  the  defired  V(-j)  of  the  given  Binomial  2704-M/7311488  ;  for  this  is  the 
feventh  Power  of  2+^2,  as  will  appear  by  Multiplication. 

But  here  is  to  be  noted,  that  when  the  given  Binomial  has  been  multiplied  or  divi- 
ded by  fome  Number,  and  thereby  reduced  to  another  Binomial,  and  the  Root  of  this 
latter  is  found  out,  we  muft  divide  or  multiply  the  Root  found  out  by  the  Root  of 
the  Number  by  which  the  Binomial  was  multiplied  or  divided  ;  fo  there  will  come 
forth  rhe  Root  of  the  given  Binomial. 

As  for  Example,  becauie  to  extract  the  Cubic  Root  out  of  V242+124-,  we  firft 
multiplied  this  Binomial  by  2,  and  found  25+V968,  whofe  Cubic  Root  by  the  Rule 
before  given  will  be  found  1+-/8 ;  this  muft  be  divided  by  ■/(?>,  and  the  Quotient 
yf(iy_-\-V(6)i2$  mall  be  the  Cubic  Root  ofV242-f  124.  the  Binomial  propofed. 

But  that  the  reafon  of  the  faid  Divifion  by  V(i)z  may  the  more  clearly  appear,  let 

therebeput^=i-r-v'8,  then  it  follows  that  ^=25; 4-/968,  and — -=v/242-r-i2-r 

(the  Binomial  propofed  J    Therefore  by  extracting  the  Cubic  Root  out  of  each  part 

of  the  laft  Equation  there  arifes  V(3)  -    ,  that  is,  =V(^)'Y2^+TTT:But 

by   fuppofition   d=i-\-VS;  therefore  14V 8  divided  by  ^(3)2,   that  is  to  fay, 
/(^■.^V^iaS  mall  be  the  Cubic  Root  of  "/242-r- 124. ;  which  was  to  be  fliewn. 

Example  2,  ToextraU  V(i)  out  of  •/i±f-f  V^~. 
Firft,  to  prepare  it  for  Fxtraclion  we  multiplied  by  /j,  and  found /242  4-1 2!-, 
whole  V'(3)  (as  appears  in  the  laft  preceding  Example)  is  v'(3)4--f  V(6)izS,  which 
by  dividing  byV(6);  gives  the  Quotient  V(6)^r-\-V(6)-~  for  the  defired  Cubic 
Root  ofV-^4-rV— £.  The  reafon  of  which  Divifion  by  V(6)$  maybethus  manifeft- 
ed,  let  there  be  put  i=/(3)4- 4-^(6)1285  then  it  follows  that  ddd~Vz\z+\z\~ 

V^-\-V±^,-  into  ^5,  whence      -  =  v^\-\-V-^ ;  therefore  the  Cubic  Root  of 

v  j 

each  part  of  the  laft  Equation  being  extracted  there  arifes  V(i)  -— -,  that  is,  — — . 

Cfor  V(3)  of/5  \Si/(6)5)~V(i):V^-\+i±±:  But  by  fuppofition  d=V( 3) ;+ 

V(6)izSi 
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•(6)128  ;  therefore  •/(?)I-+V(6;i28  divided  by/(6)y  gives  the  true  Cubic  Root 
BfVi-if+r-^f  j  which  was  to  be  (hewn. 

Example  3.  To  extratt  Y($)  nut  of  V 242+^241. 
Firft,  (according  to  the  fecond  Rule  of  the  precedent  Preparation;  I  multiply  itby 
•2,  and  there  comes  forth  22+^486 ;  this  multiplied  by  2  f  according  to  the  fourth 
preparatory  Rule;  makes  44+^1944,  whofe  Cubic  Root  (as  before  has  been 
fhewn;  is  2-W6,  which  muft  be  divided  by  Yz,  and  there  will  come  forth  V2  -\-Yz 
for  the  Cubic  Root  fought  of  •242+^243.  But  to  manifeft  the  Reafon  of  dividing 
2+V6  by  ^2,  let  there  be  p^<?=2+v'6,  then  it  follows  that  ddd=^-\-Yi^^~ 

22+7486  into  2,  whence  *3^=  22+^486,  and  this  Equation  divided  by  v/2('becaufe 

in  the  Preparation  we  multiplied  by  Vz)  gives  ^:=V242+^243  ;  therefore  V(i) 

•8 

being  extracted  out  of  each  Part  of  the  laft  Equation,    there    arifes  Yd  )¥* 

^•8' 

that  is,  T-—,  or--,  —V(i)  -V 242+243  :  But  by  fuppofitionJ=2+^6;  there- 
fore 2+^6  divided  by  Vz,  viz.  the  Quotient  ^2+^3  (hall  be  the  Cubic  Root  of 
•242+^243  j  which  was  to  befliewn. 

Example  4.  To  extraB  Y(%)  out  cf  v/r?)399?  +  Vrf6;i7J78i2j. 
Firft,  (according  to  the  fecond  Preparatory  Rule)  I  divide  the  given  Binomial  by 
•("3)3,  and  then  (according  to  the  fourth  Preparatory  Rule)  I  multiply  the  Quotient 
•(?)i33i+Vr6i953i25  by  16,  and  there  comes  forth  176+^32000,  whole  V(j) 
(as  has  before  been  (hewn)  is  i+Vj.  NoWthis  Root  i+v's  divided  by  Y($)x6, 
and  the  Quotient  multiplied  by  ^(15^3  will  difcover  the  true  Y(i)  of  ^(3)3993+' 
•(3)17578125  •,  the  reafon  of  which  Divifion  and  Multiplication  may  be  mademani- 
feft  thus  ;  let  there  be  put  i=i+^5,  then  it  follows  that  ddddd=  17  6+Y  7,2000  5 
and  by  dividing  each  part  of  the  laft  Equation  by  i6,(becaufe  in  the  preparatory  work 

we  multiplied  by  16)  there  arifes  — -7-—V(i)i7>7,i->rY(6)i9'$ii2-)  3  and  by  mul- 

16 

tiplying  each  part  of  this  Equation  by  /(3)3,  there  will  be  produced  -M  ^^%^£ 

16 
•(3;3993+,/(6;i7578i25'.    Therefore  y($)  being  extracfed  out  of  each  part  of 

the  laft  Equation  there  will  ax\&V($)ddidi*fb\  Hat  is,  ^ili  equal  to  Y(i) 

16  ?  v(5)i6     H  J 

of  •/(5;i33i+V(6)i7578i25'.  But  by  fuppofition  d=  1+^5,  therefore  i+/j 
multiplied  into  •(i?^,  and  the  Product  divided  by  •(5)165  or  1+^5  divided  by 
•(5)16,  and  the  Quotient  multiplied  ^(15)3  produces  the  true  V(^)  0^/(3)3993 
+v'(6;i7578i25  ;  which  was  to  be  (hewn. 

Tlje  Demovijlvation  follows. 

The  certainty  of  the  preceding  Rule  will  be  made  manifeft  by  the  three  following 
Propositions. 

PROP.  1. 

If  a  Binomial,  whereof  one  part  and  the  Square  of  the  other  are  rational  Numbers, 
be  multiplied  into  itfelf  cubically,  there  will  be  produced  another  Binomial,the  Square 
of  whofe  lefler  Part  being  fubtracf  ed  from  the  Square  of  the  greater  Parr,  leaves  a 
Cubic  Number,  to  wit,  the  Cube  of  the  Difference  of  the  Squares  of  the  Parts  of 
the  Root  or  firft  Binomial. 

To  make  this  manilelt,let  there  be  propofed  the  Binomial  b-\rYdi  this  multiplied  in- 
to itfelf  cubically  produces  bbb+7,bbYd-\-7bd-\-dYd,  to  wit,  the  Cube  of  b-\-Vd. 
Here  you  are  to  note  well,  that  although  in  that  Cube  there  be  four  Parts  or  Members, 
yet  they  are  to  beefteemed  but  as  two,  one  of  which,  to  wit,  bbb-\-7bd,  maydefign  a 
Rational  Number,  and  the  other  7,bbYd-\-dYd  (or  ibb+dxYd)  an  Irrational  or  Surd  . 
Number,  whofe  Square  is  Rational;  whence  it  is  manifeft,  firft,  that  the  Cube  of  a  Bi- 
nomial is  alfo  a  Binomial,  viz.  b-\-Yd  multiplied  into  itielf  cubically  produces  this 

Bi- 
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Binomial  bbb+^bd  more  ibbVd-\-dVJ  (or  ibb+dxVd.)  Secondly,  the  Rational  part 
bllfJr  ibd  is  manifeftly  compofed  of  the  Cube  of  the  Rational  part  of  the  Root,  and  of 
the  triple  ProduQ  made  by  the  Multiplication  of  the  lame  Root  into  the  Square  ofits 
other  part.  And  laftly,  the  Difference  of  the  Squares  of  the  faid  Parts  bbb-\-  3  Wand 
■^kbV  d-\-dV  d  is  equal  to  the  Cube  of  bb — d,  or  of  d — bb,  viz.  to  the  Cube  of  the 
Difference  of  the  Squares  of  the  Parts  of  the  Root  b-\-Vd.  For  the  Squares  of  bbb-\-  3  bd 
and  MVd-+dVdzie  bbbbbb-\-6bbbbd+$bbdd  and  ybbbbd\bbbdd-\  ddd;  and  if  thefe 
Squares  be  iiibtra&ed  one  from  the  other,  the  Remainder  is  either  bbbbbb — %bbbbd\ 

■^}}U ddd,  which   is  the  Cube  of  bb — d;  or  elfethe  Remainder  is  ddd—^bbdd-\- 

\lbbbd— bbbbbb,  which  is  the  Cube  of  d— bb.  ■ 

.  To  illuftratethis  Propofition  by  Numbers,  let  there  be  put  b  —  2  and  Vd=6;  hence 
the  Binomial  2 -\-V 6  multiplied  into  it  felf  cubically  produces  the  Binomial  44 -f 
V1944,  wherein  the  Difference  of  the  Squares  of  the  Parts  {viz.  the  Remainder  when 
1936  the  Square  of  44  isfubtracted  from  1944  the  Square  of  V 1944)  is  8,  to  wit,  the 
Cube  of  the  Difference  of  the  Squares  of  the  Parts  of  the  Binomial  Root  2  -f  V6. 

Likewifethis  Binomial  2-r-v  2  multiplied  into  itfelf  cubically  produces  the  Bino- 
mial 20+V392,  wherein  the  Differences  of  the  Squares  of  the  Parts,  to  wit  8,  is  the 
Cube  ofthe  Difference  of  the  Squaresof  the  Parts  of  the  Root  2+1/2. 

The  fame  Properties  adhere  alfo  to  a  Refidual  Root,  viz.  the  Cube  ofthe  Refidual 
Rootbw  Vd  is  alfo  a  Refidual,  to  wit,  bbb\\bd  ^  sbbVJ+dVd,  (or  ibb+dxVd-,) 
and  the  Difference  of  the  Squaresof  the  Farts  of  the  later  Refidual  is  equal  to  the  Cube 
ofthe  Difference  of  the  Squaresof  the  Parts  ofthe  Roots  or  firft  Refidual. 

PROP.  2. 

If  a  Binomial,  whereof  one  Part  and  the  Square  ofthe  other  are  the  Rational  Numbers, 
be  multiplied  by  the  Difference  ofthe  Squaresof  the  Parts,  the  Produtt  will  be  another, 
Binomial,  wherein  the  difference  ofthe  Squares  of  the  Parts  isa  Cubic  Number,  to  1 
wit,  the  Cube  ofthe  Difference  of  the  Squares  of  the  Parts  ofthe  Root  multiplied 

To  make  this  manifeft,  let  there  be  propoled  the  Binomial  b-\-Vd,  and  fuppofe  b 
greater  thanVd,  then  b-\-  Vd  multiplied  by  bb—d,  the  Difference  of  the  Squares  ofthe 
Parts,  will  produce  this  Binomial,  to  wit,  bbb — bd  more  bbVd — dYd,  the  Squares  of 
whofe  Parts  are  bbbbbb— 2bbbbd+bbd  and  bbbbd—2bbdd-\-ddd  -,  then  this  later  Square 
fubtra£ted  from  the  former  leaves  bbbbbb — 7,bbbbd-\-  ^bbdd — ddd,  whichisthe  Cube  of 
b!,—d,  the  Difference  of  the  Squares  ofthe  Parts  ofthe  firft  Binomial  b-\-Vd.  The 
fame  Property  would  appear  if  we  fuppofed  b  lefs  than  Vd. 

to  illuftrate  this  Propofition  by  Numbers,  fuppofe  £=22,  3tndVd=^6;  whence 
the  Binomial  22  +  ^486  multiplied  by  2,  the  difference  ofthe  Squares  of  the  Parts, 
produces  the  Binomial  44-tVi  944,  wherein  the  difference  ofthe  Squares  of  the  Parts 
is  8,  which  is  the  Cube  of  2,  the  Difference  ofthe  Squares  ofthe  Parts  of  the  former 
Binomial  22+1/486. 

PROP.  3. 

If  the  Difference  ofthe  Squaresof  any  two  Numbers  bedividedbya  Number  which 
doth  notexceed  the  Sum  ofthofe  two  Numbers  above  | ;  then  the  Quotient  added  to 
the  faid  Divifor  will  give  a  Number  greater  than  the  double  ofthe  greater  ofthe  faid 
two  Numbers,  but  the  Excefswill  be  leis  than  Unity.  And  if  the  faid  Quotient  be  fub- 
trafred  from  the  faid  Diviior,  the  Remainder  fhall  be  greater  than  the  double  of  the 
lefferof  the  two  Numbers,  but  this  Excefs  alfo  (hall  be  lefs  than  Unity. 

To  manifeft  this,  let  a  reprelent  the  greater  oftwoNumbers,andethe  lefier ;  alfo  let 

b  reprefent  fome  Fraftion  not  greater  than  4.  j  then  I  fay,  firft,  a+e-\-b-{-^a"~^- 
r  a-\-e-±b 

is  greater  than  2a,  but  the  Excefs  is  lefs  than  1,  which  I  prove  thus: 

It  is  evident  that  aa-\-ee-\-bb-\-2ae-\-2be-\-2ba-\-aa — ee  is  greater  than  zaa-\- 
22e-\-2bct;  therefore  by  dividing  each  of  thofetwo  Compound  Quantities  by  a-fe-f^, 

it  follows,  th3tthefirftQuotient«-f-e+i+-"^e-    fhall  be  greater  than  the  later 

aa — ee 

Quotient  2a  •,  and  if  this  Quantity  be  fubtracfed  from  that,  the  Remainder  — — --= 

a-\-e-)rb 

will  be  lefs  than  1,  For  by  fuppofition£  is  not  greater  than  4- j  therefore  2be  is  lefs  than 

«-r< 
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a-\e,  and  bb  lefs  than  b-,  and  confequently  the  Numerator  zbz+bb  is  lefs  than  the 

Denominator  a-^e+b  :  wherefore  ^+f+*  is  lefs  than  i. 

2be-\-bb 

After  the  fame  manner  it  may  be  proved  that  a-^e-\-b—~~^!L{s  greater  than  ie  ■ 

a-\-e-\-b  * 

but  this  Excefs  alfo  fhall  be  lefs  than  i  ;  which  was  to  be  (hewn. 

Now  to  apply  the  preceding  three  Propofitionsto  the  Demonstration  of  the  Rule  be- 
fore given,  let  it  be  required  to  extract  the  Cubic  Root  out  of  the  Binomial  100+ 
^7803,  whofe  Rational  part  100  is  greater  than  the  other  part  ^7803  ;  Here  we 
may  fuppofe  bbb+ibd  to  be  100,  and  $bbYd+dYd  (or  ibb-+ dw 'd)  tobe  v^So* ; 
fo  that  bbb+ibd  more  ibb-\-dxYd  maydefign  thegiven  Binomial  100+^7803  -,  and 
its  Cubic  Root  b+Vd  the  Root  fought,  whofe  greater  part  maybe  b,  and  theleffer 
Yd.    Then  according  to  the  Rule : 

To  extract  Y(i)  out  of  100-VV7803. 

Firft,  from  the  Square  of  ioo,  that  is,  from    .    .    .    10000 

Subtraft  the  Square  of  v'7803,  that  is 7803 

The  Remainder  is 2197 

The  Cubic  Root  of  that  Remainder  is 13  (=bb—d) 

Which  Root  1 3  is  (by  Prop.  1.)  equal  to  the  Difference  of  the  Squares  of  the  Parts 
ofthe  Binomial  Root  fought. 

Secondly,  find  outa  Rational  Number  greater  than  the  Sum  of  the  Parts  of  theCu- 
bic  Root  fought,  with  this  caution,  that  the  Excefs  may  not  be  above  L  viz. 

To  the  greater  part  ofthe  given  Binomial,  that  is,  to  .     100 

Add  the  nearer!  value  in  whole  Numbers  of  the  other ")  OQ 
part^So?,  that  is, |88or89 

So  the  Sum  fhewsthat  the  value  in  whole  Numbers  off   QQ     , 
the  given  Binomial  falls  between j-iSSandiS? 

Whence  the  Cubic  Root  ofthe  given  Binomial  is  greater  than  54,  but  lefs  than  6; 
fo  that  the  Excefs  of  6  above  the  true  Root  fought  in  lefs  than  L 

Thirdly,  having  found  out  (as  above)  13,  the  true  Difference  of  the  Squares  ofthe 
Parts  of  the  Cubic  Root  fought  5  and  6  a  Rational  Number,  which  exceeds  not  the 
true  Sum  ofthe  fame  Parts  above  4,  we  may  by  the  help  of  Prop.  3.  and  1  find  out  the 
Parts  feverally  in  this  manner,  viz. 

Divide  the  faid 13 

By  the  faid 6 

And  the  Quotient  is 24. 

Which  added  to  the  faid  Divifor  6,  makes  the  Sum     .    .     84. 

WhichSum  84-  does  by  (Prop.  3J exceed  the  double  of  the  greater  (to  wit,  the  Ra- 
tional) Part  of  the  Cubic  Root  fought,  but  the  Excefs  is  lels  than  1 :  therefore  74  is 
lefs  than  the  faid  double,  but  84-  is  greater  than  the  fame  5  and  confequently  becaufe 
the  faid  greater  Part  is  fuppofed  to  be  a  Rational  whole  Number,  the  double  thereof 
muftneceffarily  be  8,  to  wit,  the  greateft  whole  Number  between  74-  and  84.,  and  there- 
fore the  faid  Part  it  felf  is  4,  which  being  found  out,  it  is  eafie  to  find  the  other  Part; 
for  (by  Prop.  1.)  if  from  16  the  Square  of  the  faid  greater  Part  4,  there  be  fubtra&ed 
1 3  the  Cubic  Root  ofthe  Difference  of  the  Squares  of  the  Parts  ofthe  given  Binomial, 
there  will  remain  3  the  Square  ofthe  other  part  •,  fo  that  the  Cube  Root  found  out  is 
4-rV?,  which  will  appear  by  the  Proofto  be  thetrue  Cubic  Root  fought;  for  4+V3 
being  multiplied  into  itfelf  cubically  produces  the  given  Binomial  1 00-^-/7803.  And 
for  the  fame  reafon  4 — ^3  is  the  Cubic  Root  of  100 — /7803. 

Or  more  briefly  the  Proof  may  be  made  thus: 

To  the  Cube  of  4  the  Rational  Part  ofthe  Root  found  \,     ,     .    ,,, 
out,  viz.  to .    .    .     )   4s  J 

Add  the  Product  of  thrice  that  Part  multiplied  into  the  ">,    ,      .      u 
Square  of  the  Surd  Part  found  out,  viz.  the  Produft    .    P  "  ' 3 

And  it  makes  the  Sum    ........    .4   .    ioo,  that  is,  bbb-\-?bd 

Which 
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Which  Sum  is  the  fame  with  the  Rational  part  of  the  given  Binomial,  and  there- 
fore it  proves  that  4-rV?  is  the  Cubic  Root  fought. 

In  likemannerto  extratt  Y(^)  out  of  44+ •/ 1944,  where  the  Rational  Part44  is 
lefs  than  the  other  Part  ^1944,  we  may  fuppole  (as  before;  bbb-\-7,bd  to  be  44,  and 
\bb-\-dxYd  (that  is,  ibbYd-\-dYd)  to  be  /1944;  fo  that  bbb+^bd  move  ibb-\-dxVd 
may  defign  the  given  Binomial  44+V1944,  and  its  Cubic  Root  b+Vd  the  Root 
fought,  whofe  leffer  part  may  be  b,  and  the  greater  Yd  5  then  according  to  the  Rule, 

To  extraB  Y(i)  out  of  ^-{-Yl?^. 

Firft,  from  the  Square  of  Y 1944,  vrz"  fr°m    •    ■    •    J944 

Subtract  the  Square  of  44, 1936 

The  Remainder  is 8 

The  Cubic  Root  of  that  Remainder  is 2  (=d— bb) 

Which  Root  2  is  (by  Prop.  1.)  equal  to  the  Difference  of  the  Squares  of  the  Parts 
of  the  Binomial  Root  fought. 

Secondly,  find  out  a  Rational  Number  greater  than  the  Sum  of  the  Parts  of  the 
Cubic  Root  fought,  with  this  caution,  thac  the  Excefs  may  not  be  above  4-,  which 
may  be  done  thus,  viz. 
To  the  leffer  part  of  the  given  Binomial,  viz.  to    .     .    44 
Add  the  neareft  value  in  whole  Numbers  of  the  other  ")       of 

part  Y\  944,  that  is, }^      ^ 

So  the  Sum  (hews  that  the  value  in  whole  Numbers  of  )    g     ^  g 

the  given  Binomials  falls  between j  " 

Whence  the  Cubic  Root  of  the  given  Binomial  is  greater  than  4,  but  lefs  than  4.1 ; 
fo  that  the  Excefs  of  44-  above  the  true  Root  fought  is  lefs  than  4, 

Thirdly,  having  found  out  2,  the  true  Difference  of  the  Squares  of  .the  Parts  of  the 
Cubic  Root  fought;  and  44-  a  Rational  Number,  which  does  not  exceed  the  true 
Sum  of  the  fame  Parts  above  4.,  we  may  by  the  help  of  Prop.  3.  and  1.  find  out  the 
Farts  leverally  in  this  manner,  viz. 

Divide  the  faid     . <    .     2 

By  the  faid    .    .     . "  .    < 44- 

And  it  gives  the  Quotient •£ 

Which  fubtra&ed  from  the  faid  Divifor  44-,  there  remains  .  4-4 
Which  Remainder  4-pf  does  (by  Prop.  3.)  exceed  the  double  of  the  leffer  Part  (which 
in  this  Example  is  the  Rational  Part  ot  the  Cubic  Root  fought,but  the  Excefs  is  lefs 
than  1 :  therefore  3-^  is  lefs  than  the  faid  double,  but  4-^  is  greater  than  the  fame, 
and  confequently  becaufe  the  laid  leffer  Part  is  a  Rational  whole  Number,  the  double 
thereof  mult  necelfarily  be  4  to  wit,  the  greateft  whole  Number  between  3-^  and  4^4, 
and  therefore  the  faid  Patt  it  felf  is  2,  which  being  found,  it  is  eafie  to  find  the  other 
Part  j  for  if  to  4  the  Square  of  the  faid  leffer  Part  2,  there  be  added  2  the  Cubic 
Root  of  the  Difference  of  the  Squares  of  the  Parts  of  the  given  Binomial,  the  Sum 
6  mail  be  the  Square  of  the  other  Part ;  fo  that  the  Cube  Root  found  out  is  z-\-Y6, 
which  will  appear  to  be  the  true  Cubic  Root  fought ;  for  2+^6  multiplied  into  it 
ielf  cubically  produces  the  given  Binomial  44-rVi  944.  And  for  the  fame  Reafon 
Y6 — 2  is  the  Cubic  Root  ofVi  944 — 44. 

Or  more  briefly  the  Proof  may  be  made  thus: 

To  the  Cube  of  2  the  Rational  Part  of  the  Root  found  \    ^  that  -^  bh[> 
out,  viz.  to 3 

Add  the  Produft  of  thrice  that  Part  multiplied  into  the  \    6   that  is      bi 
Square  of  the  Surd  Part  found  out,  viz.  the  Product  .  .    $  *  '  '     , 

And  the  Sum  is 44,  that  is, /W+ 3 W- 

Which  Sum  is  the  fame  with  theRationalPartof  the  given  Binomial,  and  there- 
fore it  proves  that  2+V6  is  the  Cubic  Root  fought.  '       '_ 

Laftly,  what  has  here  been  (hewn  concerning  the  Demonftration  of  the  Extraction 
of  the  Cubic  Root,  may  eafily  be  applied  to  the  Extraftion  of  the  other  Roots  before 
mentioned,  io  that  there  is  no  need  of  further  Difcourfe  in  this  Matter. 

CHAP. 
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An  Explication  of  Simon  Stevin\y  General  Rule,  to  extratl  one 
Root  out  of  any  foffible  Equation  in  Numbers^  either  exactly 
cr  very  nearly  true. 

I.T7  Quations  falling  under  any  of  the  Forms  in  the  fourteenth  and  fifteenth  Chapters 
ll>  of  the  Firft  Book  of  theieElements,are  capable  (as  has  there  been  fhewn)  of  per- 
fect Refolutions  in  Numbers,  viz.  the  value  of  the  Root  or  Roots  fought  in  any  of 
thofe  Equations  may  be  found  out  and  exprefs'd  exacfly,  either  by  fome  rational  or 
irrational  Number  or  Numbers  -,  but  the  perfect  Refolution  of  all  manner  of  Com- 
pound Equations  in  Numbers  I  have  not  found  in  any  Author.  And  fince  an  Exposi- 
tion of  the  General  Method  of  FiVta,  the  Rules  of  HudJenhs  and  others  to  that  pur- 
pofe,  would  make  a  large  Treatife,  and  after  all  leave  the  curious  Analyft  diflatisfied, 
I  (hall  not  clog  thefe  Elements  with  a  tedious  Difcourfe  upon  thofe  difficult  Rules, 
which  at  the  btft  are  exceeding  tedious  in  Operation,  and  ibme  of  them  uncertain 
too-,  but  rather  purfue  my  firft  defign,  which  was  to  explain  Fundamentals,  and  iuch 
Rules  as  are  certain  and  molt  important  in  this  profound  Art.  However,  1  fhall  lead 
the  induftrious  Learner  to  a  few  fteps  further,  in  order  to  his  underftanding  the  Re- 
folution of  all  manner  of  Compound  Equations  in  Numbers,  and  in  this  Chapter  ex- 
plain Simon  Stev&s  General  Rule,  which  with  the  help  of  the  Rules  in  the  following 
eleventh  Chapter  will  difcover  all  the  Roots  of  any  poflible  Equation  in  Numbers, 
either  exa&ly  if  they  be  Rational,  or  very  nearly  true  if  Irrational. 

^UE  ST  10  N.     1. 

If fl<w-r-2<5a=4oi88,  what  is  the  Number  a} 

RESOLUTION. 

This  Equation  not  falling  under  any  of  the  three  Forms  in  Se8.  1.  Chap.  15.  Book  1. 
cannot  be  refolved  by  any  of  the  Canons  in  that  Chapter,  and  therefore  according  to 
Simon  Stevhfs  General  Method  I  fearchout  the  Number  a  by  tryals  thus,  viz. 

1.  I  fuppofe a  —  1 

Thence  it  follows  that cua  =   1 

And , 26a  =  26 

Therefore .--....     aaa-\-26a  =   27 

Which  27  ought  to  have  been  40188,  but  it's  too  little  ;  whereby  I  find  that  by 
fuppofin^  a  to  be  1  1  did  not  hit  upon  the  true  Number  a,  and  therefore  I  make  ano- 
ther tryal  in  like  manner  as  before,  viz. 

2.  I  fuppofe :     .     .         .     .     ; a  ==   1  o 

Thence  it  follows  that acta  =   1000 

And • 26a  =  260 

Therefore aaa-\-26a  =  1260 

Which  1260  being  yet  too  little,  I  make  a  third  tryal,  viz. 

3.  I  fuppofe    . ,     .    a  =  100 

Thence  it  follows  that aaa-*-26a  =   1002600 

Which  1  co 2 600  exceeds  thejuft  Refult  or  abfolute  Number  401 88  in  the  latter 
part  of  the  Equation  firft  propos'd,  and  therefore  the  true  Number  a  is  lefs  than  100 ; 
but  the  fecond  tryal  fhews  it  to  be  greater  than  10,  and  therefore  thewhole  Number 
which  expreffes  the  exatt,  or  at  leaft  part  of  the  value  of  a,  muft  neceflarily  confift 
of  two  Characters,  and  confequently  the  firft  (towards  the  left  Hand)  muft  be  one  of 
thefe  nine,  1,  2,  3,4,  5,  6,  7,  8,  9;  but  becaufe  by  the  fecond  Inquiry  10  was  found 
too  little,  I  now  make  tryal  with  2  for  the  firft  Figure  of  the  Root  a,  viz. 

4.  I  fuppofe •     •      a  =  20 

s     Thence :      .     .    aaa-\-26a  =   8520 

Which  Refult  8520  being  yet  lefs  than  the  juft  Refult  401 88,1  make  tryal  again,  viz. 

5.  I  fuppofe •      •    a  =  3° 

Thence «w+26«  =  27780 

L 1  .  Which 
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Which  is  yet  too  little ;  therefore,  ~  " 

6.  I  fuppofe .    .'    .         a  = 

Thence \    '  aaa-Co6a  =  t° 

Which  65040  being  greater  than  40188,  it  ffiews  me  that  the  frnP  »2!t!      , 

^^^^'^^^ ?•£&&£& 

Now  the  fecond  Charafter  of  the  Root  mutt  neceffarily  be  one  of  thefe  viz  o  t 
2,  3,4,  J,  ^,  7,  8,  9;  and  becaufe  it  has  been  difcovered,  that  the  true  value 'nFrht 
Root  a  is  greater  than  3  o,  the  fecond  Character  cannot  be  o,  I  therefore  make  mS 
with  1,  and  fuppofe  a=?i  •  which  proving  too  little,  1  make  tryal  with  z7i: S 
Vc  feveraily  in  like  manner  asbefore,  and  at  length  I  find  34  to  be  the  true  Number 
a  fought,  by  wh!ch  the  Equation  propos'd  may  be  expounded  5  for  if  l~  d  tu!n 
conlequently  aaa-f  26«  =  4oi88.  ^  tnen 

II.  But  if  after  tryals ;  made  (as  before)  the  value  of  a  the  Root  fought  hapnens  ro 
fall  between  twowhole  Numbers  that  differ  by  Unity  •  then  trvals are  m  L  mSi  ■  . 
the  leffer  whole  Number  increafed  with  ^  L>  1  ^  undl  vou  mt  S  /f 
^lueof^fome^tNumberconfiftinTofV^ 

parts  of  an  Unit.    But  if  the  laid  value  of  a  happens  not  to  be  exnreftM  J?ln\    I 
thefaid  leffer  whole  Number  increafed  with  ^^^ 

tryals  with  the  faid  leffer  whole  Number  increafed  with  !  Decimal Son  bntl 
for  its  Numerator  a  Number  greater  than  10,  but  lefs  than  ico  ,  and  for  i'ts  Deno 

ZiTee°°fl  aS,WltrST'pT^  ®\^  H  Pr0Ceedin§  in  that' manner  you may 
find  the  exaft  value  of  the  Root  «,  when  its  fraftional  part  is  exaftly  equal  to  ft  me 
Decimal  Fraction.-  or  elfe  approach  infinitely  near  to  the  faid  exaft  vafue  when  V  ! 
Irrational  or  Surd,  as  in  this  following  value  when    tIS 

QUE  ST  10  N.    2. 

Number  af    '    '       aaaa^oa=^6^^  5  (cr  184638^4^0  what  is  the 
RESOLUTION. 

vJv^i  I£flpP°fe  a^T'  tut  this  proving  too  little  I  put  «=  10,  this  alfo  proving  too 
little  I  aflurne  a=  100,  which  alter  ttyal  I  find  to  be  greater  than  the  true  Number 
«,  and  consequently  the  Number  a  falls  between  10  and  100  ;  then  makine  trval 
with  20  I  find  it  too  little,  but  making  tryal  with  30  I  find  this  too  grear,  and  there- 
fore the  true  Root  a  falls  between  20  and  3  o.  Again,  making  tryal  with  2 1  I  find  it 
too  great,  but  20  was  before  found  too  little  ;  therefore  the  true  Root  a  is  between 
20  and  21 ;  then  I  make  tryal  with  20.1,  (that  is,  20,4)  20.2  20  3  &c  and  or 
length  find  20.7  to  be  the  true  Number  a  fought ;  for  if  ^=20.7  (that  is  20-ZJ  it 
will  maketfdwH-sort=i84638.68oi  the  Equation  propofed.  '       '*' 

But  if  20.7  had  proved  too  little,  and  20.8  too  grear,  then  tryals  muff  have  been 
made  with  20.71,  (that  is  20,11)  20.72,  20.73,  &c.  In  like  manner,  if  20  7  had 
been  too  little,  but  20.71  (that  is,  20^44)  too  gtear,  then  tryals  muft  have  been 
made  with  20701,  that  is,  2oT^)_  20.702,  20.703,  &c.  This  will  be  partly  ex- 
eras  d  in  reiolving  the  Equation  in  this  following  v      y 

QUESTION.    3. 

*f «<™+  20^1=195:4,  what  is  the  Number  a? 

^fW™r    V     ;    <*=8-3o8>  #ft  found  out  by  tryals  as  before. 

III.  When  the  value  of  (a)  the  required  Root  of  an  Equation  happens  to  be  lefs 
than  Unity  then  trial  is  to  be  made  with  -^  ;  but  if  this  prove  too  great  then  with 
V4,  ,  2™  ruPP°fe  -1  <that  is  tS-)  be  too  great,  .01  (that  is,  ~jlJ  too  little 
then  tryal  muft  be  made  with  02  |  .03  |  .04  |  ,  &c.  until  you  have  'found  out  rife 
greatelt  Figure  that  muft  ftand  in  the  fecond  place  of  the  Decimal  Fraction  exoreffirte 
the  Root  fought  ;  fuppofing  then  i'uch  Figure  to  be  found  8,  viz,  that  08  (or— £) 
is  lefs  but  .09  (or  T_^)  is  greater  than  the  Root,  rryal  muft  be  made  with  0,81 
(that  is,  ,*••.)  .082  I  .083  I  &e.  as  in  this  following 

QUESTION  4. 

".  r ^+3240.1=269,  what  is  the  Number  a?' 

Anfw.     .     .     .     a =.083,  cJc.  that  is,  T^i,  &e. 

IV.  The 


CHAP.  10.    of  Compound  Equations  in  Numbers. 

IV.  The  preceding  Examples  may  fuffice  to  fhew  the  ufeof  this  general  Me-'iod 
when  all  the  Terms  of  the  unknown  part  of  an  Equation  are  Affirmative  (viz  when 
-f  ispreflx'd  to  each  Term)  in  which  cafe  there  is  but  one  Affirmative  Root  •  in  rhe 
fearch  whereof  by  Tryals  (as  before)  if  the  Numbers  affumed  feverally  for  the  value 
of  the  Root  fought  do  afcend  greater  and  greater,  then  the  abfolute  Numbers  relult 
ing  from  thofe  affumed  Values  will  likewife  afcend;  and  contrarily,  if  the  affumed 
Roots  do  defcend  from  a  greater  to  a  lefs,  the  Refults  will  likewife  grow  lefs  and  lefs  • 
whence  by  comparing  an  abfolute  Number  refulting  from  an  affumed  Root  with  the 
juft  abfolute  Number  of  the  Equation  proposed,  you  may  certainly  know  (if  the  faid 
Refult  and  juft  Abfoluce  be  not  equal  to  one  another)  whether  you  are  totakeaNum- 
ber  greater  or  lefs  than  that  laft  before  affumed. 

But  when  the  unknown  part  of  an  Equation  confifts  of  affirmative  and  negative 
Terms  mingled  one  with  another,  then  the  fearch  by  Tryals  will  be  more  intrcate 
and  doubtful  than  before  ;  for  fometimes  it  will  be  hard  to  difcern  whether  a  follow- 
ing affumed  Root  muft  be  taken  greater  or  lefs  than  that  which  was  taken  next  be- 
fore. Moreover,  a  compound  Equation  of  this  latter  kind  may  happen  to  be  fuch 
that  it  may  be  expounded  by  as  many  feveral  affirmative  Roots,  as  there  be  Unities 
in  the  Index  of  the  higheft  unknown  Power,  viz.  a  Cubical  Equation  may  be  \o  confti- 
tuted,  that  it  fhail  have  three  different  affirmative  Roots,  a  Biquadratic  Equation  four 
feveral  Roots  •,  and  fo  of  higher  Equations,  as  will  be  fhewn  in  the  following  Chap  \  i 
But  in  what  manner  foever  any  poflible Equation  is  conftituted  in  Rational  Numbers' 
this  general  Method  wiii  always  find  out  one  affirmative  Root,  eithet  exactly  true  or 
at  leaft  very  near  the  truth,  as  will  further  appear  by  the  following  Queftions.     ' 

QU  E  S  T  I  0  N    5. 

If •    •     •    aaa~  2  2j<t+i57*  =  3^°,  what  is  the  Number  a? 

RESOLUTION. 
I    I  fuppofe a  =  i 

Thence  it  follows  that aaa — 22<M-fij7<z  =136 

Which  136  is  lefs  than  the  juft  abfolute  Number  360,  and  therefore  I  make  ano- 
ther Tryal,  viz. 

2.  I  luppofe .     .    a  =  10 

Thence  it  follows  that       .     .       .     .     *aa — 22aa-\-  157a  =  ^-,Q 
Which  970  exceeds  the  juft  abfolute  Number  360,  and  therefore  I  conclude  there 
is  one  affirmative  value  of  a,  (either  Rational  or  Irrational)  between  1  and  10  ;  which 
value 
tion 
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likewife  conftitute  the  Equation  firft  propofed,  but  how  they  are  found  out  will  be 
fhewn  in  Set£9$.  of  the  following  Chap.  11. 

QUE  ST  10  N    6. 

If    •    •    .    .    3200a— aaa  =  46577  (juft,)  what  is  the  Number  «? 

RESOLUTION. 

1.  T  fuppofe a  =  1 

Thence 3200a— aaa  =  3199  (lefs  than  juft) 

2.  I  luppofe a  =  10 

Thence   ' 3200a— aaa  =  3  icoo  (lefs  than  juft) 

3    I  fuppofe a  =  100 

Thence 3200.T— j.m  ==  — 6Sccco  (lefs  than  juft) 

Now  becaufe  the  fecond  Refult  for  abfolute  Number)  -f ;  rooo  is  Affirmative,  and 
the  laft  Relult  68occo  is  Negative,  I  make  tryals  with  Numbers  between  10  and  100 
for  the  value  of  a  ;  for  if  the  Equation  propofed  be  polfible,  before  the  affirmative  Re- 
fults fall  off  to  negatives,  there  will  be  a  Root  or  Value  of a  producing  an  Affirmative 
Relulr  either  exactly  equal,  or  very  near  to  the  juft  Refult  46577;  therefore, 

4.  I  fuppole a  —  20 

Thence 3200.1— aaa  =  56000  (greater  than  juft) 

LI  2  Now 
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Now  becaufe  by  taking  20  for  the  value  of'n,  the  Refuk  56000  exceeds  the  juft 
Refult  46577  ;  but  by  taking  1  o  for  a,  the  Refult  3 1 000  happened  to  be  lefs  than  the 
faid  46577,  it  (hews  there  is  one  affirmative  Root  or  value  of  a  between  10  and  20, 
which  Root,  after  tryals  made  with  intermediate  Numbers  (as  in  former  Examples) 
will  be  found  15,  7,  &c.  Moreover,  becaufe  by  fuppofing  a=2o  the  Refult  56000 
happened  to  exceed  the  juft  Refult  46577,  but  by  putting  a=ioo  the  Refult  —680000 
proved  to  be  lefs  than  the  fame  46577,  it  ihews  there  is  an  Affirmative  value  of  a  be- 
tween 20  and  1 00,  which  value  after  tryals  made  will  be  found  47  h  fo  that  there  are 
two  affirmative  Roots  or  values  of  a  found  out,  to  wit,  1 5,  7.  &c.  (or  1 5  Ti,  &vc.) 
and  47-,  the  former  of  which  will  nearly,  and  the  latter  exactly  conftitute  the  Equa- 
tion propofed. 

V.  Florimond  is  Beaime  in  the  latter  of  two  fmall  Treatifes  printed  In  1659,  con- 
cerning the  Nature,  Conftitution,  and  Limits  of  Equations,  Ihews  how  to  find  out 
Limits  within  which  the  Roots  of  all  compound  Equations  not  afcending  above  the 
Biquadratic  kind  are  confined  5  which  Limits  when  they  may  be  difcovered  without 
much  trouble,  and  are  not  very  wide  afunder,  will  help  to  leffen  the  tryals  in  the 
general  Method  before  delivered.    As  in  the  laft  Example,  where 

the  Equation  propofed  was 3  200a — aaa  =  46577 

Firft,  becaufe  aaa  muft  be  fubtracted  from  3200a, ") 
and  leave  a  Remainder  equal  to  46577,  it  prefuppofes  j"  3200a 

Therefore  by  dividing  each  part  by  a aa  ~n  3200 

And  by  extracting  the  fquare  Root  out  of  each  7  -,«/:-    ce> 

part,  it  follows  that j-     .     .    .     .   a  ~n  5^.5,  uC. 

Again,  from  the  Equation  propos'd  by  Tranfpofi-  l„a0o«— 46*77  = 
tion  'tis  evident  that 55  ' 

Whence  "'tis  alfo  ma nif eft  that 3200a  c- 46577 

And  confequently  by  dividing  each  part  by  3200,    .....   ar  14.5,^. 

Thus  it  is  found  that  the  value  of  a  the  Root  fought  is  greater  than  14.5,  tfc.  but 
lefs  than  56.5,  l$c.  and  therefore  tryals  according  to  the  general  Method  aforelaid 
need  not  be  made  with  any  Numbers  that  are  not  within  thofe  Limits. 

From  the  Premifes  'tis  evident  that  this  general  Method  finds  not  a  perfect  Root  of 
an  Equation,  unlefs  fuch  Root  be  a  whole  Number,  or  elfe  a  Fraction  exactly  equal 
to  fome  Decimal  Fraction;  orlaftly,  a  mixt  Number  compos'd  of  a  whole  Number 
and  a  perfect.  Decimal  Fraction. 

Note.  When  the  Coefficients  or  known  Numbers  multiplied  into  any  of  the  un- 
known Powers  under  the  higheft,  (which  muft  have  no  Coefficient  but  Unity)  are 
Vulgar  (not  Decimal)  Fractions,  or  mixt  Numbers  whofe fractional  parts  are  Vulgar. 
Fractions  ;  likewife,  when  the  abfolure  Number  that  folely  polfelfes  the  latter  part 
of  the  Equation  propos'd  is  a  Vulgar  Fraction,  or  mixt  Number  whofe  Fractional  part 
is  a  Vulgar  Fraction  =,  all  thofe  Vulgar  Fractions  muft  be  reduced  to  Decimal  Fracti- 
ons or  elfe  the  Equation  muft  be  reduced  to  another  Equation  in  Integers  (by  Se8. 7. 
in  the  following  Cbap.  n.)  before  you  enter  upon  the  Refolution  by  tryals  as  aforefaid. 


CHAP.    XL 

Extractions  out  of  the  Algebraical  Treatifes  o/Vieta  andRemics 
des  Cartes,  concerning  the  Conftitution  and  Refolution  of  Com- 
pound Equations  in  Number  s^  efpecially  thofe  which  have  many 
Roots. 

I.TPHE  Scope  of  thisChapter  is,  firft,  to  (hew  how  to  form  an  Equation  that  fhall 
1-  have  as  many  different  Roots  or  values  of  the  Quantity  fought  as  fhall  be  de- 
fired  i  then  how  to  free  an  Equation  f torn  Fractions,  and  to  catt  away  the  fecond  Term  •, 
and  laftly,  how  to  find  out  the  Roots  of  all  manner  of  Compound  liquations  in  Num- 
bers, either  exactly  if  they  be  Rational,  or  very  near  the  truth  it  Irrational. 

But 
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But  that  the  Learner  may  the  more  eafily  perceive  my  meaning,  I  fhall  premife  a 
few  definitions  in  three  Sections  next  following. 

II.  When  the  known  abfolute  Number  in  an  Equation  folely  polTelTes  one  part 
thereof,  let  it  be  transfer'd  to  the  other  part  by  the  Sign  — ,  and  then  there  will  be  an 
Equation  which  has  o  or  nothing  for  one  parr,  and  the  other  part  is  by  CarteSm  cal- 
led the  Sum  of  the  Equation  propofed.  As  for  Example,,  if  this  Equation  be  propo- 
fed, viz.  acta. — 9*0+  26a  =  24^ by  tranfpofition  of  24  it  makes  aaa — yaa-\-  26a — 24=0 
whofe  firft  part  is  called  the  Sum  of  the  Equation  propofed. 

III.  In  the  Equations  handled  in  this  Chapter  I  put  a,  e,  or  y,  to  fignifie  an  unknown 
Quantity  j  and  by  the  firltTerm  of  an  Equation  !s  meant  the  higheft  unknown  Power 
to  wit,  that  which  has  moft  Dimenfions  or  Degrees  of  «  •  by  the  fecond  Term  that 
which  has  fewer  Dimenfions  by  one  than  the  firft,  andfo  downwards.  As  in  this  Equa- 
tion, aaa—')aa-^26a — 24=0,  the  firft  Term  is  aaa,  whofe  Index  is  3  5  the  fecond 
Term  is  — $aa,  where  the  Index  of  aa  is  2 ;  the  third  Term  is  -\-26a,  where  the  Index 
of «  is  1 ;  and  the  laltTerm  is  — 24,  the  known  ablblute  Number,  wholelndex  is  o. 

IV.  The  Roots  of  an  Equation  are  of  three  kinds,  viz.  either  Affirmative,  or  Nega- 
tive, or  Impofiible.  An  Affirmative  Root  is  a  Quantity  greater  than  nothing,'  as  +5  or 
-+•20.  A  negative  Root  (which  Cavtefhis  calls  a  falle  Root)  exprelTes  a  Quantity 
whofe  Denomination  is  oppofite  to  an  affirmative,  as — ;  or — 20 ;  the  fbtmer  of  which 
wants  5,  and  the  latter  20,  of  being  equal  to  nothing.  Laftiy,  impofiible  Roots are  Inch 
whofe  values  cannot  be  conceived  or  comprehended  either  Arithmetically  or  Geome- 
trically ;  as  in  this  Equation.  a—2—V—i,  where /—i,  that  is,  the  fquareRoot  of 
—1,  is  no  manner  of  way  intelligible,  for  no  Number  can  be  imagined,  which  being 
multiplied  by  itfelf  according  to  any  Rule  of  Multiplication  will  produce  — 1. 

V.  Thefe  things  premifed,  I  fhall  proceed  to  the  forming  of  Equations  which  fhall 
have  many  Roots. 

PROP.    I. 

To  form  an  Equation  ivbich  /hall  have  two  Affirmative  Roots. 

i.  Suppofe    .    .    .    .    . S*  =  2'  J**  a~2  =  ° 

Vif  \  a  =  3,  that  is,  a — 3   =  o 

2.  Then  by  multiplying  the  faid  a — 2  =  0  by  >  _       

a — 3=0,  this  Equation  is  produced,  viz.  j     *   "*   **     ?fl~r°  —  ° 

3.  That  is,  by  tranfpofition,    .........      y«— :aa  =  6 

Which  laft  Equation  falls  under  the  hft  of  the  three  Forms  in  SeS.  1.  Chap,  i^- 
Bock  1.  and  may  be  expounded  by  either  of  the  two  Roots  or  values  of  a,  which  by 
the  Canon  in  SeS.  10.  of  the  fame  Chap,  will  be  found  2,  and  3,  to  wit,-  thofe  from 
which  the  fiid  Equation  was  produced  by  Multiplication,  as  above. 

Again,  if  this  Equation  aa-\-6a—  55=0,  (that  is,  aa-\-6a=^~)  which  has  one 
affirmative  Root,  to  wit  5,  be  multiplied  by  a — 6  =  0,  there  will  be  produced  aaa — 
911*4-330=0,  (that  is,  91a — aaa=i$o)  which  has  two  affirmative  Roots  or  values 
of  a,  to  wit  y  and  6,  which  may  be  found  out  by  the  Rule  hereafter  delivered  in 
SeS.  9.  of  this  Chap. 

PROP.    IF. 

To  form  an  Equation  which  fhall  have  one  Affirmative  and  one  Negative  Root, 

1.  Suppofe f*-^*  ^J5'  "T3  =  ° 

rr  1  a  = — 2,that  is,  a-\-  2  =  o 

2.  Then  by  multiplying  the  faid  a — 3=0  by  ")  , 

a  4-2=0,  this  Equation  is  produced,  viz.  y     '    '     m  ~ 

3.  That  is, •     .  <*«-— a  =  6 

Which  laft  Equation  falls  under  the  fecond  of  the  three  Forms  in  SeS.  1.  Chap.  I  j. 
Book  1.  and  may  be  expounded  by  either  of  thefe  two  Roots  or  values  of  a,  whereof 
one  is  Affirmative  and  the  other  Negative ;  which  after  the  manner  ofrefolving  ^uefl.  1. 
in  SeS. -j.  of  the  fame  Chap,  will  be  found  +3  and — 2,  to  wit,  thofe  from  which 
the  faid  Equation  was  produced  by  Multiplication,  as  before. 

PROP. 
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PROP.    III. 

To  form  an  Equation  which  jh  all  have  three  Affirmative  Roots. 

C«  =  2,  that  is,  a — 2  =  o 

1.  Suppofe  : "Sa  =  3s  that  is,  «—  3  =  o 

£  a  =  4,  that  is,  a — 4  =  o 

2.  Then  by  multiplying  the  three  laft  Equations  7 

(in  each  of  which  the  latter  part  is o)  onein-><w<* — yaa-¥26a — 24  =  o 
to  another,  this  Equation  will  be  produced,  ^ 

3.  That  is,  by  tranfpofition  of — 24,    .     .     .      aaa — yaa-\-  26a  =  24 
Which  Equation  may  be  expounded  by  every  one  of  thefe  three  affirmative  Roots  or 

values  of  <*,  to  wit,  2,  ?,  and  4 $  which  may  be  found  out  by  the  Rule  in  the  fol- 
lowing Seii.  9.  of  this  Chap. 

The  fame  Equation  may  likewife  be  formed  altogether  by  Letters  thus,  viz.  let  the 
faid  known  Roots  2,  3,  and  4,  be  reprefented  by  Z>,  c,  d 3  and  then, 

$a  =  b,  that  is,  a — b  ==  o 
a  =  c,  that  is,  a— c    =  o 
£<*  =  rf,  that  is,  a — i  =  o 
5.  Theu  by  multiplying  thofe  three  laft  Equations,  in  each  of  which  the  latter  part 
is  nothing,  one  into  another,  this  Equation  will  be  produced,  viz. 

—  b~)  4-  be  7 

aaa  —  c  >a«  -j-  bd  >a — bed  =  o 

—  d  $  4-  cd   }> 

That  is,      ..    .    •     .aaa  —  yaa  4  26a       — 24  =  o 

PROP.    IV. 

To  form  an  Equation  which  jh  all  have  three  Affirmative  Roots,  an d  one  Negative 

Root. 

r  a  =     2,  that  is,  a — 2  =  o 
r.        r  Ja  =     3>  that  is, a~i  =  o 

l.Suppofe ja  =     4sthatis;«— 4  =  o 

t-a  — — 5:,  that  is,  a+  5  =  o 
2.  Then  by  multiplying  the  four  laft  Equations,  in  each  of  which  the  latter  part  is 
o,  one  into  another,  this  following  Equation  will  be  produced,  viz. 

aaaa — qaaa — iyaa-\-ic6a — 120  =   o 

That  is, aaaa — /\aaa — J^aa-{-jo6a  =120 

Which  laft  Equation  may  be  expounded  by  every  one  of  thefe  three  Affirmative 
Roots  or  values  of  a,  viz  2,  3,  and  4,  and  by  one  Negative  Root  — 7  ,  every  one  of 
which  may  be  found  out  by  the  Rule  in  the  following  Sefl.  9   of  this  Chap. 

The  fame  Equation  may  likewile  be  formed  altogether  by  Letters  thus,  viz  let  the 
faid  known  Roots  2,3,4,  an<i — 5>  ^e  reprefented  by  b,  c,  i,  and  — /•  then, 

~  a  =  /;,  that  is,  a — b  =  o 
a        r  { a  =  c->  that  is,  a — c  =  o 

*  SuPP°fe !h,  =  i  that  iS;  a-d  =  o 

■^a  = — /,that  is,  a-\-f  =  o 

4.  Then  by  multiplying  the  four  laft  Equations,  in  each  of  which  the  latter  part  is  o, 
one  into  another,  this  following  Equation  will  be  produced,  viz. 

+bcm 

-\bd 

1   i#  \™ 

~cf\ 

That  is, —dfj 

aaaa  —  qaaa  —\yaa  -\-106a  —   120  =  9 

After  the  fame  manner  you  may  form  an  Equation,  which  fhall  have  as  many  Roots 
as  you  pleafe,  either  all  Affirmative,  or  fome  of  them  Affirmative  and  fome  Negative. 

VI.  0*. 
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VI.  Obfervations  upon  the  preceding  four  Propojitions. 

i .  By  what  has  been  laid  'tis  evident,  that  fometimes  an  Equation  may  have  as  ma- 
ny Roots  as  there  be  Unities  in  the  Index  of  the  highelt  unknown  Term;  I  lay  lbme- 
times,  not  always:  for  altho  this  Equation  am—  6^4-132—10=0,  as  to  its  number 
of  Terms  and  Signs,  be  like  to  the  Equation  formed  in  the  preceding  Prop.  3  fo  that 
one  may  think  it  has  three  Roots,  yet  ic  has  only  one  affirmative  Root,  ro  wit  2  and 
no  other  Root  either  affirmative  or  negative  can  conititute  the  faid  Equation  tor  'tis 
produced  by  the  Multiplication  of  this  impoiiible  Equation  aa — 4*4-5  =  0  by 
a — 2=0;  but  that  aa — 424-5=0,  that  is,  4a — 22=5  is  an  impoiiible  Equation  the 
Determination  in  Sett.  9.  ghieft.  1.  Chap.  15.  Book  1.  makes  maniielt. 

In  like  manner,  altho  this  Equation  2222 — 602224-165022 — 2250024-115344=0 
as  to  its  Number  of  Terms  and  Signs  be  like  to  an  Equation  that  has  tour  affirmative 
Roots,  yet  that  Equation  can  be  expounded  only  by  two  affirmative  Roots  to  wit 
12  and  18,  and  by  no  other  Root  either  affirmative  or  negative;  lor  'tis  made  by  the 
Multiplication  of  aa— 5024-216=0,  which  has  two  affirmative  Roots,  12  ana  18 
into  this  impoiiible  Equation  aa — 50a 4- 5  34=0. 

2.  Foraiinuch  as  Divifion  refolves  or  undoes  that  which  is  compos'd  or  done  by 
Multiplication,  if  the  Sum  of  an  Equation  which  is  produced  by  the  Multiplication 
of  two  or  more  Equations  one  Into  another,  (according  to  the  Method  in  the  preced- 
ing ibur  Proportions)  be  divided  by  a  Binomial  compos'd  of  the  unknown  Quantity 
(a  J  leis  by  the  value  of  any  one  of  the  affirmative  Roots,  or  more  by  the  value  or  one 
of  the  negative  Roots,  the  Quotient  (hall  be  an  Equation  in  which  the  firft  Term  has 
iewer  Dimenfions  by  one  than  the  firlt  Term  of  the  Equation  ib  divided.  And  if  the 
Quotient  be  divided  in  like  manner,  there  will  come  forth  an  Equation  whole  ririt 
Term  has  fewer  Dimeniions  by  one  than  the  former  Quotient.  As  for  Example,  let 
there  be  propoled  the  Equation  in  the  preceding  Prop.  4.  to  wit,  aaaa — 4222 — 1  aaa 
4-1062—120=0,  which  was  made  by  the  continual  Multiplication  of  a — 2=0 
a — 3=0,  a  4-  5=0  ;  I  fay,  If  the  Equation  propoled  be  divided  by  any  one  of  the 
Binomials « — 2,  a—  3,  a — 4,  24-5,  the  Quotient  will  be  an  Equation  wherein  the 
firlt  Term  has  only  three  Dimenfions,  which  are  fewer  by  one  than  thofe  in  aaaa  the 
firlt  Term  ol  the  Equation  propofed.  So  if  the  laid  aaaa — 4222 — 1  9224-  106a — 1 20 
=0  be  divided  by  a — 2=0,  there  willariie  aaa — 2aa — 2324-60=0,  as  you  fee  by 
the  fubfequent  Divifion. 

a — z  )     aaaa — 4222- — 19224-1062 — 1 20     (  aaa — 2aa — 2324-60 
aaaa — 2222 


— 2aaa — 1  yaa 

— 22224-   422 

— 23224-1062 
— 23224-  46a 

4-   60a — 120 

4-  60a — 120 

o         o 

Likewiie  if  the  Quotient,  to  wit,  the  Equation  aaa — 2aa — 23^+60=0,  where 
the  firft  Term  aaa  has  three  Dimenfions,  be  divided  by  a — 3=0,  there  will  arife 
224-2 — 20,  whofe  firft  Term  aa  has  but  two  Dimenfions.  And  laftly,  if  the  faid 
latter  Quotient  aa  \ a — 20  be  divided  by  a — 4=0,  there  will  come  forth  a  fimple 
Equation,  to  wit,  a4*'>=:°,  that  is  the  negative  Root  2= — 5. 

The  like  Divifion  may  be  pra£t ifed  with  the  literal  Equations  at  the  latter  end  of 
Prop.  3.  and  4.  in  the  preceding  SeS.  5. 

3.  If  a  compleat  Equation,  thatis,  fueh  in  which  all  the  Terms  are  extant,  beprodu- 
ced  by  the  Multiplication  of  poflible  Equations  one  into  another,  you  may  difcover  how 
many  affirmative,  and  how  many  negative  Roots  that  Equation  has,  by  this  Rule,  viz. 
As  often  as  —  follows  next  after  4-,  or  4-  next  after  ■ — ,  fo  often  there  is  an  affirmative 
Root-,  and  as  often  as  two  Signs  —  or  two  Signs  4-  itand  next  to  one  another,  fo  often 
there  is  a  negative  Root.    As  for  Example,  in  this  Equation,  (before  formed  in  Prop.  4.) 

to 
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to  wit,  aaaa—^aaa — iyaa-\-io6a — 120  =  0,  becaufe  next  after  the  firftTerm  -\-aaaa 
there  follows  — 4^3,  it  (hews  there  is  one  Affirmative  Root  ■,  and  becaufe  next  after 

j^aaa  there  comes  — 19**,  it  fhews  that  the  Equation  has  one  negative  Root. 

Again,  becaufe  next  after — i$aa  therefollows  -f- 106.7,  it  hints  there  is  another  Affir- 
mative Root  ;  and  becaufe  next  after  +1060  there  follows  —120,  it  fhews  there  is 
a  third  Affirmative  Root:  fo  that  the  faid  Rule  difcovers  the  Equation  propos'd  to 
have  three  Affirmative  Roots,  and  one  negative  Root. 

4.  It  is  alfomanifeft  from  the  manner  of  forming  Equations  according  to  thePro- 
pofitions  in  the  preceding  Sett.  5.  that  in  every  Equation  which  has  as  many  Affirma- 
tive Roots  as  there  be  Dimenfions  in  the  firft  Term,  the  Co-efficient  or  known  Quan- 
tity in  the  fecond  Term  is  equal  to  the  fum  of  all  the  Affirmative  Roots  ;  and  the 
known  Quantity  in  the  third  Term  is  equal  to  the  fum  of  rhe  Produces  of  every  two 
of  the  faid  Roots  multiplied  one  by  the  other ,  and  the  known  Quantity  in  the  fourth 
Term  is  equal  to  the  fum  of  the  Product  s  of  every  three  of  rhe  faid  Roots;  and  ib 
forward  when  there  be  more  Terms  :  but  the  laft  Term,  to  wit,  the  abfolute  Quan- 
tity given  is  equal  to  the  Product:  of  all  the  Roots  multiplied  one  into  another.  As 
in  the  following  Equation  (before  formed  in  Prop.  5.)  viz. 

—  hi  +  bcl 

acta  —  c  >aa        -f-  bd>a  -*■  bed  =  o. 

—  d\  -f  cd\ 

That  is,  aaa  — yaa  -+■  26a       —  24  =  0. 

Firft,  the  Sum  of  2,  3,  and4,  (thatis,  of£,  c,  d)  the  three  Roots  of  that  Equation 
is  9,  which  is  the  known  Number  of  the  fecond  Term  — yaa.  Secondly,  the  Sum  of 
the  Produces  of  every  two  of  the  faid  Roots  multiplied  one  by  the  other  is  26,  thatis, 
Arbc-\-  bd\  c<7,which  is  the  known  Coefficient  of  the  third  Term  -f  2  6<*,or  -\-bc+bd-\-cJ 
into  a.  And  laftly,  the  Product  of  all  the  three  Roots  multiplied  one  into  another  is  24,  or 
bed  to  which  prefixing  —  it  makes — 24,or — ki,the  laft  Term  of  the  Equation  propos'd. 

The  like  Properties  enfue  when  the  Sum  of  the  Numbers  of  Multitude  of  Affirma- 
tive and  negative  Roots  is  equal  to  the  number  of  Dimenfions  in  the  firftTerm  of  an 
Equation  ;  faying  that  here  in  fumming  up  all  the  Roots  which  compofe  thofe  known 
Quantities  in  the  fecond  Term,  and  likewife  the  Produces  which  compofe  the  known 
Quantities  in  the  following  Terms,  refpeft  muft  be  had  to  the  Rules  of  Addition  of 
_j.  and  —  in  fuch  manner  as  the  Equation  propofed  if  it  be  found  altogether  by  Let- 
ters will  direct ,  as  you  may  eafily  perceive  by  the  Equation  formed  in  Prop.  4.  of 
the  preceding  Sett.  ?. 

VII.  How  to  free  an  Equation  from  Fr  alliens  ^  when  *tis  incumbered  therewith  in 
the  fecond y  third,  or  any  of  the  joilowhg  Terms.  Which  work  is  hy  Vieta 
called  Ifomceria. 

The  Rules  in  Chap. 12.  Book  1.  fhew  how  to  reduce  an  Equation  fo,  as  that  the 
firftTerm  may  have  no  Coefficienr  butllnity ;  but  if  after  any  Equation  is  lb  reduced 
thete  happens  to  beany  Fraction  in  the  fecond,  third,  or  any  of  the  following  Terms, 
fuch  Equation  may  be  reduced  to  another  whole  Terms  fliall  be  all  Integers,  by  the 
Method  in  the  five  Examples  next  following. . 

Example  1. 

1.  Let  this  Equation  be  propos'd  to  be  reduced  to  another  \aaai±a  —  22s 
in  Integers,  viz .     .     .3 

Operation. 

2.  Suppofe  e=  2a,  (2.t,  becaufe  2  is  the  Denominator  of )  e  _    - 
the  Fraction  i- ) S  '    ' 

3.  Then  divide  each  part  of  the  laft  Equation  by  2,  (the  \  e__  a 
Denominator  aforefaid)  and  there  arifes     .      .     .      .  3  '    '   2 

4.  And  by  multiplying  each  part  of  the  Equation  in  the  )  eee_  aM 
third  ftep  cubically,  there  comes  forth 3  '    *     8 

5.  Again,  by  multiplying  each  part  of  the  Equation  in  the  7 

third  ftep  by  i.,  ;  the  fraction  in  the  fecond  Term  of  the  >    .     .  i-=  -!-* 

Equation  firft  propofed)  it  makes 3  4 

6.  Then 
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Sum  is jfj  +—  =  «**+i* 

7.  But  by  fuppofition  in  the  firft  ftep 22  j  =  aaa+U 


=  a 


6.  Then  add  the  two  laft  Equations  into  one,  and  the  \  eee    $e 

•3  8      4 
-.25  - 

8.  Therefore  from  the  two  laft  Equations  (by  I  Axiom.  \  eee    %e 
I  Elem.  Euclid.) J  T     4    =  22J 

9.  Which  laft  Equation  being  reduced  to  Integers  'by  ") 

Sett.  2.  Chap.  12.  Book  1.)  gives     .      .      .       .'    .  ]"«w+6e  =  1800 

Therefore  an  Equation  is  found  out,  which  is  altogether  exprefs'd  by  Integers-  and 
when  the  value  of  e  in  the  laft  Equation  is  difcovered,  the  value  of /in  the  Equation 
propos'd  is  confequently  known  ;  for  by  the  third  ftep  a=i*  therefore  if  c  be  12 
then  a  (hall  be  6,  ' 

Example  2< 
...    Again,  if  this  Equation  be  propos'd,     .     .      :      .      ada-\-±a  =  l±J- 

It  may  be  reduced  in  like  manner  as  before  in  Ex-  "> 
ample  1.  to  this,  viz.      .-.:....     C       &e+6e   =  1060 

And  if  e  be  10,  then  a  (hall  be  5. 

Example  3. 

So  likew'tfe  this  Equation ;-    aaa+Laa  =  -til 

May  be  reduced  to  this     ....*...     eee+\ee    =   1200 
And  if  e  be  10,  then  a  is  5. 

Example  4. 

1.  Again,  let  there  be  propofed     .     .     .     .     .    i    aaa+±±a  =  lL 

Operation. 

2.  Suppofe  e?=i2tf,  (12a  becaufe  12  is  theDenomi-") 

nator  of  the  Fraction  44  in  the  fecond  Term)    .    .3  ■  •    •    e  —  I2* 

3.  Then  divide  each  part  of  the  laft  Equation  by  12,  ?  e 
(the  Denominator  aforefaid)  and  there  arifes    .    3  '  *    jr 

4.  And  by  multiplying  cubically  the  laft  Equation,  ">  .         eee 

it  produces 3     •    •  j— 3  —  *« 

5.  And  by  multiplying  the  Equation  in  the  third  ftep  ">  1  \e 

by  4^  it  makes    .    ,     .     , f     •      j^  -  «f 

6.  And-by  adding  the  two  laft  Equations  into  one,  the")    ees         ne 

Sum  makes J^g  +  —  =  *«*+4^ 

7.  But  by  the  Equation  propofed it  —  aaa+^a 

8.  Therefore  from  the  two  laft  Equations(by  I.  Axiom.  \   eee     ,    lie 

l.  Elem.  Euclid.) j" 7^3  +  jg  -  -4 

Which  Equation  reduced  to  Integers  gives    ....      eee-^x^e  =■  8208 

Thus  an  Equation  is  found  out  in  Integers ;  and  when  the  value  of  c  is  difcovered, 
the  value  of  a  in  the  Equation  propos'd  is  confequently  known  j  for  by  fuppofition 
in  the  fecondftep  e  is  to  a  as  12  to  1  •,  therefore  if  e  be  18,  then  a  fhall  be  ii.. 

Example  5. 
i.  Again,  let  there  be  propofed    .    .     aaaa—  ioaaa-\-  454^— 104-^1+89  =  ©j 

Ou&ationt 

2.  Suppofe  c=  6 j,  (6d  becaufe  6  is  the  Denominator  "> 

of  the  Fraftion  4) |     .    .      e   =  6« 

3.  Then  by  dividing  each  part  of  the  laft  Equations  e 

by  6,  there  arifes 3     '    '     If  ~~  a 

4.  And  by  fquaring  the  laft  Equation  it  makes 

5.  Likewife  by  fquaring  each  part  of  the  laft  Equati-  V  ee'ee 
on,  there  will  be  produced 3  J^  ~  aaaa 

6.  And  by  multiplying  the  Equation  in  the  fourth  *>  eee   _ 
ftep  by  that  in  the  third,  the  Produft  is     .    .     .  3  £16  ~ 

Mm  7.  And 


ee 


=  act 
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7.  And  by  multiplying  the  laft  Equation  by  10,  it  gives  ")  \oeee  _ 

this,  viz j"  '     2x1  ~  IOaaa 

8.  And  by  multiplying  the  Equation  in  the  fourth  ftep  >  275^  _       f  ^ 
by  4J4- it  produces J  '     216       "  ^~*aa 

9.  And  by  multiplying  the  Equation  in  the  third  ftep  ">  62$e  _ 

by  1 044-,  the  Produft  will  be    .    .- j*    '      ~J6  I04^* 

10  Then  by  connecting  theQuantities  which  ftand  in  the  firft  Parts  of  the  Equations 
in  the  fifth,  feventh,  eighth,  and  ninth  fteps,  together  with  89,  by  the  fame  Signs 
which  refpe&ively  belong  to  each  Term  of  the  Equation  propofed,  the  Sum  fhall 
be  equal  to  the  Sum  of  the  fame  Equation,  and  confequently  equal  to  nothing  ; 
hence  this  Equation  arifes,  viz. 

eeee  \oeee    .     27>ee        62$e   .    0 

—  . -f      '       —  — —  +89  =  0. 

1296         216  216  36 

11.  Which  Equation  being  reduced  to  Integers  (by  SeB.-j.  Chap.  11.  Booki.)  gives 
eeee  —  6oeee  -f-   l6$oee  —  225:002  -\-   IIJ344  =  o. 
Thus  an  Equation  is  found  out  whofe Terms  are  all  Integers ;  and  the  value  of  the 
Root  e  in  this  Equation  is  to  the  value  of  the  Root  a  in  the  Equation  propofed  as  6 
to  1  ;  (for  by  fuppofition  in  the  fecond  ftep  e— 6a  -.)  and  therefore  if  e  be  12,  then 
a  fhall  be  2  ;  or  if  e  be  1 8,  then  a  fhall  be  3. 

VIH.  How  to  take  away  tbefecovd  Term  of  a  Compxini  Equation. 

The  Rule  is  this;  Divide  the  Coefficient  (that  is,  the  known  Quantity)  multipli- 
ed into  the  fecond  Term  of  an  Equation  propofed,  by  the  Index  (or  Number  of  Di- 
menfions)  of  the  Power  which  is  the  firft  Term.  Then  if  the  Signs  of  the  firft  and 
fecond  Terms  be  unlike,  (viz,  if  one  be  +  and  the  other  — )  fubtraft  the  Quotient 
from  the  Affirmative  Root  fought ;  but  if  the  Signs  be  like,  (that  is,  both  -f-  or  both 
— )  add  thefaid  Quotient  to  the  Affirmative  Root;  then  Equate  the  laid  Sum  or  Re- 
mainder to  fbme  Letter  to  reprefent  an  unknown  quantity,  and  proceed  according  to 
the  Method  in  the  following  Examples  ;  fo  at  length  a  new  Equation  will  arife, 
wherein  the  fecond  Term  is  wanting. 

Example  1. 

1.  Let  there  be  propofed  this  Equation    .    .     .    :    ,    .    da — 6a  —  72 

2.  That  is, aa—6a—-j2  =  o 

3.  Here  the  number  of  Dimenfions  in  the  firft  Term  aa  is  2,  and  the  known  Number 
multiplied  into  a  making  the  fecond  Term  6a  is  6 ;  rhis  divided  by  the  faid  2  gives 
3,  which  fubtrafred  from  the  Root  a  (becaufe  the  Signs  of  the  firft  and  fecond  Terms 
are  unlike)  leaves  a — 3 ,  which  is  equal  to  fome  unknown  number,  let  it  be  e  ;  then, 

4.  By  fuppofuion a— 3   ^  e 

5.  And  confequently  by  adding  3  to  each  part  of  that  \  .  a  —  c_l^ 
Equation  there  arifes •    •    •    •  S 

6.  And  by  fquaring  each  part  of  the  laft  Equation  there  \  aa  _  eg+  £g+ 
comes  forth _•••.•  ^ 

7.  And  by  multiplying  each  part  of  the  Equation  in  7 

the  fifth  ftep  by  the  Coefficient  6  in  the  propofed  >    .     .     6a  =  6e-\-iS 
Equation,  it  makes 3 

8.  Then  by  fubtrafting  the  laft  Equation  from  that  in  )  ^—6*  =  ee—g 
rhe  fixth  ftep,  there  remains    .......     j     " 

9.  And  laitly,  by  fubtrading  72  (the  laft  Term  of  the  7 

Equation  propos'd)  from  the  Equation  in  the  eighth  >aa-^-6a— 72  =  ee— Si  =  o 
ftep,  there  remains _S 

Thus  you  fee  an  Equation  is  found  out,  to  wit,  ee— Si  =. o,  which  is  equal  to  the 
Equation  propofed,  and  it  wants  the  fecond  Term ;  (for  there  is  not  any  number  of  e 
in  the  Equation  found  out.)  Now  if  the  value  of  e  be  made  known,  then  the  value 
of  a  is  confequently  known  ;  but  the  Equation  found  out,  to  wit,  ee—  Si=o,  that 
is   «e=8i  gives  e=9,  and  by  the  fifth  ftep  a=e+  5,  therefore  a  =  12. 

?  Example 
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Example  2. 

1.  Again,  let  there  be  propofed  this  Equation,  viz.    .    .    aa+6a  =  216 

2.  That  is, aa-\- 6a — 216   =  o 

3.  Here  (as  before)  I  divide  6,  the  Coefficient  in  the  fecond  Term  6a,  by  2  which 
denotes  the  Number  of  Dimenfions  in  the  firft  Term  aa,  and  the  Quotient'?  I  add 
to  the  Root  a,  (becaufe  the  firft  and  fecond  Terms  of  the  Equation  have  the  fame 
Sign  +)  and  the  Sum  0+3  is  equal  to  fome  unknown  Number,  let  it  be  e  j  then, 

4.  By  fuppofition a\i  =  e 

5.  Therefore  by  fubtra&ing  3  from  each  part  of  that  V 

Equation,  there  arifes ^     ,    .    .   a  —  e    3 

6.  And  by  fquaring  the  laft  Equation  there  comes  7 

forth    :...........      J"     •    '       m  =  "-6M-9 

7.  And  by  multiplying  the  Equation  iu  the  fifth  ftep  ")  .  , 

'  by  6,  it  produces         ......./}•'      6a  =  «Htf 

8.  Then  by  adding  the  two  laft  Equations  into  one,  7  .  , 
thefumis     . .£;'    aa+6a  =  es-9 

9.  And  by   fubtra&ing  216  (  the  laft  Term  of  the? 

Equation  propos'd)  from  each  part  of  the  Equati-  >aa-\-6a — 216  =  ee — 225=0 

on  in  the  eighth  ftep,  there  remains    ....     3 

Thus  an  Equation  is  found  out,  to  wit,  ee — 22j=o,  which  wants  a  fecond  Term 
(for  there  is  no  Number  of  e  in  that  Equation;)  and  when  the  value  of  e  is  made 
known,  the  value  of  a  in  the  Equation  propos'd  is  known  alio ;  but  the  Equation 
ee — 225=0,  that  is,  ce= 225  gives  ~e=  17,  and  by  the  fifth  ftep  a=e — 3;  therefore 
a=i2,  that  is,  15 — 3. 

Example  3. 

1.  Again,  let  this  Equation  be  propos'd    .     .     .    aaa — iSaa — -ja-\- Gy6=o 

2.  According  to  the  Rule  before  given,  I  divide  18  the  known  Number  of  the  fecond 
Term  — 1  $aa  by  3,  which  denotes  the  number  of  Dimenfions  in  the  firft  Term  aaa, 
and  the  Quotient  is  6,  this  I  fubtraft  from  the  Root  a,  (becaufe  the  Signs  of  the 
firft  and  fecond  Terms  are  unlike)  and  the  Remainder  is  a — 6,  which  is  equal  to 
fome  unknown  Number,  fuppofeit  be  e;  then, 

3.  By  fuppofition      a — 6=e 

4.  Therefore  by  adding  6  to  each  part  of  that  Equa-  7  _    ,  , 
tion  there  arifes ,  \  J  A'     a~ e+6 

5.  And  by  fquaring  the  laft  Equation  it  makes    ....    aa—ee^iie-^-^ 

6.  And  by  multiplying  the  two  laft  Equations  one ")  ,,!...   ,.„     , 
by  the  other,  the  Produft  is     .    .    .    .    .     .    .  J    •  "w=««+i8«tio8rf2i6 

7.  And  by  multiplying  the  Equation  in  the  fifth  ftep  7 

by  18,  (the  Coefficient  in  the  fecond  Term  of  the>     \%aa-=\%ee-\-2\6e-1r6&r% 
Equation  propos'd)  it  makes j^ 

8.  Likewile  the  Equation  in  the  fourth  ftep  being  7 

multiplied  by  7,  (the  Coefficient  in  the  third  Term  >         ■7^=76+42 
of  the  Equation  propos'd)  produces    ....     3 

9.  Then  to  the  Equation  in  the  fixth  ftep  adding  696,  (to  wit,  the  laft  Term  of  the 
Equation  propos'd)  the  Sum  is 

aaa-\-6<)6  =  eee-\-i8ee-{- 1082+912 
1  o.  Likewife,  by  adding  the  eighth  Equation  to  the  feventh,  it  makes 

idaa-^-ja  =  18^+223^+^90 
1 1.  Laftly,  by  fubtracYing  the  Equation  in  the  tenth  ftep  from  that  in  the  ninth,  this 
following  Equation  remains,  viz. 

aaa — iSaa — -]a-\-6$6  =  eee — nje+222  =  o. 

Thus  an  Equation  is  found  out,  to  wit,  eee— 11  je+  222  =  0,  which  wants  thefe-   - 
cond  Term,  (to  wit,  the  Power  ee-,)  and  when  the  value  of  the  Root  e  is  made 
known,  the  value  of  the  Root  a  fhallbe  known  alfo,  for  by  the  fourth  ftep  a=e-{-6; 
therefore  if  e  be  2,  then  a  ffiall  be  8 ;  and  if  e  be  equal  to  V112 — 1,  then  a  fhall  be 
equal  to  ^112+5. 

M  m  2  Example 
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Example  4. 

1.  Again,  let  there  be  propofed      .     .     .     .'    aaaa-\-6aaa-\-naa-\-6a — ico  =■  o 

2.  According  to  the  Rule  before  given,  I  divide  6  the  Coefficient  in  the  fecond  Term 
~\-6aaa  by  4,  which  denotes  the  number  of  Dimenfions  in  the  firft  Term  acuta,  and 
the  Quotient  is  !,  which  I  add  to  theRoot  a,  (becaufethe  Signs  of  the  firft  and 
fecond  Terms  are  like)  and  the  fum  is  «-H,  which  is  equal  to  ibme  unknown 
Number,  let  it  be  e  ,  then, 

3.  By  fuppofition <*+4-  =  « 

4.  Therefore     ...........    a  =  f—\ 

5.  The  Square  of  the  laft  Equation  is    ...    aa  =  ee — 36+4 

6.  And  the  two  laft  Equations  multiplied  >        ^  =  e,c_:      ^_„ 
one  by  the  other  make 3  - 4     •  * 

7.  And  the  Equation  in  the  fixth  ftep  be- 7 

ing  multiplied  by  that  in  the  fourth  ftep,  >  aaaa  =  eeee — 6eee-\- U^ee — ~e-H? 

will  produce <    •     j 

8.  And  the  Equation  in  the  fixth  ftep  mul- 1  6aja  _  6eee_±±eeii±^e_, « , 
tiplied  by  6  produces S  *   ■  •  "   4      '*~"T ' 

9.  And  the  Equation  in  the  fifth  ftep  mul-  \  llaa  —  uee—ae+U. 
tiplied  by  1 1  produces ) 

10.  And  the  Equation   in  the  fourth  ftep  \        ^  _  6e 
multiplied  by  6  gives $     ' 

11.  Now  'tis  manifeft,  tha.t  if  from  the  Sum  of  the  firft  Parts  of  the  four  laft  Equations 
there  be  fubtrafted  100,  the  Remainder  will  be  equal  to  the  Sum  of  the  Equation 
firft  propos'd  equal  to  o  •,  therefore  alio  if  100  be  fubtracfed  from  the  Sum  of  the 
latter  parts  of  the  faid  four  Equations  the  Remainder  fhall  be  equal  to  o,  viz. 

eeee — 4-ee — 99-ri-  —  °- 

12.  In  which  laft  Equation  the  fecond  Term,  to  wit,  the  Power  eee,  is  wanting,  as  was 
defired.  And  when  the  value  of  e  is  made  known,  the  value  of  the  Root  a  in  the 
Equation  propofed  fhall  be  known  alfo  j  for  by  the  fourrh  ftep  a=e — i,  but  (by 
the  Canon  in  Self.  8.  Ghap.\<;.  Book  1.)  the  value  of  e  in  the  Equation  in  the  eleventh 
ftep  will  be  found  v':m-v'ioi  :  and  therefore  a=Y:  i-H-Vioi :— h 

IX.     The  ufe  of  the  preceding  Rules  of  this  Chapter,  in  the  Refolution  of  all  man- 
ner of  Compound  Equations  in  Numbers. 

After  an  adfe&ed  or  compound  Equation  different  from  any  of  the  three  Forms  in 
Self.  1.  Chap.  15.  Book  1.  is  prepared  for  Refolution  by  the  Rules  of  Chap.  12.  Book*. 
and  reduced  (if  need  be)  to  Integers,  and  rhefum  of  all  the  Terms  made  equal  to  o 
(or  nothing)  according  to  Self.  7.  and  2.  of  this  Chap,  fearch  out  (by  the  Rules  of 
Chap.  8.  of  this  Book)  all  rhe  juftDivifors  to  the  laft  Term  (that  is,  the  known  abfo- 
Iute Number  of  the  Equation  fo  reduced.)  Then  try  whether  any  one  of  thofeDivi- 
ibrs  connected  to  the  unknown  Root  a  by  —  or  +,  will  divide  the  total  Sum  of  the 
faid  reduced  Equation  without  leaving  a  Remainder  •,  for  when  fuchDivifion  fucceeds, 
either  the  known  part  of  the  faid  Binomial  Divifor  is  the  defired  value  of  rhe  Root  a, 
or  at  leaft  the  Quotient  gives  an  Equation,  whofe  firft  Term  has  fewer  Dimenfions  by 
one  than  the  Equation  divided-,  and  then  the  Root  of  this  new  Equation,  if  its  firft: 
Term  be  a  Square,  may  be  found  out  by  fbme  of  the  Canons  in  &5.  658,io.  oi'Cb.rp. 
1  j.  Book  1.  But  if  the  firft  Term  contains  three  or  more  Dimenfions,  let  this  Equa- 
tion be  examined  by  Divifion,  (as  before,)  and  if  none  of  thole  Divifions  work  offjufr. 
withoura  Fraction,  then  by  taking  away  the  fecond  Term,  (by  the  Rule  in  Self.  8. 
of  this  Chap  )  another  Equation  more  fimple,  and  fuch  as  may  be  refolved  by  fome 
of  the  Canons  in  Sell.  6, 8, 1 0.  Chap.  15;.  Book  1.  will  fomctimes  arife.  But  if  none 
of  thofe  ways  prove  efte&ual,  you  may  by  the  general  Method  in  the  foregoing  Chap. 
10.  find  out  one  affirmative  Root  very  near  a  rrue  Root,  and  then  joyning  this  Root 
found  out  to  the  unknown  Root  a  by  the  Sign  — ,  you  may  by  this  Binomial  divide 
the  Equation,  and  proceed  to  find  out  the  reft  of  rhe  Roots  very  near  the  truth.  All 
which  will  be  made  manifeft  by  the  following  Qneltions. 

QU  E  ST- 
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QUESTION.    1. 

If    .     .     .    acta— 933+263  =  24  ^.-n,      .     ,     %T 

Thatis5if   .    .    .    333-933+263-24  =  0*  j  What  is  the  Number  « ? 

RESOLUTION 

Firft,  (by  the  Method  in  Sett.  5.  Chap.  8.  of  this  Book)  I  fearch  out  all  the  Num- 
bers that  will  feverally  divide  the  laft  Term  24  without  a  Remainder,  and  find  them  to 
be  thefe,  viz.  1,2,5,4,6,8,12,24.  Then  by  examining  in  order  whether  rhe  total  fum 
of  the  Equation  propos'd  may  be  divided  by  a — 1  or  3+ 1,  by  a — 2  or  3+2,  &c.  I 
find  it  maybe  exacfly  divided  by  a — 2  without  a  Remainder,  and  the  Quotient  is  aa — 
73+ 1 2,  as  you  lee  by  this  following  Divifion. 

a — 2  )    aaa—  gaa-\-26a — 24    (  aa — 73+12 
aaa — laa 


— 733+26* 
— 733+  143 

+ 1 2a — 24 
+ 1  la — 24 

o  o 
Therefore  2  the  known  Number  in  theDivifor  a — 2  is  one  real  or  affirmative  Root 
of  the  Equation  propofed  ;  for  as  well  the  Divifor  as  the  Dividend  was  fuppofed  equal 
to  nothing,  viz.  a — 2=0,  whence  a— 2  ;  the  Quotient  alfo  is  conlequently  equal  to 
o,viz.  aa — 7(1+12  =  0,  that  is,  -ja — 33=12;  hence  (by  the  Canon  in  SeS.  to.  Cbap. 
15.  Book  1.)  two  other  affirmative  values  of  the  Root  a  will  be  difcovered,  to  wit,  4 
and  3.  So  that  three  real  values  of  3,  to  wit,  2,  3,  and  4,  are  found  out,  by  every 
one  of  which  the  Equation  propos'd  may  be  expounded,  as  the  Proof  will  eafily  fhew. 

QUESTION  2. 
If    .     .     .     aaa — 2233+1573  =  160}  ,,„ 

That  is,  if  .    /  .    333—2233+1573—360  =  o    j-Whatis«=? 

RESOLUTION 

Firft,  the  Divifor  of  the  laft  Term  360  will  be  found  thefe,  1,2,3,4,5,6,8,9,10, 
12,15,18,20,24,30,36,40,45,60,72,90,120,180,  and  360;  then  by  examining  in  order 
whether  the  fum  of  the  Equation  propos'd  may  be  divided  by  a — 1  or  3+ 1.,  by  a — 2 
or  3+2,  by  a — 3  or  3+3,  &c.  I  find  that  a—  5  will  precifely  divide  the  laid  Sum 
without  a  Fraction,  and  therefore  5  is  one  affirmative  Root  or  Value  of  a;  then  the 
Quotient  aa — 173+723=0,  that  is,  17*1 — 33=72  affords  two  other  affirmative  va- 
lues of  a.  {0  wir,  8  and  9.  Thus  you  fee  three  real  values  of  a,  to  wit,  5,  8,  and  9, 
are  found  out  ;  by  every  one  of  which  the  Equation  propofed,  to  wit,  aaa — 22334- 
1573=360  may  be  expounded,  as  will  appear  by  the  Proof. 
QUESTION  3. 
If    .     .     .     91a — aaa  =   3;o}TTn    L'         < 

Thatis,  if    .    .    .     333-913+330  =  0     }Whatis«=? 

RESOLUTION 
Firft,  the  Divifors  of  the  laft  Term  330  will  be  found  1,2,3,5,6,10,1 1,1 5,22,30, 
55,66, 1 10,165,  an(l  33°  j  then  by  examining  in  order  whether  the  fum  of  the  Equa- 
tion propos'd,  to  wit,  aaa — 913+330  may  be  divided  by  a — 1  or  3+1,  by  a — 2  or 
3+2,  Zfc.  I  find  it  may  be  divided  by  a — 5  and  leave  no  Remainder;  therefore  a — 
5=0  gives  3=5,  which  is  one  affirmative  Root  of  the  Equation  propos'd,  and  the 
Quotient  33+ 53 — 66  =  0,  thatis,  33+53=66  affords  another  affirmative  value  of 
«,  to  wit  6.  So  that  two  real  values  of  3  are  found  out,  by  each  of  which  the  Equa- 
tion propos'd  may  be  expounded  ;  for  if  3=5,  or  3=6,  from  either  fuppolition  it 
follows  that  913 — 333  =  330. 

QUE  ST  10  N   4. 
To  find  two  Numbers  whofe  Sum  (hall  be  5,  and  that  if  the  Sum  of  their  Squares 
be  multiplied  by  the  Sum  of  their  Cubes,  the  Producf  may  be  455. 

RE- 
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RESOLUTION. 

This  Queftion  may  be  folved  by  the  Canon  of  jgueft.  i 3.  Chap.  1 6.  Book  1.  but  that 
Canon  being  raifed  from  Poiiiions  that  lie  out  of  the  common  Road,  Email  here  folve 
the  Queftion  in  the  ordinary  way,  and  fo  it  will  exercife  the  preceding  Rules  of  this 
Chapter.    Firft  then, 

1.  For  one  of  the  Numbers  fought  put    .    .    .    .    a 

2.  Therefore  the  other  Number  is 5— * 

3.  The  fquare  of  the  firft  Number  is    .    .    >    •      aa 

a.  The  Square  of  the  fecond  is <w— iotf+25 

5   The  Sum  of  thofe  Squares  is 2<w— -10*1+25 

6.  The  Cube  of  the  firft  Number  is    ...    .     aaa 

7.  The  Cube  of  the  fecond  is — aaa+ I5«<z— 75^+125 

8.  Therefore  the  Sum  of  thofe  Cubes  is      ....     +  15^— 75*+  125 

9.  Which  Sum  being  multiplied  by  the  Sum  of  the  Squares  in  the  fifth  ftep  gives 
this  Producf,  viz.  ^oaaaa— 300^+ 13750a—  31 25.1+3 125. 

10.  But  according  to  the  Queftion,  the  Producf  in  the  laft  ftep  muft  be  equal  to  the 
given  Product  45  5,  hence  this  Equation  arifes, 

loaaaa — ^coaaa^i  ■$-]')  act — 3I25<*+3I25   =  455. 

11.  And  by  fubtracf  ing  455  from  each  part  of  the  laft  Equation  this  arifes, 

loaaaa — 300^10+1375^ — 3125.1+2670  =  o. 

12.  And  by  dividing  every  Term  in  the  laft  Equation  by  30  this  arifes. 

aaaa — loaaa-\-A-)^aa — 1044^+89   —  o 

13.  Then  by  fuppofing  e=6a,  and  proceeding  according  to  the  Example  5.  in  Self.  7. 
of  this  Chap,  to  free  the  Equation  in  the  preceding  twelfth  ftep  from  Fractions, 
this  will  be  produced,  viz. 

eeee — 6oeee-\-i6')Oee — 225006+115344  =  o. 

14.  Now  the  Divifors  of  the  laft  Term  1 15344  wil1  be  found  I52,?,4,^,8,9,i2,i8, 
24,27,  &c.  and  after  tryals  made  by  Divifion,  (like  as  in  the  three  laft  preceding 
Queftions)  I  find  that  e— 12=0  will  preciiely  divide  the  fum  of  the  Equation  in 
the  thirteenth  ftep,  and  therefore  1 2  is  one  true  value  of  e.  Again,  the  Quotient 
of  that  Divifion  being  eee — 4866+10746 — 9612,  I  leek  the  Divifors  of  the  laft 
Term  9612,  and  find  them  to  be  1,2,3,4,6,9,1 2,18,27,3 6,  Cc  Then  after  tryals 
made  (as  before)  I  find  that  e — 18  will  exactly  divide  the  faid  eee — 4866+10740 
— 9612,  and  therefore  18  is  one  other  affirmative  value  of  e-,  and  becaufe  the  Quo- 
tient of  the  laft  mentioned  Divifion,  to  wit,  ee — 306+534=0,  that  is,  306 — ee 
=  534,  is  an  impoffible  Equation,  (as  is  evident  by  the  Determination  in  Self  9; 
ghiejl.i.  Chap  1 5.  Book  i.)  I  conclude  that  the  Equation  in  the  thirteenth  ftep  has 
no  other  Root  or  Value  of  e  befides  1 2  and  1 8  before  found.  But  becaufe  by  fup- 
pofition  in  the  thirteenth  ftep  e= 6a,  4.  of  1 2  and  likewife  of  1 8,  that  is,  2  and  3, 
mall  be  the  true  values  of  a  to  folve  the  Queftion,  for  their  fum  is  5  ;  and  if  13 
the  fum  of  their  Squares  be  multiplied  by  35  the  fum  of  their  Cubes,  the  Product 
is  455,  as  was  defired. 

Sometimes  the  taking  away  of  the  fecond  Term  of  an  Equation  (by  the  Rule  in 
Sell.  8.  of  this  Chap.)  will  be  an  Expedient  to  find  out  an  Equation  refolvable  by  fome 
of  the  Canons  in  Sell.  6, 8,  and  10.  Chap.  15.  Book  1.  when  tryals  by  Divifion  (as  be- 
fore) will  be  in  vain,  as  will  appear  by  the  following  fifth  Queftion,  which  I  find  re- 
folvedtwo  manner  of  ways  in  Rig.  319.  of  Cartejius  his  Geometry,  fet  forthwith 
Comments  by  Fran.  van.  Schooten,  and  Printed  at  Amjlerdam  1659. 
<^U  E  ST  10  N.     5. 

To  find  four  Numbers  in  Arithmetical  Progreflion  continued,  fuch  that  their  common 
Difference  may  be  Unity ,and  the  Produft  made  by  their  continual  Multiplication  100. 
RESOLUTION. 

1.  For  the  firft  Number  put a 

2.  Then  the  fecond  i hall  be 0+1 

3.  The  third ,      .     .     «+2 

4.  And  the  fourth fl+3 

5.  Therefore  the  Product  of  their  continual ")  .,       .     T  ,._,,„ 
Multiplication  is j"  aaaa+  6aaa+u aa+6a 

6.  Which 
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6.  Which  Produft  muft  be  equal  to  ioo,  } 

therefore '  ]■««+*«*+ ii««4- 6*  =  ioo 

7.  That  is, 33334-63334-110,1 4- 6« — ico  =  o 

8.  Of  which  Equation  the  laftTerm  100  may  be  divided  by  1,2,4,5,1 0.20,2  5  -o  and 
ioo;  butDiviiion  being  tried  by  a—  or  +  1,  by  a—  or  +2,  by  a—  or  +4'  &c 
it  proves  ineffeftual.  Then  by  taking  away  the  fecond  Term,  (as  in  Example 4' 
Sett.  8.  of  this  Chap)  this  Equation  arifes,  vh.  eeee—2Ue — 99-^=0  in  which 
the  Root  e  (by  the  Canon  in  SeEt.  8.  Chap.  1 5.  Book  1 .)  will  be"  found  equal  to 
V :  i^-v- V 1 0 1 :  but  in  taking  away  the  fecond  Term  a  was_put  equal  to  e—1  and 
therefore  a=V  :i±+Yiqi :  — 4--,  and  confequently  from  rhe  firft,  fecond/third 
and  fourth  fteps,  , 

Cv  :i^-i--/ioi  : — 4. 

^.     r-       vt      1       r-      t  ,    /-  Jv':  i^-fVioi  : — J. 

The  four  Numbers  fougnt  are  t&efeAy  .  _^  ,  yT0I.  ,  =, 

C  vTTppTToT:  4-  J 

Which  Numbers  exceed  one  another  by  Unity,  and  the  Product  of  their  Multipli- 
cation is  100,  as  before  has  been  proved  in  ghie/ti.  Se8.ij.  Chap.  9.  of  this  Book. 

Another  way  of  Refolvivg  Queft.  5. 
For  the  flrft  number  put  a — 14.,  for  the  fecond  a — 4,  for  the  third  a+ a,  and  for 
the  fourth  a+ i| ;  then  by  multiplying  thefe  four  Numbers  one  into  another,  and 
comparing  the  Produft  to  ico,  this  Equation  arifes,  viz.  ddda — 2-33=99-^  whence 
the  four  Numbers  fought  will  be  found  the  fame  as  before. 

^U  E  ST  10  N    6. 

I.      .       .-        If     .      .  8*54-63..™— 1*4 — 3413   =s    1304 

a.  That  is,  if    .     .      .      «■* — 833 — 63334- 34134- 1304  =  o  ,  > 

What  is  the  Number  a  > 

RESOLUTION. 

3.  The  Divifors  of  the  laft  Term  1304  are  1,2,4,8,163,326,  and  1304;  then  after" 
tryals  made  by  Divifion,  (as  in  the  preceding  Queftions)  I  find  a — 8=0  will  exattiy 
divide  the  fum  of  the  Equation  propofed  without  any  Remainder,  and  therefore  8 
is  one  affirmative  value  of  the  Root  a.  Again,  becaufe  the  Divifors  of  163  the 
laftTerm  of  this  Equation  aaa — 63a — 163=0,  (which  was  the  Quotient  of  the  faid 
Divifion)  are  only  Unity  and  163,  I  try  to  divide  the  Equation  laft-mentioned  by 
a — 1  and  3-fi,  likewife  by  a — 163  and  3+ 163;  but  none  of  thefe  Divifions 
working  off  juft  without  a  Fraction,  and  there  being  no  fecond  Term  to  be  taken 

away,  I  fearch  out  one  affirmative  value  of  a  out  of  the  faid  Equation  aaa — 61a 

163=0,  (that  is,  aaa — 633=163)  by  the  general  Method  in  rhe  foregoing  Chap. 
10.  and  thereby  difcover  3=9.0055,  &c.  then  I  divide  the  faid  Cubic  Equation 
aaa — 63a — 163=0,  by  a — 9.0055=0,  and  the  Quotient  (rhe  Remainder  after  the 
Divifion  is  ended  being  negle&edj  is  33-1-9.00553-1-18.09903025=0  •,  but  this 
Equation  cannot  poflibly  have  any  affirmative  Root,  and  therefore  I  conclude  that 
the  Equation  flrft  propos'd  to  be  refolved  has  only  two  affirmative  Roots  or  Values 
of  3,  to  wit,  8  and  9.0055,   iftc.  found  out  as  above. 

By  the  likeOperation  it  will  appear,  that  this  Equation  34 — 1735 — 212334-4979.1 
— 21 1 3 1  =0  may  be  expounded  by  every  one  of  thefe  three  Roots  or  Values  of  3,  to 
wit  11,7.1125,   &c.  and  15.8874,  &c.  but  by  no  other  affirmative  Root. 

When  the  Index  of  the  Power  of  the  unknown  Quantity  in  every  Term  of  an  Equa- 
tion is  an  even  number,  the  Refolution  of  fuch  Equation  will  admit  of  a  Contraction, 
which  will  be  made  manifeft  by  this  following 


QUESTION.   7. 

1.  If     .      .     .     .     a6 — 293+4- 2443= — 576  =  o;  What  is  3=  > 

RESOLUTION. 

2.  Here  becaufe  the  Indices  of  the  unknown  Powers  are  even  Numbers, 
to  wit,  6,  4,  and  2,  put     .  ... 


•-. 


• 


>e=. 


•. 


Then 
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i   Then  for    ....:.••:    .  ■<— 29*4     Write  ^—29^ 

C+244al    3  6  +  244e 

4.   To  which  Powers  of  ejoyn—  576,  the  Ialt  Term  of  the  given  Equation,  anditmakes 

*'  c3 — 29e2-r-244e — 576  =  o. 

5  Which  lad  Equation  being  refolved  by  Divifion,  (in  like  manner  as  in  the  preceding 
Examples  of  this  Section)  there  will  be  found  three  affirmative  values  of  the  Root 
e  vh.  4,  9,  an(i  1(S  5  tnetl  becaufe  s  was  put  equal  to  aa,  the  fquare  Root  of  4, 9, 
and  16,  that  is,  2,  3,  and  4,  (hall  be  three  Roots  or  Values  of  a  in  the  Equation  firft 
propofed,  to  wit,  a6— 29^+244^—576 =0,  at  may  eafily  be  proved. 

I  might  here  (hew  how  to  reduce  a  Biquadratic  Equation,  not  falling  under  any  of 
the  three  Forms  in  Se&.l.  Chap.  1  ?.  Book.  1.  to  a  Cubic  Equation,  and  fometimes-into 
two  Quadratic  Equations,  but  I  fhall  fpare  that  labour  tor  thefe  Reafons :  Firft,  that 
Red  u£t ion  being  fubjett  to  many  cafes,  is  very  tedious  and  troublefom.  Secondly,  fuch 
a  Biquadratic  Equation  is  feldom  capable  of  being  reduced  into  two  Quadratic  Equati- 
ons-, and  when'tis  reduced  to  a  Cubic  Equation,  this  may  happen  to  be  fuch  as  its  Root 
or  Roots  in  Numbers  cannot  be  perfectly  found  out  by  any  Rules  hitherto  publifh'd  by 
any  Author.  Thirdly,  by  the  Method  in  this  ninth  Section  all  the  Roots  of  any  Cu- 
bic, Biquadratic,  or  other  Equation  of  higher  degrees,  maybe  found  out  in  Numbers, 
either  exactly  if  they  be  Rational,  or  as  near  the  truth  if  they  be  Irrational,  as  (hall  be 
needful  for  any  practical  ufe.  And  laftly,  my  undertaking  (as  I  have  before  hinted) 
is  not  to  handle  all,  but  the  moft  uleful  Rules  only  in  this  profound  Art. 

Note.  The  Relblutions  of  the  preceding  Queftions  of  this  ninth  Settion  do  clearly 
(hew,  that  there  is  no  fmall  labour  in  making  tryals  with  the  Divifors  of  the  laft  Term 
of  an  Equation  to  find  its  Root  or  Roots ;  and  therefore  to  leiTen  that  work,  firft,  it 
will  be  convenient  tomakefome  tryals  by  the  general  Method  in  the  foregoing  Chap.  10. 
to  find  out  Limits  within  which  the  Root  or  Roots  of  an  Equation  do  fall,  or  to  argue 
the  fame  from  fome  things  given  in  a  Queftion  producing  the  faid  Equation,  and  then 
to  make  tryals  only  with  fuch  Divifors  of  the  laft  Term  as  fall  within  thofe  Limits » 
but  when  all  Contractions  are  ufed,  the  work  is  fufficiently  laborious,  fo  that  one 
chief  Scope  of  an  Analyftinrefolvinga  knotty  Queftion  muft  be  to  frame  hisPofitions 
with  fuch  artifice,  that  the  Refolution  may  end  in  as  iimple  an  Equation  as  is  poffible. 
And  altho  one  way  of  Refolution  may  produce  an  Equation  compofed  of  high  Pow- 
ers, yet  oftentimes  by  another  way  you  may  come  to  a  more  fimple  Equation,  as 
may  partly  appear  by  the  foregoing  fourth  and  fifth  Queftions  of  this  Se£tion  ;  but 
the  skill  of  finding  out  the  molt  fimple  and  facil  ways  of  Refolution,  is  not  attaina- 
ble (as  I  conceive)  by  any  certain  or  conftant  Method,  but  rather  by  much  ufe  and 
exercife  in  the  folving  of  Queftions. 

Sect.  X.  Concerning  the  Refolution  of  certain  Cubic  Equations  in  Numbers  by  two 
Rules,  the  Invention  whereof  Cardanus  attributes  to  Scipio  Ferreus. 

1.  All  Cubic  Equations,  after  the  (econd  Term  is  taken  away,  when  there  happens  to 
beany,  (by  the  Rule  in  Sett.  8.  of  this  Chap.)  are  reducible  to  thefe  three  follow- 
ing Forms,  in  which  a  reprelents  the  Root  or  Quantity  fought,  but  p  and  q  known 
Quantities. 

aaa  =  —  6a+   20  aaa  =  — pa-\-q 

aaa  =  -\-   6a-\-  40  aaa  =   -\-pa-fq 

aaa  =  -\-91a — 330  aaa  =    -\-pa—q 

2.  Now  let  it  be  required  to  relblve  the  firft  of  tho(e  Equations,  viz. 

II  aaa   =  — 6(1+20,  or  aaa  =  ~pa-\- q ; 
What  is  the  value  of  a  ? 

Preparation. 

3.  Suppofe     .     .    .     i     ......    a  =  e  —y 

4.  Suppol'e  alfo 20  =  eee—yyy 

5.  And .     6   =  3ey 

6.  Then  by  multiplying  each  part  of  the? 

Equation  in  the  third  ftep  into  it  (elf  >aaa  =a  eet—  3^0'+3^>— W 
Cubicully,  this  is  produced,  viz,        ^ 

7-  And 
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7.  And  by  multiplying  the  Equations  } 

'  1  the  third  and  fifth  fteps  one  into  >6a  =  yeey — %eyy 


28l 


-6a  =  eee—  leey+ieyy— >yy 


8 

108 
•/108 

I0+/108 
/(3):io+/io8: 

— Io+-/io8 
^(3):—  10+V108: 


-fcw 


^%pp 


the  other,  it  makes 3 

8.  And  by  fubtra&ing  the  Equation  in  t 
the  feventh  ftep  from  that  in  the  >  20- 
fourth,  there  remains    .    .    .    .    3 

9.  Therefore  bv  the  fixth  and  eighth  )  . 

fteps 'tis  manifeft  that     .     .     .     .  $       =  eee-ieey+ieyy—yyy  =  2C__^ 

10.  From  the  premuTes  it's  evident,  that  if  in  the  Equation  propos'd  to  be  refolv'd  to 
wit,  aaa  =  —65+20,  or  aaa  =  — ju+j,  we  iuppofe  the  Roor  a  fought  to  be 
equal  to  the  difference  of  two  unknown  numbers  e  and  y  ;  alfo  the  abfolute  num- 
ber 20  for  q)  to  be  equal  to  the  difference  of  the  Cubes  of  the  fame 
two  numbers,  and  the  Co-efficient  6  (orp)  to  be  equal  to  the  triple  Product  of  their 
Multiplication :  then  as  well  aaa  as  20 — 6a  (that  is,  q—pa)  fhall  be  equal  to  the 
Cube  of  the  difference  of  thofe  two  numbers,  viz.  to  the  Cube  ofe—y  ■  and  therefore 
when  two  fuch  numbers  arefound  out,  their  difference  fhall  be  the  Root  or  number 
a  fought.  But  to  find  out  the  faid  two  numbers  (e  andyj  there  is  given  the  Produ£t 
of  their  Multiplication,  to  wit  2,  (or  -fp)  that  is,  one  third  part  of  the  Co-efficient 
as  alfo  20  (or  q)  the  difference  of  the  Cubes  of  the  fame  two  numbers.  And  there- 
fore the  numbers  .  themfelves  fhall  be  given  feverally  by  the  Canon  of  hmfl.  1  r. 
Chap.  16.  Book  1.  and  confequently  the  Root  a  fought  fhall  be  given  alfo  as  will' 
be  made  manifeft  by  this  following 

Operation. 

11.  To  the  Square  of  half  7 
the  given  Abfolute  num-> 
ber  20  (or  q)viz.  to  .  .  3 

.22.  Add  the  Cube  of  2  ~\ 
(or  \p)  viz.  the  Cube  of/ 
i.  of  the  Co-efficient  6  C 
(orp)  which  Cube  is    :  J 

13.  The  Sum  is    .    .    .     . 

14.  The  Square  Root  ofV 
that  Sum  is    .     .    .     j" 

I j.  To  that  Square  Root") 
add  half"  the  Abfolute/ 
number  20  (or  q)  and  f" 
the  Sum  is    .    •     .     .   J 

16.  The  Cube  Root  of  that  7 
Sum  is  the  greater  num-  > 
ber  e  fought,  viz.    .    .  3 

17.  Again,  from  the  fquare- 
Root  in  the  fourteenth^ 
ftepfubtracf  half  the  ab-. 
folute  number  20  (otq)\ 
and  the  Remainder  is    . 

18.  Then  the  Cubic  Root- 
of  that  Remainder  (hall  1 
be  the  leffer  number  j>i 
fought,  viz.      .     .     .     - 

19.  And  then  the  difference  of  the  two  Cubic  Roots  found  out  in  the  fixteenth  and 
eighteenth  tfeps  fhall  be  the  value_of  the  Root  a  in  the  Equation  propofod,  viz. 

a  =  V{3):  I    +V100: — V(l';—  10+V108  :  that  is, 

a  —  V{ : ) :  4-'/  -+•  V+qq+^m  :  — A ?)  :  —  iq^-^qq^r-^ppp: 

20.  It  remains  to  make  tryal  whether  the  Binomial  io+v/io8  has  a  perfe£l  Cubic 
Root  or  not ;  fo  by  the  Rule  in  Self.  1  ti.Chap.  9.  of  tbisfecond  Book,  it  will  appear 
that  1+V3  is  theCubic  Root  of  ic~;Vio8,  and  V3 — 1  is  the  CubicRoot  of 
v^io8 — io;  and  conlequently  the  value  of  the  Roota  before  found  out  in  the 
nineteenth  ftep  is  expreffible  by  a  rational  number;  for  if  ^3 — 1  be  fubtra£ted 

N  n  from 


TM+-APPP 
y  :i<H+-r±pppi 

^I+^iM-tTjppp 


^(l)--^-T-Viqq-\-T^ppp: 


—iq+S^qq+^ppp 


^(?)  =  — rq+V^qq+^^ppp- 
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from  1+^3,  the  Remainder  2  is  the  defired  value  of  a  in  the  Equation  propofed  5 
for  if  a  =  2,  then  ai*a=2o — 6a,  01  aaa-\-6a=zo. 

21.  In  like  manner  by  the  Canon  in  the  foregoing  nineteeth  ftep  the  value  of  a  in  this 
Equation  aaa-\-  z-ja=6^  will  be  found  this  that  follows,  viz. 

a  ==  V(ii':  32-f  V1753: — ■/(?): — 32  +  1/1753  : 
But  this  value  of  a  cannot  be  expreft  by  any  rational  number,  becaufe  the  Binomial 
22+V175?  has  not  a  perfecf  Cubic  Root,  and  therefore  the  faid  value  muft  either 
reft  in  that  Surd  Form,  orelfebe  expreft  by  fome  rational  number  near  the  true  value, 
which  will  be  found  2.  05,  Cc.  that  is,  2-^,  &c. 

22.  In  the    next  place  let  it  be  required  to  refolve  a  Cubic  Equation  of  the  iecond 
of  the  three  Forms  before  mentioned,  viz. 

If    .     .     .     .     .     acta  =f  6^+405  or,  aaa  =  pa-\-q; 
What  is  the  value  of  a  ? 

Preparation. 

23.  Suppofe    ..;....'...    a  —  e-\-y 

24.  Suppofe  alio,     ........  40  =  eee-\-yyy 

6=  39 


aaa  =  eee-\-^eey-\-^eyy-\-yyy 


6a  =  ieey-\-ieyy 


.6^+40  =  eee+icey+ieyy^ryyy 


25.  And    . 

26.  Then  by  multiplying  each  part  of^ 
the  Equation  in  the  twenty  third  ftep  J 
into  itfelf  cubically,  this  is  produced,; 

27.  And  the  Equations  in  the  twenty ' 
third  and  twenty  fifth  fteps  being  mu-  < 
tually  multiplied  one  by  the  other  1 
will  produce     . 

28.  And   the  Sum  of  the  Equation  in" 
the  twenty  fourth  and  twenty  feventh 
fteps  makes j 

29.  Therefore   by  the  twenty  fixth  and  1        _  eee+w+ieyy+W=6a+4o 
twenty  eight  fteps  'tis  evident  that    .J  °  J     '  "    "J        ~^ 

30.  By  the  eight  laft  preceding  fteps  'tismanifeft,  That  if  in  the  Equation  proposed  to 
be  refolved,  to  wit,  aaa=6a-\-^.o,  or  aaa=pa-^-q,  we  fuppofe  the  Root  a  fought 
to  be  equal  to  thefum  of  two  unknown  numbers,  e and y,  alfothe  ablolute  number 
40  for  q)  to  be  equal  to  the  fum  of  the  Cubes  of  the  fame  two  numbers,  and  the 
Co-efficient  6  (orp)  to  be  equal  to  the  triple  Produft  of  their  Multiplication,  thei?  as 
well  aaa  as  6^+40  (that  is,  pa-\-q)  fhall  be  equal  to  the  Cube  of  e-\-y  5  and  there- 
fore when  two  fuch  numbers  are  found  out,  their  fum  fhall  be  the  Root  or  number  a 
fought.  But  to  find  out  the  faid  two  numbers  (e  and  y)  there  is  given  the  Product  of 
their  Multiplication,  to  wit  2  (or-fp)  that  is,  -f  part  of  the  Co-efficient,  as  alio  40 
(or  q)  the  fum  of  the  Cubes  of  the  lame  two  numbers,  and  therefore  the  numbers 
fhall  be  given  feverally  by  the  Canon  of^H.  14.  Ch.  16.  Book  1 .  and  confequently  the 
Root  a  iought  fhall  be  given  alfo.  All  which  will  be  made  manifeft  by  this  following 

Operation. 

31.  From  the  Square  of  half  the  given ") 


(or  spy) 
>-effici-  > 


ablolute  number  4o(or  7)  viz.  from  3 

32.  Subtract  the  Cube  of  2  ( 
viz.  the  Cube  of -f  of  the  Co 
ent,  which  Cube  is 

33.  The  Remainder  is      .... 

3 4.  The  fquareRootofthatKcmaind.is 

35.  Which  lquareroot  added  to  half? 
the  ablolute  number  40  (or  <yjv 
makes  the  fum 3 

36.  The  Cubic  Root  of  the  fum  in  )  -ff  . — 
the  laft  ftep  is  the  value  of  e    .     jn33-*°-rV392: 

37-The  fquare  root  in  the  thirty  fourth  7 

ftep  being  fubtra&ed  from  half  the  >     20 — V19* 

ablolute  number 40  (or</)  leaves    3 
38.  The  Cubic  Root  of  that  Remain-  \.,,^ -7— 

der  is  the  value  of  y    ....    |^):2°-^9 


392 
1(392 

20-7-/392 


?M 


r-fPPP 

s  ■  wi—^ppp  s 


'?q-\-V:~qq—^ppp: 


Al):±q-\-V±qq—-rl-ppp 


iq—V-^qq—i-ppp 


36  Then 


CHAP.   12.  Refo/ution  of  Cubic  Equatio?is.  283 

39.  Then   the  fum  of  the  two  Cubic  Roots  found  out  in  the  thirty  fixth  and  thirty 
eighth  fteps  (hall  be  the  value  of  thejloot  a  in  the  Equation  propos'd  to  be  refolved 
a  =  V(t,):  2  -j-  ^39*  :  +^(l )  :  2o  +  V^Q2  :   that  is, 

40.  It  remains  to  make  tryal  whether  the  Binomial  20+^392  has  a  perfe£t  Cu- 
bic Root  or  not  ;  fo  by  the  Rule  in  Se8. 18.  Chap.  9,  of  this  fecond  Book,  you  will 
find  2+1/2  to  be  the   Cubic  Root  of  20-J-/392,  and  2 — ^2  the  Cubic  Root  of 
20 — V'392,  and  confequently  the  value  of  the  Root  a 'before  found  out  in  the  thirty 
.     ninth  ftep  is  exprefiible  by  a  rational  Number;  for  if  2 — V2  be  added  to  2-f  V2 
the  fum  4  is  the  deiired  value  of  a  in  the  Equation  propofed  to  be  refolved  :  for  if 
a=4,  then  aaa =6^+40. 
.  41.  Another  Example  of  refolving  a  Cubic  Equation  of  the  fecond  Form  may  be  this, 
viz.  Let  it  be  required  to  find  the  value  of  a  in  this  Equation  aaa  —  12a  -f  18,  that 
is,  aaa=pa-\-q,  then  the  Cannon  expreft  by  the  Literal  Equation  in  the  thirty  ninth 
ftep  will  give  . 

<?=V(l)  :  9-W17  :  +•(?):  9— V17  : 
But  this  value  of  a  is  inexpreflible  by  any  rational  number,  becaufe  the  Binomial 
9+1^17  has  not  a  perfect  Cubic  Root,  and  therefore  the  faid  value  muft  either  reft 
in  that  Surd  Form,  or  elfe  be  exprefs'd  by  fome  rational  number  near  the  true  value, 
which  will  be  found  4.  05,  &c.  that  is,  4t4-o  &c       , 

The  premilTes  do  clearly  fhew  the  rife  of  two  Rules  delivered  by  Cardanus  in  his 
Algebraical  Treatife  entituled  Ars  magna,  which  Rules  are  mentioned  in  divers  Au- 
thors, and  the  Subftance  of  them  is  contained  in  the  two  literal  Equations  in  the  fore- 
going nineteenth  and  thirty  ninth  fteps  j  the  former  of  which  Equations  is  a  Canon  to 
find  out  the  Root  of  any  Cubic  Equation  in  Numbers^which  falls  under  the  firft  of  the 
three  Forms  before  mentioned,  and  to  exprefs  the  fame  perfectly  either  by  fome  ratio- 
nal or  irrational  Number ;  and  the  later  of  thofe  literal  Equations  finds  out  the  like 
exa£t  Root  of  any  Cubic  Equation  of  the  fecond  Form,  except  in  one  cafe  only,  viz.  . 
when  the  Square  of  half  the  abfolute  Number  (qj  which  is  the  laft  term  of  the  Equation, 
islefs  than  the  Cube  of  one  third  part  of  the  known  Co-efficient  (p).  But  no  Author 
that  I  have  met  with,  gives  a  certain  Rule,  either  to  find  out  the  Root  in  that  cafe  if  it 
be  an  irrational  number  ;  or  the  two  affirmative  Roots  of  a  Cubic  Equation  of  the 
third  Form,  if  each  of  thefe  alfo  be  irrational.  Hud&enm  indeed  faith  in pag.  5:03.  of 
Cartejins  his  Geometry  before  mentioned,  he  had  a  Rule  /which  he  intended  to  publifb) 
by  which  all  irrational  Ro^ts,  as  well  of  numeral  as  of  literal  Equations,may  be  found 
out^  but  that  much  defired  Rule  is  not  yet  come  to  light.  But  when  a  Cubic  Equation 
of  what  kind  ibever  has  one  Root  exprefiible  by  a  rational  Number,  both  thatandthe 
reft  of  the  Roots,  when  the  Equation  is  capable  of  more  than  one,  may  be  exacfly  found 
out  by  the  help  of  the  Divifors  of  the  laft  term,  according  to  SeS.  9  of  thisC^p. 


G  H  A  P.    XII. 

Of  the  Method  of  refolving  Qtiefiions  wherein  many  Quantities 
are  fought ',  by  aff anting  different  Letters  to  reprefent  the  j aid 
Quantities  feveraUy. 

I.Tjitherto  in  the  Algebraical  Refolution  of  a  Queftion,  wherein  two  or  more 
11  Quantities  have  been  fought,  I  have  affumed  only  one  letter,  as  a  or  e,  to  re- 
prefent fome  one  of  the  unknown  Quantities,  and  formed  the  Pofitionsforthe  reft  by 
the  help  of  that  letter  and  the  Quantities  given  in  the  Queftion.  But  many  Queftions 
may  be  more  eafily  refolved  by  affuming  a  peculiar  letter  to  reprefent  every  one  of  the 
Quantities  fought  -,  as  a  for  one  unkno.vn  Quantity,  e  for  a  fecond, y  for  a  third,  &c. 
By  this  Method  alfo  thofe  intricate  and  obfcure  ways  of  refolving  Qpeftions  by  fecond 
Roots,  or  (as  Simon  Stevin  calk  them)  poftpofed  Quantities,  will  be  avoided, 
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In  handling  the  following  Method  I  fha.l  give  thtee  principal  Rules,  and  explain 
them  by  Examples ;  but  to  ptefcribe  Rules  for  all  Cafes,  is  fas  I  conceive)  an  im- 
poflible  Work. 

RULE  I. 

When  many  Quantities  are  fought  by  a  Queftion,  firft  let  them  be  feverally  repre- 
fentedby  different  Letters;  then  after  you  have  well  confidered  the  Condition  in  the 
Queftion,  abftracl:  it  from  words,  and  exprefs  the  Tenor  thereof  by  Equations  •  that 
done  by  the  help  of  tranfpofition  find  what  the  firft,  that  is,  any  fingle  Letter  repre- 
ienting  a  number  or  quantity  fought  in  the  firft  Equation  is  equal  to ;  then  w  herefoever 
that  firft  Letter  is  found  in  the  other  Equations,  take  inftead  of  it  thofe  Quantities  to 
which  the  faid  firft  Letter  was  found  equal:  fo  fuch firft  Letter  will  quite  vanifh  out 
thofe  other  Equations.  Again,  by  Tranfpofition  fet  a  fecond  Letter  alone  in  one  of 
thofe  Equations  out  of  which  the  firft  Letter  was  expell'd,  and  proceed  as  before  •  fo 
at  length  one  of  the  numbers  ibught  will  be  made  known,  by  the  help  whereof  the'reft 
will  eafily  bed ifcovered.  This  work  will  be  better  underftood  by  Examples  than 
many  Words,  and  therefore  I  ftiall  proceed  to  Queftions. 

QUESTION  1. 

A  Factor  exchanged  6  French  Crowns  and  2  Doiiars  for  45  Shillings  of  Englifi  Mo- 
ney ;  alio  at  another  time  he  exchanged  9  French  Crowns  and  5;  Dollars  f  each  of thefe 
being  of  the  fame  value  with  the  former)  for  76  Shillings  .•  I  demand  the  value  of  a 
French  Crown,  andalfoof  a  Dollar,  in  Englif)  Money  ? 

Let  a  reprefent  the  defired  value  of  a  Crown ,  and  e  the  value  of  a  Dollar  then 
the  Queftion  being  abftrafted  from  Words  may  be  ftated  thus  . 

1.  If 6a  +  2e  =z  45 

2.  And , 9a  -j-  je  =  76 

What  are  the  Numbers  a  and  e  >  \\ 

RESOLUTION. 

5;  By  Tranfpofition  of  ie  in  the  firft  Equation  this  arifes  '.    6a  =s  47 — 2« 

4.  And  by  dividing  each  part  of  the  third  Equation  by  <5,  }       _  45 — ze 
it  g^es S  a  '     ~6~ 

5.  The  fourth  Equation  multiplied  by  9  produces      .      >ya  •=  4^Jnl£f 

6.  Then  if  inftead  of  9a  in  the  fecond  Equation  you  take ")  40J — 18<? 

the  later  Part  of  the  fifth,  this  will  arife    .      .     .      j ~6 — ~+5e  =  76 

7.  The  fixth  Equation,  after  due  Reduction,  difcovers  \ 

the  value  of  a  Dollar,  viz 3    e  ~  4t 

8.  The  feventh  Equation  multiplied  by  2  gives     .     .      .     ze  =  8 "- 

9.  And  by  fetting  the  later  part  of  the  eighth  Equation  7  , 

in  the  place  of  2e  in  the  firft,  this  Equation  arifes    .     j      "•    8t  —  45 

10.  From  which  laft  Equation,  after  due  Reduction,  the"?       _ 
value  of  a  or  one  French  Crown,  is  difcovered,  viz.  .   y    *  ~    ~^ 

Thus  by  the  feventh  and  tenth  Equations  it  is  found  that  a  Dollar  was  valued  at 
4*.  ?  d.  and  a  French  Crown  at  6  s.  1  d.  which  numbers  will  fatisfie  the  Conditions  in 
the  Queftion,  as  may  eafily  be  proved. 


$UE  STIO  N.  2. 

Three  Men  had  every  one  of  them  a  certain  number  of  Pounds  in  his  Purfe  •  the 
fum  of  the  firft  and  fecond  mans  Money  was  5  (or  b)  Pounds,  the  Sum  of  the  fecond 
nnd  third  mans  Money  was  1 2  (or  c)  Pounds,  and  the  Sum  of  the  third  and  firft  mans 
Money  was  1 1  (or  d)  Pounds :  How  many  Pounds  had  every  one  in  his  Purfe  > 

Let  the  three  numbers  of  Pounds  fought  be  reprefented  by  a,  e,  zniy  \  thenrefpeft 
being  had  to  the  numbers  given,  the  Queftion  may  be  ftated  thus,  viz 

I'  " ! a+e  =  *  (  =  y) 

2-  And     .      . e+y  =  c  (  =  12) 

3-  And      ■ ,    .    y+a^d(=ii) 

What  are  the  Numbers  a,  e,  and  y  ?        j|  -■  

RE- 
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RESOLUTION.  '     "  1? 

4.  By  Tranfpofition  of  a  in  the  firft  Equation  there  will  arife    e  ==  b a 

5.  Then  by  raking  the  later  part  of  thefourth  Equation  in-  \, 

ftead  ofVin  the  fecond,  this  Equation  arifes     .     ,     y     a+y  =  c 

6.  And  by  Tranfpofition  of  b— a  in  the  5th  Equation  it  gives    y  =  c — b-\-  a. 

7.  And  by  taking  the  later  part  of  thefixth  Equation  in-  \      , 

ftead  ofy  in  the  third,  this  ariles    ......      y~ "+<*+<*  =  £ 

8.  From  which  feventh  Equation,  after  due  Redufrion,  7     '__  , , 

the  Number  a  will  be  made  known,  viz.     .    .     .    .     y  ~  -r0+4-«— lc 

9.  Again,  if  inftead  of  a  in  the  firft  Equation  we  take  the  7  , ,  ,  ,  ; 

later  part  of  the  eighth,  this  arifes |t»+t«- \c-\-e  =.  i 

10.  lhen  from  the  ninth,  afterdue  Reduction,  the  Num.-")      _  ,, 

ber  e  will  be  made  known,  viz .     .     y  ~  r^+4c — ^i 

j  1.  Again,  if  inftead  of  a  in  the  third  Equation  we  take")     ,  ,,  ,     . 

the  later  part  of  the  eighth,  this  ariles     l'.1'.1-.    .    .     j">+t^+t« — ^  =  £ 
12.  Laftly,  from  the  eleventh  Equation,  after  due  Redu£t- 7    _ 

ion,  the  Number  v  will  be  made  known,'  viz.    .    .    .  J  J*  —  t^+^c — ^b 
The  eighth,  tenth,  and  twelfth  Equations  give  this 

CANON. 

From  the  fum  of  every  two  of  the  three  Numbers  given  fubtra£t  the  remaining  num- 
ber, then  the  halves  of  the  three  remainders  (hall  be  the  numbers  fought.  Whence 
the  numbers  fought,  to  wit,  «,  f,  and  j,  will  be  found  2, 3,  and  9;  for  2+3=5  alfo 
3+9  =  12,  and  9+2  =  11,  as  was  required. 

The  foregoing  Refolution  of  this  gfaeft.  2.  is  formed  according  to  Rule  r.  but  the 
lame  Canon  maybe  more  expeditiouily  difcovered  by  this  following  Refolution^  viz. 

The  Sum  of  the  firft,  fecond,  and  third  Equati-  7       .       ,  ,  ,  ■     • 

ons  which  ftate  the  Queftion  is      .    .     .    .     ]■*»+«+ ay  =  b+c+i  ■ 

The  half  of  that  Sum  is a+e+y  =  s-b+lc+J-d 

'-'  Then  from  that  half  fum  fubtract:  the  firft  E-  7  •    _  ,    ,  ,  J     ;, 

quation,  and  the  Remainder  will  be    ....  3       '  *    *  J1  —  tC+t*— 4* 

Again,  from  the  laid  half  fum  fubtra&theie-  7     -  ,  __     .  , 

cond  Equation,  and  the  Remainder  is    .    .    .     f    '  '    '    a  ~~  t»+4*    4-c 

Laltly,  from  the  faid  half  fum  fubtracl  the  7  _    .      ■ 

third  Equation,  and  the  Remainder  gives    .      f     '   '    '     e  ~  t&+tc    4-»- 
'Which  three  laft  Equations  do  manifeftfy  give  the  fame  values  of  a,  e,  and  y,  as 
were  found  out  by  the  former  Refolution. 


QUESTION.^. 

Three  m&ndifcourfingof  their  Moneys  in  this  manner-,  the  firft  fays  to  the  other 
two,  if  1 00  I.  were  added  to  his  Money,  the  fum  would  be  equal  to  both  their  Mo- 
neys  ;  the  fecond  fays  to  the  other  two,  if  100/.  were  added  to  his  Money,  the  fum 
would  beequalto  thedouble  of  both  their  Moneys  -,  the  third  fays  to  the  other  two 
if  ioo  /.were  added  to  his  Money,  the  fum  would  be  equal  to  the  triple  of  both  their 
Moneys  :  The  Queftion  is,  to  find  how  many  Pounds  each  Man  had. 

Let  the  three  numbers  of  Pounds  fought  be  reprefented  by  «,  ?,  andyj  then  the 
Queftion  may  be  ftated  thus,  viz. 

1.  If ;    .    .    .    .    0+100  =    e+  y 

2.  And e+ioo  =  2a+2y 

3.  And ...    y-f  100  =  30+3* 

What  are  the  Numbers  a,  e,  and  y  ?     II     - • 

RESOLUTION. 

4.  From  the  firft  Equation  by  Tranfpofition  7     .  ,  ,. 
ofy,  this  arifes, j-a+ioo— y>  II   e 

5.  Then  if  inftead  of  e  in  the  fecond  Equation 7 

there  be  taken  that  which  is  equal  to  e,  to  wit,  >«+ 1 00— y+ 1 00  =  za+  iy 
the  firft  part  of  the  fourth,  this  will  arife,  3 

6.  That  is,  after  due  Reduction,    '.    -  .    .    .  •  200  =  «+  y 

7.  Again, 
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7.  Again,  if  inftead  of  32  in  the  third  Equation? 

there  be  taken  the  triple  of  the  firftpart  of  >y-\- 100  =  3^4- $£4-300 — 3^ 

fourth  Equation,  this  will  ariie,  to  wit.    .    3 
S.  Which  laft  Equation  after  due  Redu&ion  gives  y  =  4-a-f-jo 

9.  Then  if  inftead  of  %y  in  the  fixth  Equation,  1 

there  be  let  the  triple  of  the  latter  part  of  the  >  2  00  =  a-\-la-\- 150. 
eighth,  this  will  come  forth,  viz.    .    .    ,    3 

10.  From  the  ninth  Equation,  after  due  Redu-  ?     _    _^ 
£tion  the  numbers  will  be  difcovered,  viz.  .y     .    ?" 

11.  Again,  if  inftead  of  a  in  the  fixth  Equation,? 

there  be  taken  9-54,  to  wit,  the  value  of  a>zoo  =9-44- 3^ 
found  out  in  the  tenth,  it  will  give    .    .    .  3 

12.  The  eleventh  Equation  duly  reduced difco- ")  .     7 
vers  the  Number  y,  viz y  ~    ^lrr 

13.  From  the  fourth,  tenth,  and  twelfth  Equa- 7 

tions  by  exchange  of  equal  Quantities  this  > $~ •+■  1 00 — 63— I- =  e 
Equation  arifes,  viz \ 

14.  The  thirteenth  reduced  gives     :     .    .     .    .    e  =  45-f 

From  the  10th.  14th.  and  12th.  Equations  the  three  numbers  fought  *,  e  and  j  are 
difcovered,  f/z.thefirft  man  had  9,4/.  thefecond  tf-Al.  and  the  third  6  i-^l.  which, 
numbers  will  fatisfie  the  Queftion,  as  may  eafily  be  proved. 

If  1 21  be  given  inftead  of  100  in  this  third  Queftion,  then  the  three  numbers  fought 
will  be  whole  Numbers,  to  wit,  11,  JJ,  77. 

RULEU. 

When  the  fame  Quantity,  fuppofe*,  is  found  in  two  feveral Equations,  and  equal 
numbers  are  prefixed  to  thofe  Quantities,  then  iftheirfignsbeboth  4- or  both—,  iub- 
tracf  the  leffer  Equation  from  the  greater";  but  if  one  of  the  figns  be  -f ,  and  the  0^ 
ther  — ,  add  thole  two  Equations  together  ;  fo  the  find  Quantity  a  will  quite  vanifh, 
as  will  appear  by  theRefolutioi>of  the  following  Queftion. 

QUESTION  4." 

Thefum  of  two  Numbers  being  given  12  (orb)  and  their  difference  8  Core)  ta 
find  the  Numbers. 

Let  a  be  put  for  the  greater  Number,  and  e  for  the  leffer,  and  the  Queftion  may  be 
ftated  thus : 
I-  If : a-\e  =  3(^12) 

2.  And     .    .     .  " a—e  =  c  (  =    8  )• 

AVhat  arethe  Numbers  a,  and  e  >         || 

RE  SOLUTION 

3 .  For  as  much  as  a  or  -f-  ia  is  found  in  each  of  the  "\ 

Equations  propofed,therefore(according  to  Rule  2.)  /  —  h—c  (  =     v 

I  fubtract  the  leffer  Equation  from  the  greater  ^r  e  ~~       c  <■  —  4  y 
whence  the  letter  a  quite  vanifhes,and  there  remains  J 

4.  Then  by  dividing  each  part  of  the  third  Equation  >     _  ,, ,     ,_     . 

by  2,  the  number  e  is  made  known,  viz.    .    .    y  T      ~*°  *■       2  ' 

5.  And  by  taking  the  latter  part  of  the  fourth  Equa-  \    .  , , ,  _ ,  .  _       . 

tion  inftead  of  e  in  the  fir  ft,  there  remains    .    .     j*a~i~T*      .    .     .     .  V 

6.  Laftly,  the  fifth  Equation  duly  reduced  difcovers  ">     _  , ,  .  ,     ,  , 
the  number  a^viZz.c.    .    . J        ^+^/       lo) 

The  6th.  and  4th.  Equations  difcover  a  Canon  to  find  out  the  numbers  fought,' 
which  in  this  Example  are  10  and  2,  and  the  Canon  is  the  fame  with  that  before 
found  in  $>yejl.  1.  Chap.  14.  Book  I. 

Otherwife  this. 
5.  Forasmuch  as  a-\-e  is  found  in  thefirft  Equation,1) 
and  — e  in  the  fecond,  therefore  by  adding  thofe  (      __  h  ,     (  _       v 
two  Equations  together,  (according  to  Rule  2.)  ther      ~"    "*"    \  -  2°  > 

letter  e  vaniihes,  and  the  fum  is J 

8.  There- 
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8.  Therefore  by  dividing  each  part  of  the  feventh  7 

Equation  by  2,  there  ariies  the  lame  value  of  <r,>  a  =  ±b-\- Lc  (  —  l0  j 
which  was  before  found  in  the  lixth  Equation,  j»z,  3 

9.  And  by  fetting  the  latterpart  of  the  eighth  Equa-  7  ,,  ,  A   ,     _  ,      ___ 
tion  in  the  place  of  a  in  the  firft,  this  arifes,.-.  .   j"  *  "*"  *  "*"        *  C  —  1 2  ) 

10.  Which  lalt  Equation  reduced  difcovers   the? 

lame  value  of  e,  which  was  before  found  in  the  >e  =  Lb — ic  (  —  2  j 
fourth  Equation,  viz .     .     3 

RULE  III. 

When  the  fame  quantity,  fuppofe  a,  is  found  in  two  feveral  Equations,  but  the  num- 
bers prefix'd  to  thofe  equal  quantities  are  unequal,  thofe  two  Equations' may  be  redu- 
ced into  two  others  which  (hall  have  equal  numbers  prefix'd  to  the  faid  Quantity  * 
by  this  Rule,  viz.  Multiply  all  the  quantities  in  the  firft  Equation  by  the  number 
which  is  prefix'd  to  the  faid  quantity  a  in  the  iecond  -,  multiply  likewiie  all  the  quan- 
tities in  the  Iecond  Equation  by  the  number  which  is  prefix'd  before  the  lame  quantity 
a  in  the  firft  ;  fo  by  fuch  alternate  Multiplication  two  new  Equations  will  be  produced 
wherein  the  numbers  prefix'd  to  the  faid  quantity  a  will  be  equal  to  one  another  :  and 
then  by  adding  or  fubtracf  ing,  according  to  the  import  of  Rule  2.  of  this  Chap,  that 
quantity,  a  will  quite  vanifh.  That  done,  renew  the  like  work  to  expel  the  lame 
quantity  out  of  the  reft  of  the  Equations  5  and  proceed  in  like  manner  with  a  fecond 
quantity,  until  at  length  the  value  of  fome  one  quantity  be  made  known.  This  I 
fhallmake  plain  by  the  Refolution  of  five  Quejiiont  next  following. 

QUESTION,  j. 

To  find  two  Numbers  that  if  the  Quadruple  of  the  greater  be  increafed  with  the 
triple  of  the  lefs  it  may  make  265  but  if  the  triple  of  the  greater  be  leffened  by  the 
double  of  the  lefs,  the  remainder  may  be  10. 

Put  a  for  the  greater  number,  and  e  for  the  leffer,  then  the  Queftion  may  be  ftated 
thus,   viz. 

1.  If    • ;     •     •    •     = 4tf+3<?  =  ?6 

2.  And v .     .     3a— 2e  =  10 

What  are  the  Numbers  a  and  e  >  ||  . 

RESOLUTION. 

3.  The  firft  Equation  multiplied  by  35  which  is  prefix'd  to  a  in  "> 

the  fecond,  produces     .  •    .     .    . £1*1+96  =  108 

4.  The  fecond  Equation  multiplied  by  4,  which  is  prefix'd  to  a  in  ") 

the  firft,  makes |i2«— 8e  =  40 

5.  Now  for  as  much  as  the  quantity  12a  is  found  both  in  the-, 

fourth  and  third  Equations,and  is  affirmative  in  each,  therefore  /  __ 

according  to  Rule  2.  I  fubtracf  the  leifer  Equation  from  the^"  9e-r%e  —  °° 
greater,  fo  the  quantity  1 2a  vaniflies,and  this  Equation  remains  ^ 

6.  The  fifth  Equation  after  due  Reduction  difcovers  the  number  7 

e,  viz.    ...    .      . j-     .    .   e  =  4 

7.  Then  I  fet  1 2  ('which  by  the  fixth  Equation  is  the  value  of  ^e)  > 

in  the  place  of  3  s  in  the  firft,  and  this  Equation  arifes     .    .  y   4<*+12  —  36 

8.  Laftly,  the  feventh  Equation  duly  reduced  difcovers  the  num- ")  _  , 

bera,  viz j      '    "     a  ~ 

From  the  Sth.  and  6th.  Equarionsthe  two  numbers  fought  are  found  6  and  4,which 

will  fofte  the  Queftion  •,  for  four  times  6  with  thrice  4  make  36  ;  and  thrice  6,  to 
wit  1 8,  leffened  by  twice  4  gives  1  o,  as  was  required. 

QUESTION  6. 

1.  If : 2a+$e — 2y  =  50 

2.  And 50 — 2e-t-jy  =  240 

3.  And *    .    .    .     .     «+je — 3y  =  10 

What  are  the  numbers  a,  e,  and  yi       [| — 

R  E. 
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RESOLUTION. 

4.  The  firft  Equation  multiplied  by  5,  which  is  prefix'd  t0  lI0Jr  x^_loV  _ 

a  in  the  fecond,  produces ,    . >    j"       "r  ^         ■?       JJO 

5.  Likewife  the  fecond  Equation  multiplied  by  2,  which  7  ,         _ 

is  prefix'd  to*  in  the  firft,  makes  ..    .....      f,  *?*-A**-&  ~  48.0 

6.  Then  (according  to  #«fe  2. J  by  fubtrafting  the  fourth'? 

Equation  from  the  fifth,  the  quantity  10a  vanifhes,>  .  — 19^4-20^  =  230 

and  this  Equation  arifes 3 

7.  Again,  the  third  Equation  multiplied  by  5,  which  is  1  ,  _  _o 
prefix'd  to  a  in  the  fecond  produces j  >«-r^     15^-5° 

8.  And  the  lecond  Equation  multiplied  by  1,  which  isfup-7 

pos'd  to  be  prefix'd  to  a  in  the  third,  gives  the  fameS-     -f  ja—  2e-\-^y  =  240 
iecond  Equation  without  alteration,  viz 3 

9.  Thenbecaufe  +  50  and  — ?«  by  Addition  willdeftroy^ 

one  another,  therefore  (according  to  Rule  2.)  I  add/         ,  _. 

the  feventh  and  eight  Equations  together,  fo  the  let-  C    '  \  /  '         ? 

ter  rtvanilhes,  and  this  Equation  arifes,    .....-* 

10.  Again,  I  proceed  with  the  iixth  and  ninth  Equations? 

according  to  Rule  3.  viz.  I  multiply  the  fixth  Equation  >  — 437 e-f 4607  =  5290 
by  23,  (which  is  prefix'd  toe  in  the  ninth)  and  it  makes  3 

11.  Alfo  the  ninth  Equation  multiplied  by  19  (which  is  >     1  „,,„     -onv  «=  «rn 
prefix'd  to  ein  the  fixth)  produces j"  +437e     1 9°y  ■<=  5?5io 

12.  Then  (according  to  Rule  2.)  by  adding  the  tenth  and  7 

eleventh  Equations  together,   the  Letter  e  vanifhes,  >       .  .  4-270J1  =  10800 
and  this  Equation  arifes,  viz 3 

13.  And  by  dividing  each  part  of  the  twelfth  Equation  ">  _ 
by  270,  the  number  j  is  difcovered,  viz.                     £     •    ■     •     •    y       4 

14.  Then  infteadof  ioj  in  the  ninth  Equation  taking  ten  7 

times  40,  that  is 400,  ('which by  the  thirteenth  Equati->      +2je — 400  =  290 
on  is  equal  to  loy)  the  ninth  will  be  reduced  to  this,     3 

15.  And  from  the  fourteenth  Equation,  after  due  Redu-T  g  _ 
aion,  the  number  e  will  be  difcovered,  viz.                \     .'.''.  ' 

16.  Then  inftead  of  ?e—  ty  in  the  firft  Equation,  I  take-. 

90-80,  (which  by  the  fifteenth  and  thirteenth  EquatiV  _go  = 

ons  will  be  found  equal  to  i?—2y)  fo  the  firft  Equa-  C 
tionwill  be  converted  into  this,  viz J 

17.  Laftly,  the  fixteenth  Equation  duly  reduced  difco-  \ a  =  10 

vers  the  number  a,  viz S    '    ' 

From  the  17th.  1 5th  and  1 3th. Equations  the  3  defired  numbers  a,  e,  j>,  are  20,  30, 
and  40,  which  will  conftitute  the  3  Equations  firft  propoled,  as  may  eafily  be  proved. 

QUESTION  7. 

Three  Men  difcourfe  of  their  Moneys  in  this  manner,;  the  firft  faith  to  the  other 
two,ifyou  give  me  100  Pounds,  my  Money  will  be  made  equal  to  bothyourremaining 
Moneys  :  the  fecond  faith  to  the  other  two,  if  ye  give  me  100  Pounds,  my  Money  will 
be  made  equal  to  the  double  of  both  your  remaining  Moneys  :  laftly,  the  third  faith 
to  the  other  two,  if  ye  give  me  100  Pounds,  my  Money  will  be  equal  to  the  triple  of 
both  your  remaining  Moneys.    I  demand  how  many  Pounds  eachMan  had> 

Let  a  Letter  be  affumed  to  repreient  each  Mans  Money,  as  a  for  the  firft,  e  for  the 
fcond,  and  y  for  the  third  •  then  the  Queftion  may  be  ftated  thus,  viz. 

j    If «-fioo=    e+  y — 100 

2.  And'  .        e+100  =  2«+2>'— 200 

3'  And    ,    .     . y-r-ioo  —  30+30— 300 

What  are  the  numbers*,  e,  and  y  ?     || 

RESOLUTION. 
4.  The  firft  Equation  by  tranfpofition  will  be  reduced  to"}  _„  1  ^.y  -.  20O 

this ,....;     -r    /  - 

f.  Like- 


CHAP- 12.  h  vari°us  Y  options. 2%9 

5.  Likewife  tb*  fecond  Equation  by  tranfpofi- 7    +2a_g+2>  =  300 

6    ftalSeli  Equation  by  'tranfpofition  produces    +3*+3^~J'  =  4°° 
7'  Then  I  proceed  with  the  fourth  and  fifth  *S 

Equations  according  to  Rule  3.  viz.  I  multi-  £  _2a  ,  2£+     _ 

ply  the  fourth  Equation  by  2,  (which  is  pre-  r 

fix'd  to  a  in  the  fifth,)  and  it  produces    ,     J 

8  The  Sum  ofthe  fifth  and  feventh  Equations  gives    .     .    e+4>  -  7°° 

9  Again   I  proceed  with  the  fifth  and  fixth  ^ 

Equations  according  to  Rule  3.  -«&  multi-  L     6^_,e+^  =  90o 
Diving  the  fifth  Equation  by  3,  (which  is  r 
prefix'd.to  «  in  the  fixth,)  it  gives  .  ) 

10  Alfo  the  fixth  Equation  multiplied  by  2,1     6a+6e—iy  =  800 
(which  is  prefix'd  to  a  in  the  fifth)  produces  $ 

11  Then  by  fubtrafting  the  tenth  Equation  \        __9e+8y  -  IOO 
from  the  ninth,  the  Remainder  is    •     •     •  5 

12  Again   I  proceed  with  the  eighth  and  ele-  ^ 

venth  Equations  according  to  Rvk  j.  «,  (       ^9^-3$,  =  6300 
multipiyingtheeighthEquationby9,(which£       ■ 

is  prefix'd  to  e  in  the  eleventh,)  it  makes  .  ) 
1^    Then  (according  to  Rule  2)  the  eleventh  7      .    :         4J,  _  64QO 

and  twelfth  Equations  added  together  make  J 
14   And  by  dividing  the  thirteenth  Equation  I     .    .    .       31  is  i4?Tx 

by  44,  the  number  y  is  made  known,  viz.  J 
•    i?    From  the  eighth  and  fourteenth   by  ex- 7        e4/58i^  =  7oo 

change  of  equal  Quantities,  this  anfes,  «a| 
16.  And  from  the  fifteenth   by  fubtraftion  of?  _ 

5  8  ii4  from  each  part,  the  number  e  is  dif-S-    .     .    .      «-»».. 

C°^L'  i+V  firft  fourteenth  and  fixteenfh7 
"i^uaTon! I  by  "change  of  equal  Quantities,  £«+  .00= . .  8,++  HW-00 

this  Equation  anfes,  viz      J..    .     •     .3     • 
18  Laftly   the feventeenth  Equation,  after  due  1  .      fl  _  6?_| 

?hduf  Ka iff  .X?^4W  isfound  that  the  firft  Man  had 
6^Mhefecond  ii8^Z.  andthethird  %*tl  which  three  Numbers  will  fatisfie 
the  Queftion,  as  may  eaffly  be  proved. ___ 

QUESTION.    8. 

V*  ; c+-V»+^+-t»  =  "4 

2-  An? .....  jMr4*-r4e-r4"  =  i25t 

?•  A™    '.'.'.'.'.'.'.'.'.'- *+!*+&+&  =  x_^r 

4'       What  are  the  numbers  a,  4  >  and  h  ?        ||  - 

Rfi.soLcTrioiv: 

«    The  firft  Equation  multiplied  by  3,  (the  De-7 

5'  nominator  of  the  Fraaion  4.)  produces  thisS-     3«+*+9+»  -  33* 

Equation  in  Integers,  to  wit,    .     .     .     •     3 
6.  Likewife  the  fecond Equation  multiplied  by  1      3a4/4e+3y+3«  =  45* 

7  ^^Aird'Equation  multiplied  by  5  gives     4,+4^+5i+4»  =  ** 
8.  Alfo  the  fourth  Equation  multiplied  by  6  7      ^-j-je+j^K  =  800 

0  PForaUfmuch  as  \a  is  found  in  the  fifth,  and  \ 
alfo  in  the  fixth  Equation,  I  fubtract  the  f      ^    ;      2e+yJj-»  =  120 
leffer  from  the  greater,  fo  3a  quite  vanitnes,  C 

and  this  Equation  arifes, J 

Q  0  10.  Then 
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io.  Then  I  proceed  with  the  fifth  and  feventh  Equa- 
tions according  to  Rule  j.  viz.  I  multiply  the  fifth? 
liquation  by  4,  (which  is  prefix'd  to  a  in  the  fc  f        l2a+&+8y+Su=i,AA 
venth,)  and  there    comes  forth J  3^ 

11.  Alfo  I  multiply  the  feventh  Equation  by'  2 '7 

rwhich  is  prefix'd  to  « in  the  fifth,)  and  it  produces!  I2"+l2e+itf+i2«=lS8.i 

1 2.  Then  by  fubtraa.ng  the  tenth  Equation  from  the  7  4 
eleventh,    the  quantity  12a  quitevanifh.es,   and  C                 „..       , 

this  Equation  arifes,  to  wit, C  "  4e-r7>'+4":=  540 

1?.  The  ninth  Equation  multiplied  by  2,  produces 

14.  Then   by  fubtrafting  the  thirteenth  Equation  V  *    *  4*+2j+2b=  240 
from  the  twelfth,  this  arifes  to  wit,     ...        K  •    .  .       «+->«-  ,on 

1  ?.  Again,  I  proceed  with  the  fifth  and  eighth  Equa-  3 

nons  according  to  Rule  ?.  wiz.  I  multiply  the  fifth? 

equation  by  y,  (which  is  prefix'd  to  «in  the  eighth  )("I5:'T+Ice+I^+io«=i68n 
and  it  produces      .       ,  j 

15,  \ikewife  the  eighth  Equation  multiplied  by  2  7 

(which  is  prefix'd  to  a  in  the  fifth,)  produces    .   j  I^+^«+iy+i8«=240o 
17.  Then  by  fubtraamg  the  fifteenth  Equation  from  7  4 

the  fixteenth,  this  arifes,  viz.    ...  f     •     •       **-t-?y+8ie=  t, 

1 8_  Again,  I  proceed  with  the  ninth  and  feventeenth  i 
Equations  according  to  Rule  2.  viz.  I  multiply  the? 

ninth  Equation  by  7   (which  is  prefix'd  to  e  ir>      '     ■    *<*+#+*«  600 
the  feventeenth,)  and  it  produces     -  3 

*^   i,"du^e  feventeenth  Equation  multiplied' by  2  7 

5o (7;Cphl'Pr^ux,d^.ei^he  ninthj  produces    !|     •       ic«+iqy+i<j»=,440 
«Sa    y-  fubtra,a,ng  the  eighteenth  Equation! 

irom  the  nineteenth,  there  remains      .      .      ■       f     •      •     •      *y+ii«-  «,n 
»■  And  by  fubtrafting  the  .4**  Equation  from  the^ 
2ott,  (for  fince  y_y  is  found  in  each  of  thofe  Equa-? 
tions,  they  need  no  Reduftion  according  to  Rule  2  )  C 
there  remains     ....  iJ  J 

22.  Which  twenty  firft  Equation  divided  by  9  difco-  7 
vers  the  number  a,  wZ;      .  '  y  j- 

23-  From  the  2otA  and  22j  Equations,  by  letting) 
eleven  times  60,  to  wit,  660  in  the  place  of  n«C  *    .  ~ 

in  the  2o*£,   there  arifes    .  T      '    '      •      ^+^0=840 

24A  Thpre/°ae  ftom  the  tM enfy  third  Equation,'  after  ? 

due  Reduftion,  the  number  ^sdifcovered,w2.    |  •  -     •     •     >=     36 

y.  And  from  the ort,  24ti,and  22^  Equations,this  arifes  .         2e+3^/ 
26.  The  2pJ  duly  reduced  difcovers  the  number  e   vk  '    2e+?6+6o=  120 

27;.H °m  thV^'  ^'^  2^7^  and  22^  Equadons,  by  { '"     " 

exchangeofequalQuantities,  this  Equation  arifes,  j"      3<H-24+72+i2o  =  ,,6 

;,i,y'  frc\mrthe27^  afr«dueReduaion,  the{  "    . 

number  a  is  difcovered,  mz.    .  '        f      .      .     .      a=    40 


9«=  540 
*=     60 


@UE  ST. 


2.  And  for  the  number  of  Pears  fought  put    '     '      "      '       .'       '      '      a 

.-ThenfcarchoutthecoftofthenumberofApplesin'thefirftS    '    *• ' "  * 

%,  and  fay,  if IO  /,  : :  ,'.  (-     .    fo  the  coft  of  the(V  ^ 

number  of  Apples  fought  is    .    .10.    ,    ,  (  1o 


4.  Search 
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4.  Search  out  alio  the  coftof  the  number  of  Pears  in  the  fecond  ) 

ftep,  and  fay,  If  25  .  2  ::  e .  (2tL  .  fo  the  coftof  the  num-£.  £1 

2J  \  25 

ber  of  Pears  fought  is  found J 

51.  Then  (according  to  the  Queftion)  the  Money  laid  out  for  7 
all  the  Apples  and  Pears  fought  muft  be  equal  to  $±.  Pence ;  >  "l  -f  ?1  —  gi. 
hence  this  Equation, •     •     •     .310      2> 

6.  But  the  number  of  Apples,  together  with  the  number  of) 

Pears  bought  muft  make  100,  therefore 3       a -\- e  —  100 

7.  Then  the  Equation  in  the  filth  ftep,  after  due  Reduction,  ?         , 

will  give  this  Equation  in  Integers,  to  wit, fSoa-tq.og  —  4750 

8.  And  the  Equation  in  the  fixth  ftep  being  multiplied  by  50} 

produces     ..............      J5<*+5<*  =   5000 

9.  Then  by  fubtra&ing  the  Equation  in  the  feventh  ftep  from  J 

that  in   the  eighth,  there  arifes '  .    .    .3      •     ioe  — 250 

10.  And  the  Equation  in  the  ninth  ftep  divided  by  10,  difco-  ) 

vers  the  number  e,  viz j"     .     .     e  —  25 

11.  Laftly,  from  the  fixth  and  tenth  fteps,  the  number  a  is  al-  > 

fo  made  known,  viz.. 3     •    *    *  ~  75 

By  the  firft,  fecond,  eleventh  and  tenth  fteps  it  appears  that  there  might  be  bought 

75  Apples,, and  25  Pears  h  which  numbers  will  folve  theQueftion,as  may  eafily  be  proved. 

• i        . 

QUE  ST  10  N    10. 

To  divjde  90  into  four  fuch  Numbers,  that  if  the  firft  be  increafed  with  2;  the  fe- 
cond leffened  by  2  5  the  third  multiplied  by  2  ;  and  the  fourth  divided  by  2  ;  the 
Sum,  Remainder,  Produft  and  Quotient  may  be  equal  between  themfelves. 

Let  b  and,  d  be  put  for  the  two  given  Numbers,  90  and  2  ;  alfo  a,  e,  y  and  a  for 
the  tour  numbers  fought,  then  the  Queftion  may  beftated  thus; 

1.  If    . «•+■  e-\-y-^-u  =  b 

2.  And a-\-i  =  e — d 

3.  And        ......        .         i        .     .     a-\-d  =  iy 

4.  And       .       .       .       '. a+i  =  '* 

a 
What  are  the  numbers  a,  e,  y  and  11  ?     || , 

RESOLUTION. 

5.  The  firft  Number  fought  is  equal  to  it  felf,  viz..  .    .    a  —  a 

6.  From  the  fecond  Equation,  by  tranlpofition  of")  .     , 

-d  this  arifes,    .........      |  a+ld  =  e 

7.  And  by  dividing  each  part  of  the  third  Equa-  7  a\i     _ 
tion  by  i,  this  arifes 3  ~d~     ~ 

8.  And  the  fourth  Equation  multiplied  by  (/produces  da-\-dd  =  u 
9   The  Sum  of  the  lour  laft  Equations  gives 

2a  +  2i-f  ?+_  \da\dd  —  a-\-e+y-\-u=b 
d 

to.  Which  laft  Equation,  after  due  Reduaion,  gives    .      a  =  bd-ddd-idd-l 

dd-\-  2&-\- 1 

11.  Then  from  the  tenth  and  fixth  Equations,  by  \  __  bd-\-ddd->rxdd-\-d  ♦ 
exchange  of  equal  Quantities, 5    '     '  dd-\-  2d\  1 

12.  And  from  the  tenth  and  feventh  Equations    .    .    .     y  =       -77- — -. — 

n  dd-\-  2rf+ 1 

13.  And  from  the  tenth  and  eighth  Equations,    .-    .    .      z<  =        77- — = 

aa+  2d-\- 1 

The  four  laft  Equations  give  a  Canon  to  find  out  the  four  numbers  fought,  which  are 
18,22,10  and  4o,which  will  folve  the  Queftion.-  For,  firft,  their  fum  is  90;  then  if  the 
firft  number  1 8  be  increaled  with  the  given  number  2,  it  makes  20 ;  and  if  the  fecond 

Oo  2  number 
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number22beleffenedby  2,  the  Remainder  is  alfo  2c:  Moreover,  if  the  third  number  10 
be  multiplied  by  2,  ic  likewife  produces  20:  Laftly,  if  the  fourth  number  40  be  divided 
by  2,  the  Quotient  is  alfo  20.  Therefore  the  conditions  in  the  Queftion  are  fatisfied. 
'  But  the  Numerator  of  the  Fra£tion  in  the  latter  part  of  the  tenth  Equation  fhews, 
That  the  Numbers/;  and  d  mult  not  be  given  at  random,  but  fo,  that  ddd-\- 2dd-\- d 
may  be  fubtracfed  from  bd  and  leave  a  Remainder  greater  than  nothing;  therefore  bd 
muft  be  greater  than  ddd-\-  idd+djmi.  confequently  b  muft  be  greater  than  dd-\-  2d-\- 1. 
Therefore,  to  the  end  the  Queftion  may  be  poflible,  the  numbers  given  mufc  be  fub- 

jecl  to  this, 

Determination. 

The  number  given  to  be  divided  (b)  muft  be  greater  than  the  Square  of  (d+i) 
the  fum  of  the  other  number  given  and  Unity. 

QUEST.     11. 
There  are  two  numberswhofeSum  is  equal  to  the  difference  of  their  Squares  ^  and 
if  the  Sum  of  the  Squares  of  thofe  two  numbets  be  fubtracled  from  the  Square  of  their 
Sum,  the  Remainder  will  be  60  :  what  are  the  two  numbers  ? 

Put  b  for  the  given  number  60,  alfo  a  for  the  greater  number  fought,  and  c  for  the' 
leffer;  then  the  Queftion  may  be  fta ted  thus,  viz. 

I.  If aa — ee  ==  a-\e 

1,  And aa-\-ee-\-2ae — aa — ee  =  b 

What  are  the  numbers  a  and  c  ? 

RESOLUTION. 

3.  The  fecond  Equation  after  its  firft  part  is  duly  )  2ae  =  b 
contracted  is .     .    .  j" 

4.  And  the  third  Equation  divided  by  2  gives    ...      ae  =  ±b 

5.  And  if  each  part  of  the  firft  Equation  be  divi- ")       ^_g  _  g-\-e  _  .      x. 
ded  by  rt  +  e  it  will  give j*                 ""  rt_(-e 

6.  From  the  fifth  Equation,  by  tranfpofition  of  e,  \      a        _  e 
there  arifes ......  S>  ■     • 

7.  The  fixth  Equation  multiplied  by  e  produces    .      ae      —  ee+e 

8.  From  the  fourth  and  feventh  Equations,  by")  .  g  __   ,^  . 
exchanging  equal  Quantities j" 

9.  Then  the  eighth  Equation  being  refolved  by  the 7  " 

Canon  in  Sett.  6.  Cbap,i$,  Book  1.  the  lefler  >       e        =  V:^-\-±b:— 4-  =  j 
number  fought  will  be  made  known,  viz.     .     3 

10.  And  from  the  ninth  and  fixth  Equations  the  7  

greater  number  fought  will  alfo  be  made  known  >      a        —  V:  V  +  \b :■+  4  —& 
viz •  •  •  j 

The  two  laft  Equations  give  a  Canon,  to  find  out  the  jwo  numbers  fought,  which 
are  6  and  5  ;  as  may  eafily  be  proved. 

QUEST.     12. 

Therearetwo  numbers,  fuch,  that  if  their  Sum  be  fubtracfed  from  the  Sum  of  their 
Squares,  the  Remainder  is  42  ;  but  if  the  Sum  of  the  faid  two  numbets  be  added  to 
the  Producf  of  their  Multiplication,  it  makes  34  :  what  are  the  numbers  ? 

Let  a  and  e  reprefent  the  two  numbers  fought,  then  the  Queftion  may  be  ftated 
thus,  viz. 

1.  If aj-\-ee — a — e  =  42 

2.  And aa-\-a-\-e         =   94 

What  are  the  Numbets  a  and  e  ?       || • 

1    RESOLUTION. 

3.  By  adding  the  firft  and  fecond  Equations  toge-  >     aa±.ecxae  —  l6 
ther,  the  Sum  will  be j       *rr»T  1 

4.  And  by  adding  the  fecond  Equation  to  the  >     fla+K+M,+fl+e  -  no 
third,  the  fum  will  be j  '      l        l 

5.  Suppofe y  =  «+e 

6.  Then 
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6.  Then  by  fquaringeach  part  of  the  fifth  Equati-  7 

tion,  this  arifes j       #  -  «*+«+2«e 

7.  The  Sum  of  the  two  laft  Equations  makes     .     j;>-fy  =  aa-\-ee-\-  2ae-\- a-\-e 

8.  And  from  the  feventh  and  fourth  Equations,  by  7       ,  _ 
exchange  of  equal  quantities,  thisEquation  arifes',"^  ^^  ~  II0 

9    Which  eighth  Equation  being  refolved  by  the-? 

Canon  in  Sett.  6.  Chap.  ij.  Book  1.  the  num->      y  (=  a-\-e)  =   10 
bery,  to  witv  a-\-e  will  be  made  known,  viz.    3 

10.  Then  by  fetting  10  (the  value  ofa-\-e)  in  the  7      ,      _ 
placeofa  +  e  in  the  fecond Equation,there arifes  j"ae+10—  34 

11.  And  by  fubtrafting  10  from  each  part  of  the  7  _ 
tenth  Equation,  there  remains     .     ....  3       ae  ~~  24 

12.  And  from  the  ninth  Equation,    by  tranfpo- 1 

fition  of  a,  there  arifes      .       .       ...... .J        e  ~  l0~a 

1  3.  And  if  a  in  the  eleventh  be  multiplied  by  10  7 

— a  inftead  of  <?,thefaid  eleventh  Equation  will>io<7 — a.? =24 

be  reduced  to  this,      .        .        .         .        .      } 
14.  Wherefore  the  laft  Equation  being  refolved 7  -    _ 

by  the  Canon  in  SeB.  10.  Chap.  1  j.  Booh  1.  the>         i  fl~ 

tw^numbers  fought  will  be  difcovered,  nfz.     3  <■ e  ~4 

TrM  6  and  4  are  found  out,  which  will  folve  the  Queftion  propofed,  as  will  be 
evident  by  the  Proof. 

&U  E  S  T.     iz. 

There  are  two  numbers,  fuch,  that  the  Sum  of  their  Squares  make  100,  and  if 
the  Sum  of  the  two  numbers  be  added  to  the  Produtt  of  their  Multiplication,  it 
makes  62 ;  what  are  the  numbers  ?' 

Let  a  and  e  be  put  for  the  two  numbers  fought,  then  the  Queftion  may  be  ftated 
thus,  viz. 

1.  If   .       ...» aa-\-ee  =  106 

2.  And     .      .     .      . :      .     ae-\-a+e  —  62 

What  are  the  Numbers  a  and  e  ?  ||        — ; : — 

RE  SOLUTION. 

3.  The  fecond  Equation  multiplied  by  2  produces     .     2ae-\- 2a-\- 2e  =  124 

4.  The  fum  of  the  firftand  third  Equations  gives    aa-\-ee-\-2ae-\-2a-{-2e  =  224 

5.  Suppofe y  =  a-\-e 

6.  Then  by  fquaring  each  part  of  the  fifth  Equati-  7  _  , 
on  this  is  produced,  viz 3             ~~~  aa-tee-\-za 

7.  And  by  adding  the  double  of  the  fifth  Equation")      ,  .      .        . 

to  the  fixth,  it  gives 3  t  ±      * 

8-  And  from  the  feventh  and  fourth  Equations,  by  7      ,      _ 
exchange  of  equal  quantities,this  Equation  arifes  3 -^"f  -J  —  224 

9.  Which  laft  Equation  being  refolved  by  theCa-7 

non  in  SeB.6.  Chap.i^.  Book  1.  the  number  y,>   .    y  =  a-\-e  —  14 
to  wit  a  +  e,  will  be  made  known,  viz.     .    .3 

10.  Then  from  the  ninth  and  fecond  Equations, ') 

by  taking  14  inftead  of  <i+e,  the  fecond  Equa->ae4/i4=  62 
tion  will  be  reduced  to  this,  viz 3 

11.  Which  laft  Equation,  by  equal  fubtra&ion  of  7       _     g 
14,  gives .3  4 

12.  The  ninth  Equation  by  tranfpofition  of  a  gwes  e  =  14 — a 

13.  Then  by  multiplying  a  in  the  eleventh  Equa-7 

tion  by   14 — a  inftead  of  e,  this  Equation  is  >  140 — act  =  48 
produced,  to  wit, 3 

14.  Wherefore  the  laft  Equation  being  refolved 7  ra=Q* 
by  the  Canon  in  Sett.  10.  Chap.  15.  Book  1.  the>     .     <  g  __  g  " 
two  numbers  fought  will  be  difcovered,  viz.     3 

So  the  numbers  fought  are  found  8  and  6,  which  will  folve  the  Queftion,  as  wi^ 
appear  by  the  Proof. 
&        3  QUEST.  14. 


2?4  Refolution  of Que /lions  BOOK  II 

■  ! ■ — * — ■ *■ 

QUE  ST  10  Ni^. 

There  are  two  numbers,  fuch,  that  rheir  fum  is  equal  to  the  ProducF  of  their  mul- 
tiplication 5  and  if  the  Produ£t  or  fum  of  the  faid  Numbers  be  added  to  the  fum  of 
their  Squares,  it  makes  15}  :  What  are  the  Numbers  ? 

Let  a  and  e  be  pu  t  for  the  two  numbers  fought,  then  the  Queft.  may  be  (rated  thus  viz* 

1.  If    . • ae  =  a+e 

2.  And aa+ee-\-ae  =   ijJ. 

What  are  the  Numbers  a  and  e  ? 1 

RESOLUTION. 

3.  The  Sum  of  the  firft  and  fecond  Equations  is    .     .     aa-\-ee-\-2.ie=a-\-e-\-i  e± 

4.  And  from  the  third  Equation,  by  tranfpofition  "> 

of«  +  e,  there  arifes |      «a+ee+2ae-a-e=iSi 

5    Suppofe y ..=  a-\-e 

6.  Then  by  fquaring  each  part  of  the  fifth  Equation      .     ,  yy  =aa-\-eeJr2ac 

7.  And  by  fubtrafting  the  fifth  Equation  fiom  the  ") 

fixth,  there  remains     . J  JW  ~«+*+2«-*-N 

8.  And  from  the  fourth  and  feventh  Equations,  by  7        , _       , 

exchange  of  equal  Quantities,  there  will  arile    .    j*  ^    ?  ~  l,5j 

9.  Which  laft  Equation  being  refolved  by  the  Canon') 

in    Sett.  8.    Chap.  15.  Book  1.   the  number  y,  to>     .      y  =  a-\-e  =  4.1. 
wit,  a-\-e  will  be  made  known,  viz.     .--..'» j 
*         lo.  Therefore  from  the  firft  and  ninth  Equations,    .     .     a-fe  =     ae     =44- 

11.  From  the  ninth  Equation  by  tranfpofition  of  a e     =  4J — a 

12.  The  eleventh  Equation  multiplied  by   «,  pro- > 

produces     . j      '     '      *     ae     "~  4^—'* 

I?.  And  from  the  tenth  and  twelfth  Equations,  by  }  ,  

exchange  of  equal  Quantities,    ......  j"         '    4t<*    aa  ~  4r 

14.  Wherefore  the  laft  Equation  being  refolved  by  7  _ 

the   Canon  in    Sell.  10,    Chap.  1?.    Book  1.  the>    ;    .    -j  *  ~  * 

two  numbers  fought  will  be  difcovered,  viz.    .      \  ...;''. 

So  the  numbers  fought  are  found  3  and  ii,  which  will  fblve  the  Queftionj  for 
their  Sum  is  equal  to  the  Produft  of  their  Multiplication,  and  if  their  Sum  44.  be 
added  to  ii-^the  Sum  of  their  Squares,  it  makes  1$^  as  theQueftion  requires. 

QUESTION.    ij. 

There  are  two  Numbers,  fuch,  that  the  Square  of  their  difference  is  equal  to  the 
Produft  of  their  Multiplication,  and  the  Sum  of  their  Squares  makes  20  :  what  are 
the  Numbers  > 

Let  a  and  e  be  put  for  the  two  Numbers  fought,  and  let  a  be  the  greater ;  then  the 
Queftion  may  be  ftated  thus,  viz. 

J.  If aa — 2ae-\-ee  =  ae 

2.  And aa-\-ee  =  20 

What  are  the  Numbers  a  and  e  ?  J|  . 


aa-\-ee  =■   ^ae 


RE  SOLUTION. 

3.  From  the  firft  Equation  by  tranfpofition  of — 2ae, ") 
this  arifes        .        .         .   '  .         .         .  j 

4.  Therefore  from  the  fecond  and  third  Equations       .        %ae  =  20 

5.  And  the  third  Equation  divided  by  3,  gives       .       .        ae  =  ±t 

6.  And  by  adding  the  double  of  rhe  fifth  Equation  }  ,      ,         _ 
to  the  fecond,  it  makes 5     *H-w+2ae  ~ 

7.  Therefore  by  extracting  the  Square  Root  of  each  7 
part  of  the  fixth  Equation,    the  fum   of  the>      a-\-e  =  ■/-—- 
two  numbers  fought  will  be  made  known,  viz,\ 

8.  From  the  feventh  Equation,  by  tranfpofition  of , 
a,  this  arifes J 

9.  The  eighth  Equation  multiplied  by  a,  produces      .    .    ae  =  •/j_^° x<j, — aa 

10.  And 


_  ^«_»_a 


CHAP.  12. 


by  various  Pofitions. 


o.  And  from  the  fifth  and  ninth  Equations  this  arifes 
II.  Wherefore  the  laft  Equation  being  refolved'bv"1'    '       ~~*  *'  ~  aa  ~ 


•-L! 


the  Canon  in  &ff  to   Chap.  15.  Boohi.  thetwoC  S«  =  V8L  +  Vi- 

numbers  fought  will  be  difcovered,  viz.    ,     .      \  t  e  =  V&Z-Vi? 

The  difference  of  the  two  numbers  in  the  eleventh  fteni<=  j.,'t    ,  , 

The  fquare  of  the  faid  difference  is                       P IS  "  Vl^  +  Vit  =  ^ 

And   (by   the  laft  of  the  three  Rules  in  SeS  i0  7  '  '      '       '       '    •    ^f 

Chap.  9 .  of  this  Book)  the  Product  of  the  Multipli-  £ 

cation  of  the  fame  two  numbers  is  alfo  \ '•    fr 

Laftly  (by  the  firft  and  fecond  of  the  faid 'three  7 

Rules)  the  fum  of  the  Squares  of  the  faid  two  num-  £■ 


utwonum-£ 


IS c 20 


hy  the  difference  of  their  Square?  the PfoSs  /no  fuT  nU?bers  fa  multiplied 

Let.  and,  be  put  for  ?he  two  Sen 1  u^nd  t' !"  ^  ?nmlfs  ? 
then  theQueftion  may  be  ftated  thus,  vizi        S    '  C     reprefent  the  greater; 

I"  And '    '    '    *    i±IxIE5thatis,  «"-«,  =  2i 

What  are'the  numbers  «  and « ?^+"  Xa*^j that  is'  ^-^,  ==  609 

RESOLUTION. 

3-  By  fuppofition  in  the  firft  Equation 

4-  Therefore   (by  tranfpofition  of  —  eej     '. aa—ee=2l 

5.  And  by  fquaring  each  part  of  the  fourth  Equation)'     '       ""       ~ee+  2t 
th,s  anfes V         >aaaa=eeee-{-^2ee+  441 

6.  And  by  taking  the  latter  part  of  the  fifth  Equation  7 

tnltead  of  aaaa  in  the  fecond,    the  faid  fecond  W<M-A2efl4-^  r 

Equation  will  be  reduced  to  this,      .      .     .         r««+42**+44i— &ee~6o9 

7.  The  fixth  Equation,  after  due  Reduction,  gives'  ' 

8.  xhereforeby  extracting  the  fquare  Root  out  of 
each  part  of  the  feventh  Equation,  the  leffer  num-  < 

■  ber  fought  is  difcovered,  viz.       ....  C 

9-  Then  from  the  fourth  and  feventh  Equations  this  > 

anies, > 

10.  Therefore  by  extracting  the  fquare  Root  out  ofl 
each  part  of  the  laft  Equation,  the  greater  number  L 
fought  is  alfo  made  known,  viz  \        '  ~  * 

evitotbyTS"81"  SK  &Md  J  a'"d  *  Whiciwi"  6te  tl-QprfBcn,,,  will  be 


e-e  =  4 


,  j"    ■    •  ' •'**  =  4+21=25 


ZUEST.     17. 

p|d  by^e6^ 

be  ft/ted^r ^  mmb£r  f°Ught'  Md  '  f°r  the  W»  *«3S& W 

x-  If     •      -  '  •      •  -T 1— 

2    And  a  +  exaa+ee  =  27z 

Wha'tare'the'numbers.and;?    '     '    „'      "       *-g*"-eg  =    32 

1  •„        ,.  1  .  .         RESOLUTION. 

3.  By  multiplying  a+e  into  ««+*«,  the  firft  7 
Equation  will  be  reduced  to  this,    .    .     j  *"*+*«+««+ f»e  =  272 

4.  Li'kewife, 


25>5 


nj  ~"  Resolution  of  Quefiions BOOK  II. 

a.  Likewife  by  multiplying  «— e  into  aa—ee,  the  ">  aaa—aae—aee+eee  =  32 

fecond  Equation  will  be  reduced  to  this,    .    .  ) 

<   The  fumofthe  third  and  fourth  Equations  gives  2aaa  +2^  =  304 

6.  The  half  of  the  fifth  Equation  is         •       .       •  «*  +  ^-152 

7.  The  fourth  Equation  fubtraQed  from  the  third  )  _      2^fi+  %g£&        =  ^Q 

1 PI VPS  .  •  •  •  •  *  *  *  -* 

8   The  halfofthefeventh  Equation  is    ......    ««+  aee        =120 

o  TheSumofthefeventhandeighthEquationsis  .  •  3a«+j«ec  =  360 
10  The  fum  of  the  fixth  and  ninth  Equations  is  aaa+  iaae+  iaee+eee  =512 
ni  The  Cubic  Root  of  the  tenth  being  extrafted,  I     <     >     #    #    a+e  =      8 

there  arifes      .        .        •  £_;   •      •       J 

1 2.  By  dividing  each  part  of  the  firft  Equation  by  7        =        %       act+ce  _ 
therefpeaivepartoftheeleventh,therewtllanfe5  \ 

By  the  two  laft  Equations,  the  fum  of  the  two  numbers  fought  is  found  8,  and 

the  fum  of  their  Squares  34 1  therefore  by  the  Canon  ef-#«^  7.  Ciop  16.    Aoo*  1. 

the  numbers  themfelves  will  be  found  5  and  3,  which  will  folw  the  Queftion,  as  may 

eafily  be  proved. 

QUEST.    18. 
To  divide  a  given  number  14  (or  b)  into  three  continual  Proportionals,  fuch,  that 
if  the  faid  given  number  be  divided  feverally  by  every  one  of  the  faid  three  Propor- 
tionals, the  fum  of  the  three  Quotients  may  be  equal  to  is|  (or  d)  a  number  given. 

RESOLUTION. 
1.  For  the  firft  (or  leaft)  of  the  three  Proportio-  \    fi 
nals  fought  put      .      •••'.•;     '    *  * 

2  For  the  fecond  (or  mean)  Proportional  put     .      a 

3  Then  the  fquare  of  the  mean  Proportional  be- 1  a* 
.  ing  divided  by  the  firft  gives  the  third,  to  wit,   3     e 

4.  Therefore  the  Sum  of  the  three  Proportionals  is    e+a+  ~ 

5.  Which  fum  muft  be  equal  to  the  given  number  I     g,  a  ,  aa  _  b 
14,  (or  b,)  whence  this  Equation  arifes,  viz.    j  e 

6.  Then  by  reducing  thatEquation  to  Integers,this  arifes  ee+ae+aa  —be 

7.  Again,  (according  to  the  Quefti°n)  let  the  gi-) 

ven  number  b  be  divided  by  every  one  of  the  £  ±  .4.  JL  +  °± 

three  Proportionals  in  the  fourth  ftep,  fo  the  f  e          a        aa 
three  Quotients  added  together  will  give     .     .  ) 

8.  But  the  fum  of  the  three  Quotients  in  the  fe-7  h  h  be  3 
venth  ftep  muft  be  equal  to  the  given  fum  12^,  >  _.  4-  _+__=.  d 
(or  <?,)  hence  this  Equation  arifes,     .      .       -3  e 

9.  Which  laft  Equation  reduced  to  Integers  will  |  ^a+We-r-^e  =  daaat 
produce •  3 

10.  And  by  dividing  every  Term  of  the  Equation  \     baa+{,ae+  bee  =s  4*ze 
in  the  ninth  ftep  by  a,  this  arifes      ,•••■>,,.,,  , 

11.  The  fixth  Equation  multiplied  by  b,  produces      baa,+  bae+  bee  =  bb* 

12.  And  from  the  tenth  and  eleventh  Equations,? 

(where  each  of  two  Quantities  is  found  equals-  .    .   daae  —  bbe 
to  a  common  third)  this  arifes,  viz.     .      .    .  3 

13.  The  twelfth  Equation  divided  by  e  gives     .      .     .     daa  -  bb 

14.  And  the  thirteenth  Equation  divided  by  d  gives    .    .    aa  —  — 

15.  Therefore  by  extracting  the  fquare  Root  out  7  ^ 

of  each  part  of  the  fourteenth  Equation,the  mean  >  a  —  V  —  —  4 
Proportional  fought  will  be  made  known,  viz  3 

16.  And  becauit'  a  is  now  known,  to  wit,  4-,  and  )  . 

b  —  14-,  therefore  the  Equation  in  the  fixrhW+4e+i6  -  14«  ^ 

ltep  may  be  reduced  into  this,  viz.    ...     3  Which 


C  H  A  P.   1 2.  by  various  Pofitions. 


loe — ee=z\S 


17.  Which  lalt  Equation,  after  due  Reduction,  will  give 

18.  Laltly,  the  Equation  in  the  feventeenth  itep  being '. 
refolved  by  the  Canon  in  Se8%  10.  Chap.  15.  Book  1.  the>     .    e=  5  2 
firft  and  third  Proportionals  will  be  difcovered,  viz.  .  ^  (8 

Thus  the  three  Proportionals  fought  are  found  2,  4,  8,  which  will  fatisfie  the  con 
ditions  in  the  Queftion :  For  firft,  2,  4  and  8  are  manifeftly  in  continual  proportion 
fecondly,  their  fum  is  14;  thirdly,  if  14  be  divided  by  2,  4  and  8  feverally  the  fum 
of  the  Quotients  7,  34  and  i-i  is  12^  ;  aswasprefcribed  in  the  Queftion 

It  may  alfo  be  obferved,  that  thofe  three  Quotients  are  continual  Proportionals  as 
will  be  manifeft  from  the  feventh  ftep  of  the  Refolution,  where  they  are  reprefented 
by—,  —  and  — ;  for  the  Product  made  by  the  Multiplication  of  the  two  extremes 

towit,theProdu£t— ,  that  is,  -,  is  equal  to  the  Square  of  the  mean  Proportional  b 

aae  a  a  .  «  • 


QUEST  19. 

To  find  three  numbers  in  Arithmetical  Progreflion,fuch  that  if  the  firft  be  multiplied 
by  1,  the  fecond  by  2,  the  third  by  3,  theliim  of  the  Produces  may  be  62 ;  and  that 
the  fum  of  the  fquares  of  the  three  numbers  may  make  275. 

Let  the  three  numbers  fought  be  reprefented  by  a,  <»,  31,  and  fuppofe  a  to  be  the 
fmalleft  and  firft  Term,  then  the  Queftion  may  be  ftated  thus,  viz. 

1.  If • e — a  =  y — g 

2.  And      . 7    .     .      a-\-  2e+y  =  62 

3.  And     .     • aa-±-ee-\-yy  =  275 

What  are  the  numbers  a,  e,  y  >  || 


■RESOLUTION. 

4.  By  fuppofition  in  the  firft  ftep     .    .     ...      .     .    :    .    e — a  =y e 

<    Therefore  by  Tranfpofition  of  —  a  and  — e,  7 

5  therearifes 5"      *     s     *      «+*-** 

6.  And  by  dividing  each  part  of  the  laftE->  .     .     ,  i 

quation  by  2,  it  gives     .     .      •     •     •     j      '     "      '    t^+tJ1  —  e 
-1   And  by  fquaring  the  Equation  in  the  fixth  7 
7  ftep  there  comes  forth ...$    ■    ***+&+&  =  « 

8.  Then  if  inftead  of  2e  in  the  fecond  Equation,  7 

there  be  taken  the  firft  part  of  the  fifth,  the  £-    ."  .     a-\-  a-\-y -\-  ?y  =s  62 
fecond  will  be  converted  into  this,  viz.  .     3 

9.  That  is, 2<z-t-4y  =  62 

10.  The  half  of  the  laft  Equation  is    .    .    .  .    .    .    .     a-^iy  =  31 

11.  And  by  tranfpofition  of  Quantities  in  the  \ '  

tenth  Equation  this  arifes,  viz.     .    .    .     j  •     •     3       2y  —  a, 

12.  And  by  fquaring  the  eleventh  Equation,  \  ,  . 

there  comesVtlT •    •    •    j"    "    ?6l~I24>+W  =  « 

13.  From  the  feventh,  eleventh  and  twelfth  >  ,s  3,    ,  ,     _ 

Equations  this  arifes, j      '         +       »*+■«#  —  ee 

14.  It  is  evident  that yy  =  yy 

15.  And  by  adding  the  twelfth,  thirteenth  and  V       ,,       ^   ■  4 , 0 ,  _  „.„,_. 
fourteenth  Equations  into  one  fum,it  makes  j    '      +"        w"T-*— ?      aa-x-ee-ryj 

16.  But  by  fuppofition  in  the  third  ftep, 275  =  a«+ee+j)jp 

1 7 .  Therefore'from  the  fifteenth  and  fixteenth ">        ii™__jLliv+±Ui-  =27? 
Equations,by  Exchange  of  equal  Quantities,  j"    '  p"w     -.  •7T.     *         75 

1 8.  And  after  due  Reduction  the  Equation  in  >  84 __  ,  ,,f 

the  feventeenth  ftep  gives    .     .     .     .       j"*'*     '    *  ■   7      ™      ■~",rT 

1 9.  Therefore  by  refolving  the  Equation  in  the  "\ 

18  ftep,  (according  to  the  Canon  inSeS.  ioY  ■    -  , 

Chap.  15.  £ooit  1.)  two  values  ofy  will  be  r      ••••♦•    /         5>  <■>*  i?y 
difcovered,  wz J 

20.  And  from  the  i9tZ>  and  m&.Equations  .  .   i    .   .    .     .    .    .     a  =  j,  or  34 

2 1.  Laftly,  from  the  2Qthjjt  h  and  6th  Equations e  =  9,or3f 

P  p  From 


2?8 
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From  the  three latt  Equations  'tis  evident,  that  the  three  defired  Numbers  a,  e,j  may- 
be either  5,  9,  13,  or  34,  84-,  and  13-7  :  For  firft,  5,  9, 13  are  in  Arithmetical  Pro- 
greflion  *  and  if  5  be  multiplied  by  1,  9  by  2,  and  13  by  3,  the  fum  of  the  three  Pro- 
ducts is  6i;  moreover,  the  fum  of  the  Squares  of  5,  9,  13  makes  275,  as  was  re- 
quired.   The  like  may  be  proved  by  3-f,  8-f  and  134. 

QUEST.  20.  ~ 

To  find  three  fuch  numbers,  that  the  Square  of  the  firft  being  added  to  the  Producf 
of  the  firft  multiplied  into  the  fecond  may  make  the  fum  48  5  alio,  that  the  Square  of 
the  tirft  being  fubtracted  from  the  Producf  of  the  firft  multiplied  into  the  third  the 
Remainder  may  be  32  ;  and  that  the  Sum  of  the  Squares  of  the  firft  and  third,  may 
have  the  fame  Proportion  tothefquare  of  the  fecond  as  j  to  2. 

Let  the  three  Numbers  fought  be  reprefented  by  a,  e,  y,  and  then  the  Queftion  may 
beftated  thus,  viz. 

1.  If : aa-\-ae  =  48 

2.  And ay—aa  =  32 


3- 


And 

What  are  the  numbers  <r, 


aa-\-yy  .  ee  : :  5  .  2 


W 


.  RESOLUTION. 

4.  From  the  firft  Equation  by  tranipofition  of) 
ait,  this  arifes,  viz j* 

5.  And  by  dividing  each  part  of  the  Iaft  Equa-  7 
tion  by  a,  it  gives     .     .     ......    j" 

6.  And  by  tranipofition  of  — aa  in  the  fecond  ) 
Equation,  it  makes j" 

7.  And  by  dividing  the  fixth  Equation  by  «,  ) 
there  arifes j" 

8.  From  the  Analogy  in  the  third  ftep,  by  com- 7 
paring  the  Product  of  the  .extremes  to  the  > 
Product  of  the  means,  this  Equation  arifes  3 

9.  llie  Square  of  the  feventh  Equation  is    .     > 

10.  The  double  of  the  ninth  Equation  is    .     .    ^ 

11.  Ifinfteadof  iyy  in  the  later  part  of  the  "\ 
eighth  Equation  there  be  raken  the  later  / 
part  of  the  tenth,  the  eighth  will  be  conver-  r 
ted  into  this,  viz.    ...      .      .     ....  J 

12.  The  Square  of  the  fifth  Equation  is    .    .    > 


11- 


The  twelfth  Equation  multiplied  by  5;  gives  >■ 
From  the  eleventh  and  thirteenth  Equati- 


'ae  =  48 — aa 


$ee  =  2aa-\-2yy 
,,y  _  1024-4-6/UM-f  a* 


W  ~ 


2048-f  128aa+2a* 


$ee  = 


$ce  == 


2048+1 2  8<m-|-  4*4 


2504 — q6aa-\-a* 
aa 

1 1 520 — £$oaa-\-<fa+ 


£■ 


ons,  by  comparing  their  later  parts  one  to 
the  other,  and  reducing  the  Equation  there 
by  refulting,  this  Equation  ariles,  viz 

15.  Which  Equation  in  the  i4f/j  ft ep being  re 
fblved  by  the  Canon  mSett.  10.  Chap,  iy 
Book  1.  will  difcover  two  values  ofj,  viz 

1 6.  But  the  lefler  of  thole  two  values  of<r,  to 
wit,  4,  is  the  firft  number. ibught  by  the 
Queftion,  for  the  Square  of  the  greater  value 
V592  exceeds  48,  but  according  to  the 
fuppofitionin  the  firft  ftep  it  ought  to  be 
Ids  than  48  ;  fuppofing  then  «  =  4,  it 
follows  from  the  fifth  ftep,  that     .    .     . 

17.  Laftly,  from  the  I'jrfl  and  -jtb  Equations,  .    .     . 
So  three  numbers  are  found  out,  to  wit,  4,  8  and  12 

on,  as  may  eafily  be  proved. 


6o8aa — a+  =  9472 


a  =  /5;92,or  4 


e  =  S 


.    y  —  12 

which  will  fatisfie  theQueft- 
gUEST.iZ. 


C  H  A  P.   1 2.  by  various  Po fit  ions. 

QUEST  21. 

To  findthree  fuch  numbers  that  the  fquare  of  the  firft,  together  with  the  Product 
of  the  firft  multiplied  by  the  fecond  may  make  io  ;  alfo,  that  the  Square  of  the fr 
cond  with  the  Produtt  of  the  fecond  into  the  third  may  make  21 ;  and  laftly  thai-rhp 
Square  of  the  third,  with  the  Producf  of  the  third  into  the  firft  may  make  24. 

Let  the  three  numbers  fought  be  reprefented  by  «,  ff,y,  and  then  the  Queftion  mav 
be  ftated  thus  ;  ' 

I.  If .      ...     aa-\-ae  =  ic? 

2-  An<J •     •    ee+ey  =  21  >  What  are  the  Numbers  *,e,v? 

3.  And     .     .      .     .      .      .     .       .     yy+ya  =  24^  '   */* 

RESOLUTION. 

4.  By  tranipofition  of  aa  in  the  firft ") 

Equation  this  arifes,    .    .     .    .     J  ae  ~  IO  —  aa 

5.  And  by  dividing  each  part  of  the  7  10  —  aa 
fourth  Equation  a,  it  gives    .     .3     e  ~         ~ 

6.  And  by  fquaring  the  fifth  Equation  >        _  a* — 20^+100 
it  makes y   ee  ~ 

7.  And  from,  the  fecond   fifth  and  >    a*—2oaa+ioo,  i0-aa 

fixth  Equations  this  arifes,    .    .     y   - — r  — — y  =  21 

8.  And  by  fubtraaingfl-4~2o^+IO°  5 

r               1                 ~    ,.    /*     ^  t~>    lQ~a^.  —  4I«— loo— fl4 
from  each  part  ot  the  leventh  E-  C  — J>  — — 

quation  this  remains    ....    J 

9.  And  by  dividing  each  part  of  the?    .  _  4I<M_IOO_a4 

Btb  Equation  by  IO     a~  this  arifes  C  y  loa—aaa 

10.  And  by  fquaring  the  ninth  Equa-  \yy  —  fl8~ 82ag-n88ia-i — 820'oag+ioooo 
tion  it  makes j"  looaa — zoa*-\- a* 

11.  And  by  multiplying  the  ninth  E-  \  ya  =J±fffllI££fZfi 
quation  by  a,  it  produces     .    ,     3  toa — aaa 

12.  And  by  adding  the  eleventh  Equation  to  the  tenth,  the  fum  makes 

,       _  2a8 — i3^6+2?9i«+ — 9jooa<3-f  10000 
\ooaa — 2oa*-\-a6 

13.  Therefore  from  the  third  and  twelfth  Equations  this  arifes, 

2a8 — 13  ;gg+  2391a* — Q2ooag-*-toooo  __ 
looaa — 2oa±-\-a6 

14.  Which  laft  preceding  Equation,  after  due  Reduction,  gives  this  that  follows,  viz, 

— a%-\--]Z^i6 — i4354.a+-r-58oo«a=jooo. 
\<>.  That  is,  after  Tranfpofition  of  5000, 

— a%-\--]B'ia6 — 1435-^+5800^ — jooo  =0. 

16.  Then  by  fuppofinga  =  2tf,  and  proceeding  according  to  the  Rule  in  &#.  -j.Cb.xi. 
of  this  fecond  Book,  the  Equation  laft  above  written  will  be  reduced  to  this  following 
Equation  in  Integers,  viz. 

— «8-f3i4n5 — 22968zi++37i2oonH — 1280000  =  o 

17.  And  by  fuppofing  x  =  nu  we  may  inftead  of  —  «8  in  the  laft  preceding  Equa- 
tion write  — *+,  and  inftead  of'  +  31 4«6  we  may  fet  314*5,  alfo—  22968** in 
the  place  of — 22968a*,  and  +371200*  inftead  of  +  371200HS,  and  laft  of  all  the 
Abfolute  number  —  1280000  :  whence  this  following  Equation  arifes  ;  and  then 
after  *  is  made  known,  its  fquare  Root  be  the  number  u ;  (for  by  fuppofition  *=««,,) 

— ^++314*5  — 22968**4-371200* — 1280000  =  o. 

18.  Now  becaufe  the  laft  Tetm  —  1280000  in  the  Equation  laft  abovewritten  has 
many  Divifors  which  will  beufelefsin  thefindingof  the  value  of*,  it  will  becon- 
venient  before  they  be  found  out,  to  fearch  out  limits,  within  which  fuch  a  value  of 
the  Root  *doth  fall  as  will  produce  a  value  of  a  capable  of  folving  the  Queftion 
propofed  1  to  which  end  I  proceed  thus,  viz, 

V   V  P  p  2  19.  By 
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io.  By  the  latter  part  ol'thefcurth  Equation  it's  manifeft  that      a~iV  10 
20.  And  by  the  fecond  Equation,  after  tranfpofition  of  «,  7   ^  ^ 

it  will  likewife  appear  that j 

31.  Now  fuppofe    ■•••;•:    v    ,•'.•••    •    e=V  21 

22.  Then  by  multiplying  V11  inftead  of  e  by  a  in  the  firft  7   flfl+1/2wfl_Tft 

Equation,  it  will  be  reduced  to  this,  viz J  <M+V2ixa_io 

3?.  Whichlaft  Equation  being  refolved  by  rheCanon  in  Sett.\  a=I_s±  & 
'  6.  Chap.i$.  Book  1.  gives    ..........     5  ••.•>       ? 

24  And  becaufe  when  e  is  fuppofed  to  be  equal  to  V2T,  the-. 

Equation  in  the  twenty  fecond  ftep  gives  a=  iT|4,  it  may^ 

eafily  be  conceived  that  when  e  is  lefs  than  1/21,  fas  its  aci-li.,  &c. 

ought  to  be)  then  the  firft  Equation,  to  wit  a«+e.z=iol 

will  neceffarily  give    .     .     .      -     •      •     •_    •     •     •       > 

25.  Therefore  by  doubling  each  part  of  the  nineteenth  and  7    2a  C  ~nV  40 
twenty  fourth  fteps,  it  is  manifeft  that J  I  ^3-744,  &c. 

26.  And  by  fquaiing  each  part  in  the  twenty  fifth  ftep,  it  7  (  -a  40 
follows  that « J*      C^iot^,  &c. 

27.  But  by  fuppofition  in  the  fixteenth  ftep  u=2a,  and  con-  7    m  __ 

fequently    .      •   ' •> 

28.Therefore  from  the  two  laft  precedent  fteps  it's  evident  that  >■  uu  -[^J^.    gc 

29.  And  becaufe  by  fuppofition  in  thefeventeenth  ftep,  .  .         x  =  im 

30.  Therefore  from  the  twenty  eighth  and  twenty  ninth  7^    x  S^0 

fteps  it  follows  that 5  icriQ*!,  &c. 

rj.  Having  found  that  fuch  a  value  of  x  in  the  Equation  in  the  leventeenth  ftep  as  is 
capable  of  producing  a  true  value  of  thedefired  firft  number  a,  mutt  be  lefs  than  40, 
but  greater  than  ior44  •,  it  is  manifett  that  among  the  Divifors  of  1280000,  the 
laft  Term  of  that  equation,  thefe  three  only,  to  wit,  16,  20,  32,  are  neceflary  to 
make  trvals  in  rinding  out  the  faid  value  of  x,  and  confequently  of  a  h  and  therefore 
{according  ro  the  Rule  inSett.  9.  Chap.  11,  of  this  Book)  1  firft  divide  the  faid  Equati- 
on in  the  feventeenth  ftep,  to  wit,  —^+314x3— 22968XX+37120CX— 1280000 

=  0  by  a 16,    and  the  Quotient  is  exactly  —  x?  +  298xx — 18200X+80000, 

whetefore  16  fhall  be  a  true  value  of  x  in  that  Equation  :  And  becaufe  by  fuppo- 
fition x  —  mi  =5  \aa,  it  follows  that  V16  (that  is,  Vx)=u=:2ai  and  confequently 
2  =  a  the  firft  number  fought. 

■32.  Now  fince  2  is  found  equal  to  *,  the  firft  Equation,  to  7       .  2e  _  IO 
wit,  M-r'«=io  will  be  reduced  to  this,  viz S 

33.  Whence  the  fecond  number  e  is  difcovered,  viz.    ...    6=3 

34.  And  confequently  the  fecond  Equation  will  be  reduced  7    o+5j="2l 
to  this S 

35.  Whence  the  third  number  y  is  difcovered,  viz y=4 

Thus  the  three  numbers  fought  (to  wit,  a,  e,  y,  are  found  2,  3,4,  which  will  folve 
the  Queftion  :  For  the  Square  of  the  firft  with  the  Product  of  the  firft  and  fecond 
makes  10  -,  alfo  the  Square*  of  the  fecond  wirh  the  Produft  of  the  fecond  and  third 
makes  21  ;  and  the  Square  of  the  third  with  the  Product  of  the  third  and  firft  makes 
24,  as  was  required. 

Note,  That  the  Quotient  found  out  in  the  thirty  firft  ftep,  to  wit,  the  Equation 

X3+298XX — i82®ox+ 80000  =  o  has  three  Affirmative  Roots,    whofe  values 

(by  the  Rule  in  Sett.  9.  C.  11.  of  this  fecond  Book)  will  be  found  very  near  equal  to 
4  j.i  78T-^-,  and  2 1 5—+I-  ^  but  thefe  are  without  the  limits  of  x  difcovered  in  the 
thirtieth  ftep!  and  therefore  although  the  Equation  in  the  fifteenth  ftep  may  be  ex- 
pounded by  tour  Affirmative  values  of  <j,  yet  only  oneof  them,  to  wit,  2,  iscapable 
of  folving  the  Queftion  propofed.  .,.,,. 

Note  alfo,  That  if  none  of  thofe  Divifors  which  were  difcovered  to  be  within  the  li- 
mits for  rhe  finding  of  a  due  value  ofx  had  produced  an  exact  Quotient  without  a 
Remainder,  and  confequently  in  fuch  cafe  the  number  a  had  been  Irrational,  yet  a 
Rational  number,  near  the  true  value  ofx,  and  confequently  of  at  might  be  found  out 
by  the  help  of  the  General  Method  in  Chap.  10,  of  this  fecond  Book. 

CHAP. 


CHAP.  13. 

CHAP.    XIII. 

Concerning  the  Resolution  of  fuch  Arithmetical  Queftions  as  are 
capable  of  innumerable  Anfwers. 

I.  A  Fter  a  Queftion  is  ftated  by  Equations  in  fuch  manner  as  has  been  fhewn  in  the 
S\  foregoing  twelfth  Chapter,  if  thofe  Equations  be  equal  in  multitude  to  the 
Quantities  fought,  then  the  Queftion  has  a  certain  determinable  number  of  Anfwers- 
but  whenfoevera  Queftion  affords  not  as  many  given  Equations,  not  mutually  depen' 
ding  upon  one  another,  as  there  be  Quantities  required,  it  is  capable  of  innurnerable  An- 
fwers. Queftions  of  this  latter  kind  are  very  pleafant  and  delightful,  but  oftentimes  ex- 
ceeding hard  to  be  refolved,  efpec'ully  when  all  the  Anfwers  in  whole  numbers  that  a* 
Queftion  is  capable  of  are  defired  j  and  therefore  I  fuppofe  it  will  not  be  unacceptable 
to  the  Learner,  if  in  this  Chapter  I  give  him  a  tafte  of  that  vaft  Skill,  by  expounding 
three  Propofitions  found  out  by  Monfieur  Bachet;  the  two  firft  of  which  contain  the 
fubftance  of  the,  eighteenth  and  twenty  firft  in  his  ingenious  little  Book,  entituled 
Problemes  plaifans  &  deleBables,  qui  fe  font  far  ks Nombres,  (Printed at  Lyons\n  1624.-) 
but  his  Method  of  folving  and  demonftrating  the  fame  being  very  tedious  and  obfcure 
I  mail  wave  ir,  and  deliver  two  ways  of  my  own  finding  out,  which  are  both  intel- 
ligible and  demonftrative.  The  third  Propofition  (which  is  handled  by  the  fame  Au- 
thor in  his  Comment  upon  41  Prop,  of  the  Fourth  Book  of  Diophajttwj  I  (hall  alfo 
explain  at  large  by  various  Queftions. 

PROP.  I 
Two  whole  numbers  prime  between  themfelves  being  given,  to  find  out  two  others 
fuppofe  a  and  b;  that  if  a  be  Multiplied  by  the  greater  of  the  two  given  numbers  and 
to  the  Product  there  be  added  a  given  whole  number,  the  fum  (hall  be  equal  to'  the 
Product  of  b  multiplied  by  the  leffer  of  the  two  numbers  firft  given.  Moreover  lofind 
out  all  the  whole  numbers  a  and  b  that  are  capable  of  producing  the  fame  eftecl. 

Explication. 
I.  Numbers  prime  between  themfelves  are  fuch  as  have  only  Unity  for  their  common 
Divifor;  (per  Defin.  12.  Elem.  7.  Euclid.)  fo  12  and  j  are  laid  to  be  Prime  between 
themfelves,  becaufe  they  have  no  common  D'.vifor  but  1,  to  divide  them  federally 
ib  as  to  leave  no  Remainder ;  the  like  may  be  faid  of  20  and  21,  7  and  3  &e, 
1,  I  call  a  number  the  Multiple  of  another  when  it  exaftly  contains  that  other  twice 
thrice,  or  more  times,  without  any  Remainder  :  As,  6  is  a  Multiple  of '=  becaufe 
it  contains  2  exacfly  twice  ;  likewife  18  is  a  Multiple  of  6,  becaufe  it  contains  6 
juft  thrice  without  any  Remainder.  Moreover  I  take  the  Liberty  to  call  a  num- 
ber the  Multiple  of  it  felf,  becaufe  it  contains  it  felf  juft  once.  Thefe  things  pre- 
mifed,  I  fb.afl  proceed  to  (hew  two  ways  of  folving  the  preceding  Prop.i.  and  ex- 
plain the  fame  by  Queftions. 


Seel.  If.  Tbefirji  Method  of  folving  the  foregoing  Prop.  i. 
QUEST.  1. 

To  find  out  all  the  values  of  a  and  b  in  whole  numbers  that  may  make  <pa+6=-/b, 
viz.  that  nine  times  the  whole  number  a  with  6  added  may  make  feven  times  the 
whole  number  b. 

The  Equation  propofed    .    .    90+6=7^ 
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Explication. 

1.  To  the  number  9  prefixt  to  a  I  add  6,  (to  wit,  -f  6  which  follows  9a)  and  it  makes 
'  1 5,  to  this  I  add  again  9  and  the  fum  is  24,  to  which  I  add  again  9,  and  it  gives  3  3  : 

and  in  like  manner  I  continue  the  addition  of  9  to  every  tfiext  preceding  fum  until 
I  have  found  out  thefe  feven  numbers,  15,  24,  33,  42,  51,  60,  6%  which  itand 
(as  you  fee  in  the  Example)  under  9a,  and  on  the  left  hand  of  thole  numbers  I  fer 
1,  2,  3,  4,  5,  6,  7.  Thefe  two  Columels  of  numbers  do  fhew  that  if  1  be  taken 
forrhe'va'lueo'f  a,  then  9^+6  makes  15  •,  but  if  2=a,  then  90+ 6  =  24  ^  if  3  =  «-, 
then  9*4-6  =  335  and  fo  of  the  reft.  The  addition  aforefaid  is  in  this  Example 
continued  only  to  the  feventh  fum  inclufive,  becaufe  (as  hereafter  will  appear;  the 
imalleft  whole  number  that  can  exptefs  the  value  of  «,  never  exceeds  the  number 
prefix'd  to  b  in  the  Equation  propos'd. 

2.  Then  under  jb  I  fet  the  Multiples  of  7  orderly  one  under  another,  viz.  14.  (to  wic 
twice  7,)2 1, 28,  £f'e.  until  I  have  found  out  a  number  equal  to  one  of  the  feven  num- 
bers 1^24,  33,  cVc.fo  at  length  among  the  Multiples  of  7,  I  find  42,  that  is,  fix 
times  7,  to  be  equal  to  42  that  ftands  among  the  numbers  in  the  iecond  Columel, 
which  later  42  (by  the  conftru&ion  aforefaid)  is  compos'd  of  6  and  four  times  9. 
Whence  'tis  manifeft  that  if  4  be  taken  for  the  value  of  a,  and  6  for  the  value  ot'£, 
then  ^a-\-6—-jb  (~ 42)  viz.  nine  times  4  together  with  6  is  equal  to  feven  times 
6,  and  therefore  one  Anfwer  to  the  Queftion  is  difcovered. 

Note  1.  When  the  given  whole  number  prefix'd  to  b  in  the  Equation  propos'd  is  a 
fingle  figure,or  fome  fmall  number  of  two  places,  then  this  firft  Method  will  readily 
difcover  the'  fmalleft  valuesof  a  and  b  in  whole  numbers^  for  the  fmalleft  whole  num- 
ber a  never  exceeds  the  given  number  prefix'd  to£,  as  hereafter  will  be  made  manifeft: 
But  if  the  number  prefix'd  to  b  be  large,  then  the  work  by  this  firft  Method  will  be 
intolerably  tedious,  efpecially  inthefolving  of  Prop.  2. 

Note  2.  If  the  two  given  whole  numbers  which  are  prefix'd  to  a  and/;  in  the  Equation 
propos'd  be  not  prime  between  themfelves,  then  it  will  fometimes  be  impoflible  to 
find  out  any  whole  numbers  for  the  values  of  a  and  £,  tofolve  the  Propofition :  as,  if 
two  whole  numbers  a  and  bbe  defired  that  may  make  6«-f  3  =  2^,  it  may  eafily  be 
fhewn  that  'tis  impoflible  to  find  out  two  fuch  whole  numbers  ;  for  the  whole  number 
a  muft  be  either  even  or  odd,  but  whither  it  be  even  or  odd,  if  it  be  multiplied  by 
the  even  number  6  the  Product  (hall  be  even  ;  (by  Vrop.  21,  &  28  Elem.  9.  Euclid)  to 
which  adding  3  the  fum  will  be  odd,  (for  odd,  added  to  even  makes  odd,)  which  fum 
muft  be  equal  to  zb,  andconfequently  the  half  of  that  fum  is  the  number  bh  but  the 
half  of  an  odd  numbet  cannot  be  a  whole  Number,  and  therefore  b  in  the  Equa- 
tion propos'd  cannot  be  a  whole  numbet :  But  if  the  given  whole  numbers  which  are 
prefix'd  to  a  and  b  be  Prime  to  one  another,  then  whatever  whole  number  be  given 
to  be  added  to  the  defired  Multiple  of  j,  innumerable  whole  numbers  may  be  found 
out  for  the  values  of  a  and  b,  as  hereafter  will  be  (hewn. 

3.  After  the  two  fmalleft  whole  numbers  are  found  out  for  the  values  of  a  and  bto 
conftitute  the  Equation  propofed,  all  other  pairs  of  whole  numbers  that  are  capable 
of  producing  the  fameeffecf,  maybe  orderly  enumerated  into  two  Arithmetical 
Progreflions  thus  formed;  viz.  Having  found  4  for  the  fmalleft  whole  number  <r, 
and  6  for  the  fmalleft  whole  number  b  to  conftitute  the  Equation  before  propofed, 
to  wit,  ya-{-6=-]b,  let  the  fa  id  4  be  made  the  firft  Term,  and  7,  which  is  prefix'd 
to  />,  the  common  difference  of  the  Terms  of  the  firft  Progreflion  5  then  let  6,  the 
imalleft  whole  number  />,  be  the  firft  Term,  and  9  which  is  prefix'd  ro  a  in  rhefaid 
Equation,  the  common  difference  of  the  Terms  of  the  latter  Progreflion,  fothe 
Terms  of  thofe  Progreflions  will  be  thefe,  viz. 

Valuesof^;  4,  r  1,18,27,  32,  39,46,  53,  &c. 
Valuesof  b;  6,  ij,24,  ?3,  42,  Si,  *°,  69,  &c 

4.  Now  out  of  the  firft  of  thofe  Progreflions  you  may  rake  any  Term  for  the  value  of  .7, 
as  1 1, (the  fecond  Tetm,)and  then  the  correfpondent  Term  in  the  latter  Progreflion, 
to  wit,  t  j,fhall  be  the  value  of  b  ;  by  which  two  numbers  n  and  15  the  Equation 
^a-\-6—-jb  may  be  expounded,  viz.  nine  times  1 1  with  6  added  is  equal  to  feven 
times  15.  Likewife  18  and  24,  alfo  25  and  23,  and  every  pair  of  correfpondent 
Terms  inthofetwoProgretfionswillcaufe  the  lame  effeft,  asl  fballnow  demonftrate. 

Prepay 


CHAP.   12.         capable  of  Innumerable  Anfwers. 

Preparation. 

$.  Let  cand  n  reprerent  two  whole  numbers  Prime  between  7 
themfelves,  and  *,  b,  d,  three  other  whole  numbers,  fuchC  ca+d  =:  nb 
that  all  five  will  make  this  Equation,  viz \ 

6.  Let  an  Arithmetical  Progreflion  be  fo  formed  that  a ') 

may  be  the  firft  and  leaft  Term,  and  n  the  common  dif-C  a  a-\-n  a+?v  t» 
ference  of  the  Terms,  as •      •     \     '         '  '.T*  v* 

7.  Let  another  Arithmetical  Progreflion  be  formed  from  7 

b  the  firft  and  leaft  Term,  and  c  the  common  difference  C  b  b+c  bu-lr  ftf, 
of  the  Terms,  as, C    '        '^^^ 

8.  I  fay,  if  you  multiply  c  by  a+n :  (the  fecondTerm  of  the  firft  Progreflion  )  inftead 
of  a  in  the  Equation  in  the  fifth  ftep,  and  to  the  Produft  add  d,  the  fum  foal  K 
equal  to  a  Multiple  of  »  to  wi.t,  the  Produd  of  n  multiplied  into  b+c  /the  fe 
cond  Term  of  the  later  Progreflion  5)  and  the  like  may  be  affirmed  of  every  fol- 
lowing Term  in  each  Progreflion.  y 

Demonjlration. 
$.  By  fuppofition  in  the  fifth  ftep, ca+d=  b 

10.  And  by  adding  en  to  each  part  of  that  Equation,  7 

thisarifes, J     •    ca-\-oi-\-d=vb-\-cn 

11.  Therefore  from  the  laft  Equation,    .     ......    c*^f7,  +<;=MXn^ 

Which  was  to  be  fhewn.  T 

12.  Again,  if  to  each  part  of  the  Equation  firft  gran-  7 

ted  in  the  ninth  ftep  you  add  2«z,  it  makes    .  .    y     '   ca+2ai+d=]ib-{-2cn 
13- That  is, ,    .    .    .     cxa+T^  +d=,Kb+2~G 

14.  After  the  fame  manner  it  may  be  fhewn  that    .     .     cxa+371  +d=)ixb+2c 

And  fo  forwards.    Which  was  to  be  proved.  ' 

15.  Now  fuppoling  a  and  b  to  exprefsthe  fmalleft  whole  numbers  that  are  capable  of 
conftituting  the  Equation  in  the  fifth  ftep,  to  wit,  ca+ d=vb,  I  muft  demonftrate 
that  no  other  whole  numbers  befides  the  Terms  which  follow  a  and  b  in  the  two  Pro- 
greflions  formed  in  the  fixth  and  feventh  fteps,  can  be  taken  inftead  of  a  and  b  to 
produce  the  fame  efteft  :  If  it  bepoffible,  let  a+  fome  whole  number/  viz  a+f 
be  taken  inftead  of  a-,  and  let  b-\-  fome  whole  number  g,  viz.  b-\-g  be  taken  inftead 
of/-;  then  c  multiplied  by  a+f  makes  ca+cf,  to  which  adding  d  the  fum  is 
ca+cf+d,  which  muft  be  equal  to  the  Product  of  w  multiplied  by  b-\-g  to 
wit,  nb+vg,  whence ca-^cf+d=,,b-\-ng 

16.  And  by  fuppofition  in  the  fifth  ftep,     .    .     .     .    .     .     .    Ca\d~nb 

17.  Therefore  by  fubtrafting  the  laft  Equation  > 

from  the  laft  but  one,  this  remains,     .    •    .  j" cf~ng 

1 3.  And  by  refolving  the  laft  Equation  into  Pro-  7 
portionals,   this  Analogy  arifes,  viz.    .     .  )       '     n     '      c      '•  '•   J     •     S 

19.  Whence  it  is  manifeft  that  the  whole  numbers/and  g  are  in  the  fame  Reafon  for 
Proportion  J  as  the  whole  numbers  «  and  c ,  and  confequentiy,  fince  n  and  c  are  by 
fuppofition  whole  Numbers  Prime  between  themfelves,  /muft  neceffirily  be  equal 
either  to  n,  ot  2tf,  or  3«,  &c.  and  g  muft  be  equal  to  c,  or  2c,  or  ic  £fc.  Where- 
fore a-\- n,  a+211^  a  +  377,  £?c.  viz.  the  Terms  which  follow  a  in  the  Progreflion  in 
the  fixth  ftep,  and  b+c,  b-^2c,  b+ic,  &c.  viz.  the  Terms  which  follow  b  in  the 
Progreflion  in  the  feventh  ftep,  are  the  only  whole  numbers  that  can  be  taken  inftead 
of  aand  £,  the  leaft  whole  numbers  to  conftitute  the  Equation  propoled  to  wit 
ca-\-d=nb.     Which  was  to  be  (hewn. 

20  If  there  be  two  whole  numbers  a,  and&,  given  or  found  our,  which  will  conftitute 
the  Equation  before,  propoled  or  fuch  like,  and  thofetwo  numbers  be  not  the  fmalleft 
values  of  a  and£,  you  may  by  the  help  ofthofe  given  find  out  the  fmalleft,  by  this 
Rule ;  viz.  Divide  the  given  whole  number  *,  by  the  given  number  which  is  prefixt 
rob  in  che  Equation  propoled,  then  after  the  Divifion  is  finifh' d  there  will  remain  either 
a  number  or  nothing ;  if  a  number  remain,it  fhali  be  the  fmalleft  value  of  a  but  if  o  re- 
main,then  the  number  prefixt  to  b  is  the  fmalleft  value  of  a,and  confequentiy  the  cor- 
•  refpondent  valueoB  iseaiily  difcovered  by  the  Equation.  The  reafon  ot  this  Ride  is 
manifeft  by  &9.C.17..B.1.  For  if  any  Term  greater  than  the  leaft  of  an  Aiithmetical 

Progreflion 
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Progrefiion  be  given,  as  alfo  the  common  Difference,  the  lead  Term  fhall  be  given 

alfo,  either  by  a  continual  fubtracnon  of  the  common  Difference,  or  by  the  Rule 

above  expreft. 

As  for  Example,  If  in  the  former  of  the  two  Arithmetical  Progreffions  in  the  third 
ftep,  which exprefs  values  of  a  and  ^to  conltitute  the  Equation  ?a-\-  6-\-^b,  there  be 
given  32  for  the  value  of  a,  I  divide  3  2  by  7  which  is  prefix'd  tob,  and  find  7  contain'd 
fburtimes  in  32,  and  there  remains  45  now  this  Remainder  4  is  thefmalleft  value  6f«, 
whence  the  correfpondent  whole  number  £,  is  eafilydifcovered  ;  for  if  3=4,  then  9a 
+  6=42=7^  Therefore  42  divided  by  7  gives  6  for  thewhole  number  b. 

Again,  if  a=2o,  and  £=26,  then  this  will  be  a  true  Equation,  viz.  5^+4 — 4^ 
now  if  you  defire  thefmalleft  whole  numbers  aand^to  conftitutethatEquation,divide 
20  the  given  value  of  a  by  4  which  is  prefix'd  to  b,  and  there  remains  o,  therefore 
(according  to  the  Rule  before  given)  the  faid  4  fhall  be  the  fmalleft  value  of  a ;  whence 
5^1+4=24=4^,  and  confequently  6—b. 

Laltly,  from  what  has  been  laid  in  the  third  ftep,  all  the  values  of  a  and  b  in 
whole  numbers  that  are  capable  of  conftituting  the  faid  Equation  5^+4=4^  are  the 
Terms  of  thefe  two  Arithmetical  Progreffions,  viz. 

Valuesoftf ;  4,  8,  12,16,  20,  24,  28,  32,  &c. 
Valuesof^i  6,  11,16,  21,  26,  31,  36,41,  &c. 

Se£t.  lit  Another  way  of  Jolving  the  foregoing  Prop.  1. 
In  this  later  Method  there  are  four  principal  Cafes,  which  I  fhall  firft  explain  by 
Queftions,  and  then  lhew-how  the  Refolution  of  the  Propofition  will  always  run  into 
one  of  thole  four  Cafes.  .    • 

gUE  ST.  2. 

To  find  all  the  whole  numbers  a  and  b  that  are  capable  of  conftituting  this  Equation 

viz.  8a-f97  =  ^- 

The  Equation  propofed,    .    .    :    .    1  1    8<*+97=5& 


The  Refolution 


2 

8+  97  =  105 

0 

— 1  =2i—b 

5 

4 

i=a 

,  Explication. 

Firft  I  add  97  (to  wit,  -f  97  in  the  Equation  propofed)  to  8,  which  is  prefix'd 
to  «,  and  it  makes  105,  this  I  divide  by  5  the  number  prefix'd  to  b  ■,  and  becaufe  the 
Quotient  21  happens  to  be  exa£Hya  whole  number  without  any  remainder,  it  fhall 
be  the  fmalleft  whole  number  b  fought,  and  the  whole  number  a  in  this  cafe  is  always 
1.  The  Reafon  is  evident,  for  if  0=1,  then  8^+97  =  8+97  ;  and  if  this  fum  hap- 
pens to  be  a  Multiple  of  the  given  number  prefix'd  to  3,  then  b  is  neceffarily  a  whole 
number.    This  is  the  firft  of  the  four  Cafes  above  mentioned. 

Then  after  1  and  21,  the  fmalleft  whole  numbers  a  and/>  toconftitute  the  Equation 
propos'd,  are  found  our,  all  the  other  values  of  a  and  b  in  whole  numbers  will  be  found 
in  thefe  two  following  Arithmetical  Progreffions  formed  according  to  the  Rule  in  the 
third  ftep  of  the  foregoing  Sett.  2.  viz. 

Values  of  ^j   1,   6,  ir,  16,  21,  26,  &c. 
Values  of£  ;  21,  29,  37,  45,  53,  61,  &c. 

I  fay  every  two  correfpondent  numbers  in  thofe  Progreffions  may  be  taken  for  values 
of  a  and£  in  this  Equation,  8a  +  97  —  ^h  -,  as  for  Example,  if  11  betaken  for  a,  and 
37  fbr£,  then  eight  times  11,  with  97  added  fhall  be  equal  to  five  times  37,  viz. 
185=1 85.    And  fo  of  the  reft. 


^UEST.  3. 
To  find  all  the  whole  numbers  a  and  b  that  are  capable  of  conftituting  this  Equation, 
viz.  49.1+6  =  13* 

The 
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1      .  ■        ■       1  * 

The  Equation  propofed,    .    . 

1 

r  - 
2 

I 

4 

4.9a 

+  6 

=  lift 

55 

49 

=  65—10 
=  39+10 

The  Refolution,    ".    .    1     .    -;< 

104 
104 

104— 

-6 

=  104 
=  8=3 

46 

55,  but  hve  times  13,  tnai  is,  65,  exceeds  5;,  by  io;  therefore  55  is  equal  to  65 
wanting  10,  viz.  $5=65—10.     This  is  the  fecond  Equation  in  the  Example 

2.  Then  I  divide  49  which  is  prefix'd  to  «,  by  13  which  is  prefix'd  to  //  fo  I  find 
that  three  times  13,  that  is,  39,  is  the  greateft  Multiple  of  1  3  contained  i'n  49  and 
there  remains  10 ;  therefore  49  =  39+10:  which  is  the  third  Equation. 

3.  Now  becaufe  + 10  is  found  in  the  third  Equation,  and  —10  in  the  fecond  I 
add  thofe  Equations  together,  fo  the  fa  id  10  vanifhes,  and  there  arifes  104=:  104  • 
which  is  the  fourth  Equation,  ^' 

4.  Then  I  divide  1 04,  that  is,  either  part  of  the  fourth  Equation,  by  1 3  which  is  pre- 
fix'd to  b  in  the  Equation  propos'd,  and  the  Quotient  8  is  the  whole  number  b  fought" 

5.  Then  from  the  faid  104  in  the  fourth  Equation,  I  fubtracl:  6,  (to  wit  +  f  in 
the  Equation  propos'd)  and  divide  the  Remainder  98  by  49  which  is  prefix'd  co  a 
fo  the  Quotient  gives  2  for  the  whole  number  a  fought.  i 

I  fay  z~a  and  S=b  will  make  49^+6=13^  as  was  required  in  ghieft.  3.  and  all 
the  values  of  a  and  b  in  whole  numbers  that  are  capable  of  producing  the  fame  effecl: 
are  the  Terms  of  thefe  two  following  Arithmetical  Progreffions  whofe  conitruaion 
has  been  fhewn  before. 

Values  of  a5    2,     15,     28,     41,      54,     6j ,    &c. 
Values  of  b ;    8,    57,    106,    155,     204,    253,    fijfc, 

Note,  That  the  manner  of  forming  the  fecond  and  third  Equations  in  the  foregoing 
Refolution  of  gnefl.  3.  muft  be  diligently  obferved,  becaufe  the  like  work  isconftant- 
ly  ufed  in  the  following  fourth,  fifth,  fixth,  feventh,  eighth  and  ninth  Queftions : 
But  it's  by  accident,  that  the  fame  number  10  follows  theSigns  —  and  +  in  the  faid 
fecond  and  third  Equations,  and  therefore  the  adding  them  together  to  produce  the 
fourth  Equation,  is  an  Operation  peculiar  only  to  this  and  the  like  accident,  which  I 
all  the  fecond  of  the  four  Cafes  before  mentioned. 

But  that  in  this  fecond  Cafe,  the  Refolution  infallibly  produces  whole  Numbers  for 
the  values  of  a  and  b,  I  prove  thus  :  Firlt  by  Conftru&ion,  65 — 10  (the  later  part 
of  jhe  fecond  Equation)  wants  10  of  a  Multiple  of  1 3,  and  39+10  (the  later  part  of 
the  third  Equation)  exceeds  a  Multiple  of  1 3  by  10  i  therefore  the  Sum  of  the  faid 
65 — 10  and  39+10,  to  wit,  104  (the  later  part  of  the  fourth  Equation)  fhall  be 
a  Multiple  of  1 3  •,  and  confequently  1 04  divided  by  1 3  will  exactly  give  a  whole  Num- 
ber, to  wit,  8,  for  the  value  of  b.  Secondly,  becaufe  104  (the  firft  part  of  the  fourth 
Equation)  is  by  conftruftion  compos'd  of  a  Multiple  of  49  togethei  with  6  ;  by  fub- 
tracYing  6  from  104,  the  Remainder  98  fhall  be  a  Multiple  0^49,  and  confequently 
98  divided  by  49  will  give  the  Quotient  an  exa£l  whole  number,  to  wit,  a,  for  the 
value  of  a.  Whence  it  is  manifeft,  that  if  after  the  fecond  and  third  Equations  are 
formed  out  of  the  firft  (to  wit,  the  Equation  propofed)  according  to  the  preceding 
Direftions  for  folving  ^iie(l.  3.  it  happens  that  the  number  following  +  in  the  later 
part  of  the  third  Equation,  is  the  fame  with  the  Number  following  —  in  the  later 
part  of  the  fecond,  there  will  certainly  ariie  two  whole  Numbers  for  the  values  of 
a  and  b. 

Q.9  £UEST.4, 
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QUEST.    4. 
To  find  all  the  whole  Numbers  a  and  b  that  may  make  82.?+ 66  =  itf. 
The  Equation  propos'd,     . 


The  Refolution, 


I 

82^7+66  =     13  £ 

• 

4 
«  5 

148           =  156—8 
82            =     78+4 

164           =   156+8 

312                 =    312 

6 

I  7 

ii-2          =  24=* 
13 

?I2 — 66     _        '    _ 

82  ~ 

Explication. 

1.  The  fecond  and  third  Equations  are  formed  out  of  the  firit  in  fuch  manner  a3 
before  has  been  explain'd  in  the  Refolution  of  Quefi.  3. 

2.  Becaufe  the  Number  4  which  follows  the  Sign  +  in  the  later  part  of  the  third 
Equation,  happens  to  be  an  Aliquot  Part,  to  wit,  4-  of  8  which  follows  the  Sign  —  in 
the  later  part  of  the  fecond  Equation,  I  multiply  each  part  of  the  third  Equation  by 
2  (the  Denominator  of  the  faid  Aliquot  Part,)  to  the  end  there  may  be  4-  8  in  the 
Equation  made  by  that  Multiplication  •,  fo  there  is  produced  164=156  +  8,  which 
is  the  fourth  Equation. 

3.  Now  fince  +8  is  found  in  the  fourth  Equation,  and  — 8  in  the  fecond,  I  add 
thofe  Equations  together,  fo  the  faid  8  vanifhes,  and  there  arifes  312=312  j  which 
is  the  fifth  Equation. 

4.  Then  I  divide  3 1 2,  (to  wit,  either  part  of  the  fifth  Equation)  by  1 3  which  is  pre- 
fix'd  to  b  in  the  Equation  propoied,  and  the  Quotient  24  is  the  whole  number  b  fought. 

5.  Laftly,  from  the  faid  312  (in  the  fifth  Equation)  I  fubtraft  66,  to  wit,  ~±66     ■ 
in  the  Equation  propos'd,  and  divide  the  Remainder  246  by  the  given  number  82, 
("which  is  prefix'd  to  a  ■,)  fo  the  Quotient  3  is  the  whole  Number  a  fought. 

I  fay,  3  —a  arid  24  =  b  will  make  82a+ 66  =  13  £,  as  was  required  in  ghtejl.  4. 
and  all  the  values  of  a  and  b  in  whole  Numbers  that  are  capable  of  producing  that 
Equation,  are  the  Terms  of  thefe  two  Arithmetical  Progreflions,  (whole  Conftruftion 
has  been  fhewn  before  in  the  third  ftep  of  Se8. 2.)  viz. 

Values  of  ah    3,     16,     29,    42,    55,    68,    Uc. 
Values  of  b;  24,  106,  188,  270,  352,  434,    &c. 

Note,  That  it  was  by  meer  chance  that  the  number  following  the  Sign  +  in  the 
third  Equation  happened  to  be  an  Aliquot  Part  of  the  number  following  the  Sign  — 
fecond,  and  therefore  the  multiplying  of  the  third  Equation  by  the  Denominator  of 
the  Aliquot  Part,  is  an  Operation  peculiar  only  to  that  and  the  like  accident,  which 
is  the  third  of  the  four  Cafes  before  mentioned.  The  Reafon  of  the  Operation  in  this 
fourth  Queftion  (or  third  Cafe,)  may  be  eafily  difcerned  by  the  Demonftration  before 
given  in  QueJI.  3.  but  for  further  illultration  I  fliall  add  another  Example  of  Cafe  3. 

QUEST.     5-  »         * 

To  find  all  the  whole  Numbers  that  may  be  values  of  a  and  b  in  this  Equation,  viz 
6oia-\-<p  =  200  b. 


The  Equation  propofed 


The  Refolution, 


60KH-9  ==  2co  b 


610 
601 

=         bco — J  90 
=         600+     I 

114190 
1 14800 

=  114009  +  190 
=  1 14800 

114800 

=       574  =  b 

2CO 

I I 480O- 

"9 

=     191   =  a 

601 

Exfiiax- 
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Explication. 
The  Refolution  of  this  Queftion  is  like  that  in  the  foregoing  Qiuft.  4.  for  fince  4-  1 
in  the  later  part  of  the  third  Equation  happens  to  be  an  Aliquot  part  of  190  which 
follows  —  in  the  fecond  Equation,  I  multiply  each  part  of  the  third  by  190  to 
the  end  that  +190  may  be  found  in  the  Product,  as  you  fee  in  the  fourth  Equation  * 
then  by  adding  the  fourth  Equation  to  the  fecond,  the  Sum  makes  the  fifth,  which  is 
free  from  the  Signs  +  and  — ;  laftly,  from  the  fifth  Equation  the  whole  numbers 
574  and  191  exprefTing  the  values  of  b  and  a  are  difcovered,  in  like  manner  as  in  the 
preceding  third  and  fourth  Queftions  ;  which  numbers  will  conftitute  the  Equation 
propofed:  For  601  times  191  together  with  9  is  equal  to  200  times  774,  that  is 
1 14800  ;  and  all  the  reft  of  the  values  of  a  and  b  in  whole  Numbers  to  make  that 
Equation  will  be  found  in  thefe  two  following  Arithmetical  Progrcfhons  formed  by 
the  Rule  before  given  in  the  third  ftep  of  Sett.  2. 

VslilPSnF/r!     TOT  -JOT  CnT  -»/-*t  ^«v  Crr1.. 


Values  of  a-,  191  m 
Values  of  b;  574  , 


391 
"75 


1776, 


791 
2^77 


99^ 

297S; 


c?'c. 


If 

1 

2 

3 

_4 

5 

6 

7 

S 

_? 

10 
11 

12 

1 3 

M 

16 

*7 

121  a+   5 

ST.     6. 

—  oq  b         $  Wh3t  are  *  3nd  &  in 
1     whole  Numbers  ? 

Out  of  1.  -j 

126 
121 

=  186  —  60 
=93+28 

Suppofe 

93  c+60 

=     28  d          c  =?  d=> 

Out  of  4.  -j 
Suppofe 

'J? 

93 

28  e+15 

=  168—15 
=     84+9 

=       9/          *=.?/=? 

Out  of  7.  | 

43 
28 

=     45—  2 
=     27+  1 

Eq.y*  2  . 
Eq.  8+IO. 

5°" 
99 

=     54+  2 
=     99 

Out  of  1 1  and  7. 

99 

9 

=     11=/    Here  the  Regreffive 
work  begins. 

12,  6  and  5. 

,  1 3  and  4. 

11  x  93  +  ] 

1176    _ 
28 

53 

42 

=  1176 
=  i 

14,  3  and  2. 
J  5  and  1. 

15  and  1. 

42X  121  + 

5208 
93 
5208—5  _ 
.121 

126 
5°" 

43 

=  5208 
=  b 

Explication. 

1.  The  fecond  and  third  Equations  are  formed  out  of  the  firft  in  like  manner  as  be- 
fore in  the  Explication  of  £hieft.  3. 

2.  But  becaufe  28  which  follows  +  in  the  third  Equation,  is  not  equal  to,  nor  an 
Aliquot  part  of  60  which  follows  —  in  the  fecond,  the  procefs  cannot  be  made  like  that 
inthethird,fourth  and  fifth  Queftions  ;fo  that  now  a  fourth  Cafe  takes  rife,  andthefcope 
of  a  new  fearch  is  to  find  out  a  number  d,  fuch,  that  if  it  multiply  the  faid  +28,  the 
Product  may  exceed  a  Multiple  of  93  (which  is  prefix'd  to  b)  by  60 ;  for  then  it  will  bee- 
Vident,  that  if  the  third  Equation  be  multiplied  by  that  number  </,  an  Equation  will  be  pro- 
duced whole  firft  partfhall  be  aMuhiple  of  1 2i,and  the  latter  part  fh  all  exceed  a  Mutiple 
of  95  by  60,  and  then  the  reft  of  the  work  will  be  like  that  in  Cafe  2.  in  ghteft.7,.  In  the 
fearch  therefore  oft  he  number  */,the  fourth  Equation  isafTumed,towit,  936-4-  6o=28i. 

3.  The  fifth  and  fixth  Equations  are  formed  out  of  the  fourth,  in  like  manner  as 
the  fecond  and  third  out  of  the  firft. 

4.  Kecaufe  9  whichfollows  +  in  the  fixth  Equation,  is  neither  equal  to,noran  Aliquot 
part  of  1 5  which  follows  the  Sign  *-  in  the  fifth,the  next  fcope  (for  thelike  reafon  before 
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giver,  concerning  the  number  d)  is  to  find  out  a  number/,  fuch,  that  if  it  multiply  the 
faid  +  9,  the  Product  may  exceed  a  Multiple  of  28  which  is  prefix'd  to  d,  by  the  did 
15  •,  to  which  end  thefeventh  Equation  is  aflumed,  to  wit,  28?+ 15  =  9/. 

5.  The  eighth  and  ninth  Equations  are  formed  out  of  the  feventh,  in  like  manner 
as  the  iecond  and  third  out  of  the  firft. 

6.  Becaufe  1  which  follows  +  in  the  ninth  Equation,  is  an  Aliquot  Part  of  2  which 
ftands  next  after  —  in  the  eighth,  the  ninth  is  multiplied  by  2  the  Denominator  of 
the  faid  part  •,  (according  to  the  Rule  in  Cafe  3.  <%uejl.  3.)  whence  the  tenth  Equation 
is  produced,  to  wit,  56  =  54+2. 

7.  The  eleventh  Equation,  to  wit,  99=99  is  the  Sum  of  the  eighth  and  tenth;  and 
fince  the  faid  eleventh  is  free  from  the  Signs  +  and  — ,  a  Regreffive  work  now  begins, 
to  find  out  the  whole  numbers  /,  d,  b  and  a  -,  in  this  manner,  viz.. 

8.  By  dividing  either  part  of  the  eleventh  Equation,  to  wit,  99,  by  9  which  is  pre- 
fix'd to /in  thefeventh,  there  arifes  11=/,  as  in  the  twelfth  Equation. 

9.  Then  multiplying  the  number/,  to  wit,  1 1,  by  93,  that  is,  either  part  of  the  fixth 
Equation,  and  to  the  Product  adding  1 5  3,  that  is,either  part  of  the  fifth  Equation,  the 
Sum  makes  1176,  (as  you  fee  in  the  thirteenth  Equation )  which  11 76  is  a  Multiple  of 
28,  to  wit,  that  which  is  reprefented  by  28  d  in  the  fourth  Equation  -,  Therefore, 

10.  By  dividing  the  faid  1176  by  28,  the  Quotient  42  is  the  number  d,  as  in  the 
fourteenth  Eqnation. 

1 1 .  Then  multiplying  the  number  d,  to  wit,  42, by  1 2  r,that  is,  either  part  of  the  third 
Equation,  and  to  the  Produft  adding  126,  that  is,  either  part  of  the  fecond  Equation, 
the  Sum  makes  5208,  as  you  fee  in  the  fifteenth  Equation,  which  5208  is  a  Multiple 
of  93,  to  wit,  that  which  is  reprefented  by  93  b  in  the  firft  Equation;  Therefore, 

12.  By  dividing  either  part  of  the  fifteenth  Equation,  to  wit,  5208  by  93,  the 
Quotient  56  is  the  number  b  fought. 

1?.  Then  from  the  faid  5208  fubtratting  5,  to  wit,  +5  in  thefirft  Equation,  and 
dividing  the  Remainder  5203  by  121  which  is  prefix'd  to  a  in  thefirft  Equation,  the 
Quotient  gives  43  for  the  number  a  fought,  as  in  the  feventeenth  andlatt  Equation. 
Therefore,  if  43  be  for**,  and  56  for  b,  then  121^+5  =  93^,  which  is  theEquation 
propofed  in  ghie/1.6.  and  all  the  values  of  a  and  b  in  whole  Numbers  that  are  capable 
of  conltitutingthat  Equation  are  theTerms  of  thefe  two  followi  ng  Arithmetical  Progref- 
fions,  whole  Conftru&ion  has  been  fhewn  before  in  the  third  ftep  of  Sett.  2. 

Values  of  a-,    43,     136,     229,    322,    415,     508,    de- 
values of  b ;     56,     177,    298,    419,    540,    661,    &c. 

14.  After  the  Numbers /and  d  in  the  foregoing  Refolution  of  Quefl.  6.  are  known, 
theNumbers  e  and  c  in  the  feventh  and  fourth  Equations,  may  eafily  bedifcovered  ; 
but  there  is  no  need  of  their  help  in  the  finding  out  of  the  deiired  Numbers  a  and  b. 

1 5.  But  methinks  I  hear  the  Reader  make  this  Objection,  viz.  How  does  it  appear, 
that  from  every  three  whole  numbers  given  in  iuch  fort  as  before  is  declared  in  Prop.  1. 
there  may  infallibly  be  found  out  two  whole  numbers  a  and  b  to  folve  the  faid  Pro- 
portion, by  the  Operation  before  explained  in  the  four  Cafes  before  mentioned  :  For 
Anfwer  to  this  Objection,  I  fhall  here  (hew  how  far  rhe  Proceis  need  be  continued  at 
the  fartheft,  to  find  out  an  Equation  having  + 1  in  its  later  part ;  for  when  fuch  Equa- 
tion arifes,  'tis  manifeft  by  the  Operation  in  the  third  Cafe  explain'd  in  ghiift.  4,  and 
5.  that' two  whole  numbers  a  and  b  will  infallibly  be  difcovered  to  latisfie  the  Propo- 
rtion, and  confequently  innumerable  other  pairs  of  whole  numbers  to  produce  rhe 
fame  effect.     Firft,  then  in  the  foregoing  ^itejl.  6.  the  given  number  121  which  is 

Erefix'd  to  <*,  being  divided  by  the  given  number  93  which  is  prefix'd  to  £,  after  the 
>ivifion  is  finifh'd  there  remains  28,  to  wit  +28  in  the  later  part  of  the  third  Equa- 
tion :  Secondly,  the  laid  Divifor  93  being  divided  by  the  faid  Remainder  28,  after 
the  Divifion  is  ended  there  remains  9,  to  wit,  +9  in  the  later  part  of  rhe  fixth  Equa- 
tion :  Again,  the  laft  Divifor  28  being  divided  by  the  laft  Remainder  0,  after  this 
Divifion  isended  there  remains  1,  that  is,  +1  in  the  later  part  of  the  ninth  Equation, 
which  Remainder  1  you  will  always  infallibly  come  unto  by  a  continued  Divil  i  in 
that  manner,  becaufe  the  two  given  Numbers  prefix'd  to  a  and  b  are  m  rhe  Propo- 
fition  requires)  Prime  between  themlelves  •,  and  that  continued  Divifion  is  no- 
thing elle  but  the  Method  of  finding  out  the  greateft  common  Dwifor  urrro  two 

Numberst 
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Numbers;  fo  that  you  may  atfirft  (if  yon  pleafe;  difcover  unto  what  Letter  at  the 
fartheft,  the  procefs  need  be  continued  before  you  return  backward  according  to  the 
Operation  explain'd  in  $*eft.  6,  But  oftentimes  before  you  come  to  the  (aid  Remain- 
der i,  the  Refolut ion  will  run  into  one  of  the  three  Cafes  explain'd  in  &>uej}.  2,  3  4 
and  /.  as  will  appear  by  the  following  feventh,  eighth,  and  ninth  Queftions. 


3°9 


If    1 

&VE  ST.    7. 

out  of  1.  •[  : 

98 
97 

=  104  —    6 
=     78+19 

Suppofe 

\  26C+6 

=     19  J          c  =?  <f  =  > 

Out  of  4.  | 
Suppofe 

■  32 
3  26 

=     38  —  6 
=     19+7 
=       if          *=>/=> 

Out  of  7.  | 
Suppofe     f 

6  2J 

9  19 

D    7£+3 

=     28—3 
=     14  +  ? 
~^7P            g  =>h=> 

Out  of  10.      1 
Outof  ioandn.     1 

1  7  +  3 
10 

2  — 

5 

=     Io 

=       2  —  6     Here  the  Regreflive 
work  begins. 

Out  of  12,  9,  8,       1 
13,  and  7.      1 

32x19,+    25 

4_6i-       =       9 
7 

=  *3 
=  / 

14,  6  and  5.      1 
15  and  4      1 

5J9X26,  +  32 
266 

6     1?  =  H 

=  266 
=  d 

16,  3  and  2.      1 
17  and  1.     J 

7J14X97,  +98 
sNj       =  5* 

26 

=  1456 

17  and  1.     1 

«  J476-—  I 

'      97 

Explication. 

In  this  feventh  Queftion  the  procefs  is  formed  like  that  in  the  foregoing  fixth,  and 
the  laft  Letter  in  the  work  is  h,  whofe  value  is  difeovered  in  the  twelfth  Equation  by 
the  he'p  of  the  tenth  and  eleventh,  according  to  the  Operation  in  ghteft.  2.  and  then 
by  the  help  of  theNumber  h,  the  Work  returns  backward  to'find  out  the  Numbers/, 
rf,  b  and  a,  in  like  manner  as  in  $ueft.  6.  But  in  this  feventh  Queftion  the  laft  Letter 
in  the  Procefs,  to  wit,  h,  is  made  known  before  an  Equation  arifes  which  has  +1  in 
its  later  Part ;  aud  the  like  efFeO:  happens  in  the  following  eighth  and  ninth  Queftions. 

Now  in  Anfwer  to  this  feventh  Queftion,  all  the  values  of  a  and  b  in  whole  Num- 
bers that  are  capable  of  conftituting the  Equation  propofed,  to  wit,  97*1+1  =  26  b, 
are  the.  Tetms  of  the  two  following  Arithmetical  Progreffions,  which  are  deduced 
from  the  two  fmalleft  values  of  a  and  b,  (to  wit,  15  and  56  found  out  as  abovej 
according  to  the  Rule  in  the  third  ftep  of  SeS.  2. 

Values  of  a ;    15,    41,    67,    93,     119,     14J  ,    0V. 
Values  of  £5     56,153,250,347,    444,     54*  >    &c. 
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If 

i 

2 
3 

119  fl+6 

U  E  ST.     8. 
=  57  &, 

Out  of  iA 

125 
119 

=   171—46 

=   i'4+     5 

Suppoie 

4 

57  c+4° 

=  5<* 

Out  of  4.-J 

5 

6 

7 
I 

c 

IC 
I! 

103 
57 

=  105  —  2 
=     55+2 

5  +  6< 
7,4- 

160 

160 

—  =  32 

5 

=  160 
=  d 

8,  3,  2. 
9,  I- 

32  x  119, 

3933. 
"  57 

+ 

I2J    =    3933 

69  =  b 

9,  i- 

3933  —  6 
119 

- 

33    =  « 

f  What  are  the  whole 
(.     numbers  a  and  Z>  ? 


=  >  d  =  > 


Regrefs. 


Values  of  a;  33  ,    90  ,  147  ,  204  ,  261  ,  318  ,  &c. 
Values  of  b;  69,  188,  307,  426,  545,  664,  &c. 
In  which  Progreflions,  every  two  correipondent  Terras  may  be  taken  for  values  of 
a  and  b  to  conftitute  the  Equation  in  gnefl..  8. 


If 

1 

2 
3 

4 

5 

6 

7 
S 

9 
re 

11 
12 
1? 

H 

i73«+i 

VEST.     9. 

=  11b          $  ^hat  are  the  wn°le 
'         \     numbers  a  and  Z>  ? 

Out  of  1.  $ 

174 
17? 

=  2i?—39 
=  142  +  ^1 

Suppofe 

7tc+39 

=   31  d            c  =?  d  =  > 

Out  of  4.  | 

no 

7i 

=   124 — 14 
=     62+   9 

Suppoie 

310+14 

=     9/            *=?/=? 

Out  of  7. 
8,  and  7. 

31+14 
.45 
9 

=  45 

=     $  =f      Regrefs. 

9,  6,  7. 

10,  4. 

5  X  71,  +110     =  465 
111    =    15        =  «* 

ir,  3,  2. 
12,  1. 

15X173,+ 
2769         _ 

71 

174  =  2769 
39   =  b 

12,  1, 

2769 — 1  _ 
"I73- 

16  —  a 

Values  of  a 
Values  of  b 

s    16  ,     87  , 
;    39,    212, 

153,     229,     300,     371,    &c. 
385,    558,    731,    904,    efc. 

SeB.  4.     PROP.  II. 

Two  whole  numbers  Prime  between  themfelves  being  given,  to  find  out  two  others, 
iuppofe  a  and  b,  that  if  a  be  multiplied  by  the  lelTer  of  thofe  two  numbers  given,  and 
to  the  Product  there  be  added  a  whole  number  given,  thefum  (hall  be  equal  to  the 
Product  of  b  multiplied  by  the  greater  of  the  two  numbers  firfi  given.  Moreover,  to 
diicover  all  the  whole  numbers  a  and  b  that  are  capable  of  producing  the  fameefiecl. 

When  each  of  the  two  given  numbers  which  are  Prime  between  themfelves  is  a  fin- 
gle  Figure,  or  fbme  fmall  number  confitting  of  two  Characters,  then  the  firft  of  the 
two  ways  offblving  the  foregoing  Prop,  i,  will  readily  folve  this  lecond;  but  waving 
that  Method  I  fhallmew  two  other  ways  by  the  help  of  the  later  of  thofe  two  Methods. 

Tbs 
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The  firfi  Method  of  folving  Prop.  2. 
^U  E  ST. 


10. 


I 

2 

3 

4 
J 

6 

7 

S 

9 

710+3 

=  173^, 

«45 

2769 

=  173—28 
=  2768  +  1 

77532 
77677 

=  77504+28 
=  77677 

77677 
173 
77677—3 

=     449  =^7 
=  1094  =flj 

71 

56  =  «> 

23  =£1 

the  leaft  Values. 

S  What  are  a  and  b  in 
it     whole  Numbers? 


true  Values, 


If 

Out  of  1. 

By  Trap.  1. 

Eq.  3  X  28. 

2+4. 

Out  of  5, 1. 

5,i- 

By  the  Rule  in 
Sett.  2.  Num.  20. 

Explication. 

1.  I  multiply  71  which  is  prefix'd  to  a  in  the  Equation  propofed,  by  fuch  a  Num- 
ber, that  when  3,  to  wit,  •+  3  in  the  fame  Equation  is  added  to  the  Producf,  the 
Sum  may  be  either  equal  to,  or  lefs  than  fome  Multiple  of  173  ;  fo  multiplying  71 
by  2,  the  Producf  142  increased  with  3  makes  145,  which  is  equal  to  173  wanting 
28   viz.  145  =  173 — 28,  which  is  the  fecond  Equation. 

2.  Then  by  Prop.  1.  of  this  Chap.  I  feek  two  fuch  Numbers  a  and  b,  that  if  a  be 
multiplied  by  173,  and  the  Produtf  increafed  with  +  i,  theSummay  be  equal  to  the 
Producf  of  b  multiplied  by  71  ■■>  viz.  Suppofing  173a  +  1  =  7i£,  and  proceeding 
according  to  the  foregoing  gnefi.  9.  I  find  16  for  the  value  of  «,  and  39  for  b  5  there- 
fore 173  x  16,  +1  =71*  39;  or  71  X39  =  173  xi6,  +ij  that  is,  2769  = 
2758  4-  I?  which  is  the  third  Equation. 

3.  Becaufe  + 1  in  the  later  part  of  the  third  Equation  is  an  Aliquot  Part  of  28  in 
the  fecond,  I  multiply  the  third  Equation  by  28  the  Denominator  of  the  faid  Part, 
and  it  makes  the  fourth  Equation,  to  wit,  77532  =77504+  28. 

4.  Then  by  adding  the  fourth  Equation  to  the  fecond  the  Sum  gives  the  fifth,  which 
is  free  from  the  Signs  +  and  —  -,  and  from  the  fifth  Equation  the  whole  Numbers 
449  and  1094  are  difcovered  for  values  of  b  and  a,  in  like  manner  as»in  §>neft.  4,  and  5. 
and  by  the  help  of  thofe  the  fmalleft  values  of  a  and  Z>,  to  wit,  56  and  23  are  found 
out  by  the  Rule  in  the  twentieth  ttep  of  SeS.  2. 

5.  Laftly,  by  the  help  of  the  two  fmalleft  values  of  a  and  b,  and  the  Rule  in  the 
third  ftep  of  SeB.  2,  all  that  are  capable  of  folving  ^nefi.  10.  will  be  found  in  the 
two  following  Arithmetical  Progreffions,  which  may  be  continued  as  far  as  you  pleafe. 

Values  of  a;    56,229,    402,     575,     748,    921,1094,    0c. 
Values  of  b ;     23,    94,     16?,     236,    307,     378,    449,    &c. 


If 

Out  of  1. 
By  Prop.  1. 

Eq.  3  X  48. 
2  +  4- 

Out  of  5,  and  1. 

S,  1. 

By  the  Rule  in 
Se8.  2.  Num.  20. 


^UEST.     11. 

220+5000         =  6$b, 


J  What  are  a  and  b  m 
\     whole  Numbers  ? 


5022 

66 


=  5070—48 
=       65  +  1 


3168 
8190 


=  3120+48 
=  8190 


8190  ,  , 

'-  =  126     =  b 

65 

8190 — 5000 


=   145   =a. 


15   =  a  I 

82  =  bS 


the  leaft  Values. 


true  Values. 


ExplU 
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Explication. 

1.  I  add  22  to  5000  and  it  makes  5022,  which  is  not  exactly  divifible  by  6 5,  for 
77  times  65  is  lefsthan  5022,  but  78  times  65,  that  is,  7070,  exceeds  5022  by  48 ; 
therefore  5022=5070 — 48,  which  is  the  fecond  Equation. 

2.  Then  by  Prop.  1.  of  this  Chap.  I  feek  two  fuch  whole  numbers  a  and  b,  that  if 
a  be  multiplied  by  65,  and  to  the  Product  there  be  added  iJ  the  Sum  may  be  equal 
to  the  Producf  of  b  multiplied  by  22  ;  viz.  Suppofing  65*4- 1  =  22^,  and  proceding 
according  to  the  later  Method  of  refolving  the  foregoing  Prop.  1.  I  find  1  and  3  to  be 
values  of  a  and  b  -,  therefore,  65  x  1,  4- 1  =22  x  3  ;  or  22  x  3  =  65  x  1,  4- 1 -  that 
is,  66=65  +  1,  which  is  the  third  Equation. 

3.  By  profecuting  the  Work  as  before  in  the  Explication  of  guefl.  10.  all  the  de- 
fired  values  of  a  and  b  in  whole  numbers  that  are  capable  of  conftituting  the  Equa- 
tion firft  propoied  in  this  eleventh  Queftion  will  be  found  to  be  the  Terms  of  thefe  two 
following  Arithmetical  Progreflions,  viz. 

Values  of  a ;     15,      80,       145,     210,     275,     340,    tfc. 
Values  of  b;    82,    104,      126,     148,    170,    192,    t#c. 


If 

Out  of  1.  J 

Suppofe 
Out  of  4  A 

6xJ. 

5  +  7- 

8,  4. 

9,  ?,  2. 
10,  1. 

10,  1. 


Another  way  of  Jolving   Prop.  2. 

QU E  ST.    12. 

5  What  are  a  and  b  in 
\     whole  numbers  ? 


71*4-3 


=  173  h 


«45 

213 


=  173—28 
=  173  4-  40 


i73<,-t-2b 


=   40  d 


c  =?  </=> 


5|20I 

6l7? 


=  240  —  39 
=  1604-  13 


7.519 
8720 


720 
40 


ij 


12 


4804-39 
720 


18  =  d     Regrefs. 


18x213,4-145  =  3979 
397?  =  23      ==  ;* 
17? 
.3.979- ?  =;6  =  tf 


71 


Explication. 

1.  In i  this  Queftion,  which  is  the  fame  with  the  foregoing  tenth,  the  fecond  Eaua- 
tion  is  formed  as  is  there  directed.  ^ 

2.  The  third  Equation  is  thus- formed:  Forafmuch  as  the  given  number  71  is  lefs 
than  173  which  is  prefix'd  to  A,  I  multiply  71  by  fuch  a  Number  that  the  Prod uft 
may  exceed  173,  and  bealfo  Prime  to  it,  fo  multiplying  71  by  3,  theProduft  213 
exceeds  173,  alfo  21 3  and  173  are  Prime  to  one  another ,  then  I  divide  the  fame  215 
by  173,  and  find  that  213  contains  173  once,  and  40  over  and  above  -,  therefore 
213  =  1734-40,  which  is  the  third  Equation. 

3.  The  fourth,  fifth,  and  fixth  Equations  here,  are  formed  like  the  fourth,  fifth 
and  iixth  Equations  in  the  foregoing  $>uejl.  -6. 

4.  Then  becaufe  1 3  which  follows  4-  in  the  fixth  Equation  is  an  Aliquot  part  of  3  9 
which  follows  —  in  the  fifth,  I  multiply  the  fixth  Equation  by  ,  the  Denominator 
of  the  fiid  Parr,  (for  13  is  |of  39,)  and  it  produces  the  feventh  Equation,  to  wit, 
519=4804-39- 

5.  The  eighth  Equation  is  the  Sum  of  the  fifth  and  feventh,  (according  to  the  Ope- 
ration in  Cafe  2.)  and  then  in  the  ninth  Equation  the  Regreflive  Work  begins,  to  find 
out  thevaluesof  d,banda  in  fuch  manneras  has  been  fhewn  in  divers  preceding  Qiiefti- 

0nS  2iv  «  C!iap-    So  at  length  a11  che  values ot" a  and  b  in  whole  numbers  to  fblve  this 
twelfth  Queltion  will  by  this  later  Method  be  found  the  fame  as  before  in  gueft.  10. 

SeS.  5. 


CHAP.    15.  capable  of  innumerable  Anjwers. 

Se8.$.  PRO  PAIL 

To  dividea  given  number  into  three  or  more  numbers,fuch,that  ifevery  one  of  rh 
be  multiplied  by  a  different  number  given,  rhe  iumofthe  Products  may  be  equal  t 
given  number.  But  the  fum  of  thofe  Produfts  muft  fall  between  the  two  Products     °A 
by  multiplying  thegiven  Dividendinto  thegreateft  and  leaft  of  the  given  Multiplicatopf 

The  folution  of  this  Problem  is  explain'd  by  the  following  Queftions  of  this  Ch 
tcr,  and  oftentimes  requires  the  help  of  die  two  preceding  Propolirions,  aswill  oartf" 
appear  by  the  fifteenth  Queftion.  ^      ^ 

&UEST.  13.  "  '  ' 

To  divide  24  into  three  fuch  whole  numbers,  that  if  the  firft  be  multiplied  by  26 
the  fecond  by  24,  and  the  third  by  8,  the  fum  of  the  three  Produ&smay  make  516 
•  Let  rhe  numbers  fought  be  reprefentedby  a,e  &>,then  the  Queftion  may  beftated  thus  • 
!•  ^ •     ■    «*f    e'4-    7=24 

2.  And    .-    r    .........    i'*, .  .      3^+246+ 8>=  5 16 

What  are  the  whole  numbers  a,  e  andy>    || 

RESOLUTION. 

3.  The  firft  Equation  multiplied  by  36,  which  is) 

prefix'd  to  a  in  the  fecond,  produces    .     .      .     j*    36j  +  36e+3^=864  j 

4- 1  he  2<i  Equation  iubtracfed  from  the  third,  leaves    .      .    1 26+28)1=348 

5.  The  <\th  Equation  by  tranfpofition  of  +2%  gives    .     .     126=348— '287 

6.  The  fifth  Equation  divided  by  12  gives    .    .      ...      .    5=29  11 

7*  Ifinftead  of  e  in  the  firft  Equation  there  beta-")       ,      jy 

ken  the  later  part  of  the  fixth,  this&rifes    .    .     y    +29     y+J*—  H 

8.  That  is, >>  «+29— ^  =  24 

3         T 

9.From  the  eighth  Equation  by  tranfpofition  of  29-^7  ^=24.— 2  4-4y 

this  arifes, 3  ' 

10.  That  is,     1      '• .    .    .    <    >  *=^—  5 


3 


1 1.  By  the  later  part  of  the  tenth  Equation  'tis  evi-  >    4>  ^  , 
dent  that 5"3       ' 

12.  Therefore  by  multiplying  each  part  in  the  ele- ") 

venth  ftep  by  3,  it  follows  that      ....     j  $t    .*? 

13.  And  by  dividing  each  part  in  the  1 2th  ftep  by  4,      ycr  3-i 

14.  And  from  the  later  part  of  the  fixth  Equation,  7 

by  ir^uing  in  like  manner  as  in  the  eleventh,  >    y-j  12^ 
twelfth  and  thirteeth  fteps,it  will  be  manifeft  that  3 

15.  Now  if  Fractions  or  mixt  numbers  were  admitted  to  be  the  values  of  a,  6,and_y, 
then  by  the  thirteenth,  fourteenth,  tenth  and  lixth  fteps  'tis  evident  that 

y  =  any  number  between  3-f-  and  12-f  j 

3 

6=29-2? 

3 

16.  But  to  find  out  whole  numbers  to  folve  the  Queftion,the  limits  in  the  thirteenth  & 
fourteenth  fteps  do  fliew  that  y  muft  be  fome  whole  number  greater  than  3,  but  not 
greater  than  12,  yet  every  whole  number  within  thofe  limits  will 
not  ferve  the  turn,  for  the  values  of  a  and  e  before  difcovered  will 

not  be  whole  numbers  unlefs  ^  and  H  be  whole  numbers  ;  but 
3  3 

^and  2?  cannot  be  whole  numbers  unlefs  y  be  1,    or  fomeMul- 
3.        3 

tiple  of  3,and  becaufe  3  is  without  the  limits j>  may  be  6,  or  9,or  i2,and  confequently 

R  r  -       from 


a 

6 

I) 

) 

6 

7 

8 

? 

C] 

1 

r2 

3*4 
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from  the  fifteenth  ftep  a  fhall  be  3,  or  7,  or  1 1  •,  and  e,  1  ?3or  8,  or  1.  Now  in  anfwer 
to  the  Queftion,  3, 15  and  6,  (to  wit,  a,eand;0  are  three  fuch  whole  numbers,that 
their  fum  is  24',  and  if  the  fitft  be  multiplied  by  36,  the  fecond  by  24,  and  the  third 
by  8  the  fum  of  the  three  Products  makes  516,  as  was  required.  The  like  may 
be  fad  of  each  of  the  two  other  Anfwers.  But  if  Fractions  or  mixt  numbers  were 
admitted  innumerable  Anfwers  might  be  given  to  the  Queftion,  as  before  has  been 
fhewn  in' the  fifteenth  It ep. 

Note.  When  one  part  of  an  Equation  confifts  of  an  Affirmative  letter  and  fome  Ne- 
gative "X bfolute  number,  a  limit  may  thence  be  inferr'd,  above  which  the  number  fig- 
nified  by  that  letter  ought  to  be  taken.  But  if  one  part  of  an  Equation  confifts  of  a 
Negative  letter  and  of  an  Affirmative  abfolute  number,  it  will  give  a  limit  beneath 
which  the  number  reprefented  by  that  letter  mult  be  chofen.  Sometimes  alfo  two 
limits  will  be  difcovered,  fas  in  this  thirteenth  Queftion  for  the  choice  of  the  number 
V .  )  and  fometimes  but  one,  (as  in  divers  of  the  following  Queftions.) 

QUE  S  T.  14. 
To  find  three  fuch  whole  numbers  that  their  fum  may  make  ico  ;  and  that  if  the 
firftbe  multiplied  by  4,  the  fecond  by  3,  and  the  third  by  i-t,  the  fum  of  the  three 
Produces  may  make  300. 
For  the  three  numbers  fought  put  <*,  e  and  y,  then  the  Queftion  may  be  ltated  thus ; 

I    If a-\-    e+     y  =  100 

2.  And    .     . 4<*+3<H-iT.y  =  300 

What  are  the  whole  numbers  a,  e  andy  >         || 

RESOLUTION. 


3.  The  firft  Equation  multiplied  by  4,  (which  is  yefix'd  7 
to  a  in  the  fecond  Equation,)   produces     .    .     .     .    j 

4.  The  fecond  Equation  fubtrafted  from  the  third,  leaves  t> 

%.  The  fourth  Equation  by  tranfpofition  of  +  "Ogives  > 

5 

6.  If  inftead  of  e  in  the  firft  Equation  there  be  taken  the  \ 
later  part  of  the  fifth,  this  will  arife,     .       .    .     .     $ 

7.  That  is,  after  due  Reduction,     .....       $► 


4«  +  4f + 4^=400 

5 

;  .    e=ioo—Uy 
5 

fl-f  I  oc — ~J.-\-y=z  100 

6y 
5 


"3  100 


8.  From   the  later  part  of  the  fifth  Equation  it's  ma- )    £r> 

nifeft  that j      5 

a.  And  confequently  by  multiplying  each  part  in  the  \      „_ ,  - 

eighth  ftep  by  5 j"      *      5°° 

10.  And  by  dividing  each  part  in  the  ninth  ftep  by  1*1,  ">  ? 

it  follows  that j"  4 U 

Whence  'tis  manifeft,  that  if  the  three  numbers  fought  were  not  reftrained  to  whole 

numbers,  any  number  lefs  than  45-^  might  be  taken  for  the  number  y,  and  then  the 

numbers  a  and  e  would  be  difcovered  f  torn  the  feventh  and  fifth  fteps.  But  to  have  the 

Queftion  folved  by  whole  numbers,  the  number  y  muft  be  fome  whole 

number  not  greater  than  4?,  and  fuch  as  may  caufe  " ?  and  -1  to  be 

whole  Numbers,  for  orherwife  the  values  of  e  and  a  in  the  fifth  and 

feventh  fteps  will  not  be  expreffible  by  whole  Numbers}  but  ?-1^  and 

-1  cannot  be  whole  Numbers  unlefs>  be  7,  or  fome  Multiple  of  y, 

and  therefore  y  may  be  y,  or  10,  or  15,  or  any  of  the  reft  of  the 
numbers  in  the  third  Columel  of  this  Table  ;  and  confequently,  from 
the  fifth  and  feventh  fteps  of  the  Refolution,  the  whole  numbers  eand 
a  will  be  fuch  as  ftand  under  e  and  a.  Thus  you  fee  that  the  Queftion 
receives  nine  Anfwers  in  whole  Numbers,  which  are  all  that  it's  capable  of:  So  that 
if  you  take  6  for  a  ■,  8?  for  e ;  and  5  for.y,  their  fum  is  ico  j  and  if  6  be  multiplied 

by  4  5 


<7 

e 

) 

6 

b9 

7 

J2 

7^ 

!C 

li 

67 

111 

: 

5r 

_. 

10 

47 

2J 

3< 

:  ■ 

3© 

12 

23 

JS 

48 

1  : 

•fc 

■;: 

1 

> 
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by  4  5  89  by  3  •,  and  5  by  1-?-,  the  fum  of  the  three  Produces  makes  500,  as  the  Que- 
ftion requires     The  like  may  be  proved  of  every  one  of  the  other  eight  Anfwers, 

Note.  When  three  numbers  are  fought  by  a  Queftion  of  this  nature  that  is  capable 
of  many  Anfwers  in  whole  numbers,  all  the  values  of  every  one  of  the  letters  in  whole 
numbers  are  in  Arithmetical  Progreffion,  and  therefore  when  two  of  thofe  Anfwers  are 
found  out,  all  the  reft  within  the  limits  difcovered  by  the  Refolution  are  confequently 
given  by  Addition  or  Subtraction  of  the  common  difference  in  each  Rank,  as  may  ea- 
fily  be  perceived  by  the  values  of  a,  e,  y  in  the  Table  above-written.  But  when  four 
numbers  are  fought,  the  values  of  a  letter  are  oftentimes  found  in  feveral  Arithmeti- 
cal Progreffions,  as  in  the  following  gueft.  20. 

QUEST.  1  j. 

To  divide  1533  into  three  whole  numbers,  fuch,  that  4- of  the  firft,  together 
with  -I- of  the  fecond  and  -rr-f  of  the  third  may  make  167. 

For*  the  three  whole  numbers  fought  put  «,  <?,  and  y,  then  the  Queftion  may  be 
ftatedthus? 

1.  If : a+  e+      j=i5?3 

2.  And >+|e+7-r3_y=  is-j 

What  are  the  whole  numbers  a,  ?,  and  y>         || 

RESOLUTION.  j 

3.  The  firft  Equation  multiplied  by  4.,  produces  .    4-3+t6+     t>  =  — —*-  , 

4.  The  fourth  Equation  fubtfacfed  from  the  T        _    -Ixe+^JU  =  '*** 
third,  leaves S 

5.  The  fecond  Equation  by  tranfpofition  of)  >;^y^-i.^.-t-.,e 
— ±e  gives '  •     •     •  •     J  "'"'  *     * 

,■  ■-,   11        ■>■,  .  ...1.22261        226e 

6.  The  fifth  Equation  divided  by  ^,  gives  >      .    y- ---—  +  _ 

7.  If  infteadofy  in  the  firft  Equation  there  be  1  a+e+a«6i    ,   azSc 

taken  the  lates  part  of  the  fixth  this  arifes,  J  97  91         >6*        i 

8.  The feventh  Equation,  after  due  ReducV  1         a==  126440  __  jj^e 
ion,  gives J  97  97 

9.  By  the  eighth  Equation  it's  manifeft  that    .  3  232  "^  1 26440 

10.  And  confequently  by  dividing  each  part  \  fi  _,  ,9Xil2. 
ofthelaftttepby  323,  ......     5  '** 

1 1  Now  to  find  out  the  values  of  a,  e  and  y  > 

In  whole  numbers,  (if  there  be  a  poiTibility)  /   ■        _  2226l  +  22^ 

I  multiply  the  fixth  Equation  by  the  De-  C 

nominator  97,  and  it  makes    .    .    .      >  J 

12.  That  is 226e+2226i  =  Q7y 

1  j.'  Then  by  the  foregoing  Prop.  1 .  of  this  Chapter,  I  foarch  out  all  fuch  whole  numbers 

as  may  be  values  of  e  and  y  to  conftitute  the  laft  Equation,  that  is,  226^+22261 

=97V;  but  with  this  Condition,  viz.  That  the  greateft  whole  number  among  thofe 

that  are  found  outfor  the  values  ofe  may  not  exceed  391, 

as  the  preceding  tenth  ftep  requires  5  fo  I  find  four  values 

off,  to  wit,  47,  14+  24',  H*i  and  four  values  of  y,  to 

wit    339,  565,  791  andioi7:  Then  the  Sum  of  every 

two'  correfpondent  values  of  e  andy  being  fubtfafted  from 

1533  the  Number  firft  given  to  be  divided,  the  Remainders 

fhall  be  the  defired  values  of*,  to  wit,  1 147, 824,  501  and 

178  i  fo  there  are  only  four  Anfwers  to  the  Queftion  in  whole  Numbers,  to  vtit, 

thofe'  inferred  in  the  Table  in  the  Margin. 

The  Proof  of  the  firft  Anfwet. 

The  Sum  of  1 1 47,  and  47  339  is l^\ 

4ofii47is I43t» 

4of47is !3JP 

iof  339  is •     •    °> 

Laitly,  the  fum  of  thofe  three  Produas  is    ..    .    167,  Therefor* 


a 

"   1  y 

1 147 

47  339 

824 

144  565 

501 

241  791 

178 

3381 1017 
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Therefore  all  the  Conditions  in  the  Queftion  are  fatisfled,  and  the  like  may  be  pro- 
ved by  every  one  of  the  other  three  Anfwers  in  whole  Numbers  5  but  if  Fractions 
were  admitted,  innumerable  Anfwers  mighrbe  given  by  the  tenth,  eighth,  and  fixth 
fteps  of  theRefolution. 


QUEST.  16. 

To  find  the  three  Numbers,  that  their  Sum  may  make  300  ;  and  that  if  the  firft 
be  multiplied  by  6,  the  fecond  by  5,  and  the  third  by  2T^i-,  the  Sum  of  the  three 
Products  may  make  1496. 

Let  <r/,>  be  put  for  the  three  Numbers  fought ;  then  by  forming  the  refolution  in  like 
manner  as  in  the  preceding  thirteenth,  fourteenth  and  fifteenth  Queft.  it  will  appear  that 
y  =  any  Number  between  i-|^-f  ai>d  76-rB-f  j 

1193V 

e  =  304—     y-}  ; 

300 

89VV 
a  =z-2-3J — 4. 

300 
Whence  'tis  evident,  that  there  cannot  be  three  whole  numbers  found  out  to  folve 
this  Queftion,  for  300  is  the  fmalleft  whole  Number  that  can  be  taken  for  y  tocaule 

-I9^and-^  to  be  whole  Numbers;  but  300  exceeds  the  greater  of  the  two  li 
300  300 

mits  above  difcovered  for  chufing  of  the  number y. 

QUE  S  T.     17. 

If  one  would  lay  out  98  pence  to  boy  40  Birds,  fuppoie  Patridges,  Larks  and 
Quails  -,  how  many  of  each  kind  may  be  bought  when  Patridges  are  at  3  pence  a  piece 
Larks  at  an  halfpenny  a  piece,  and  Quails  at  4  pence  a  piece  ? 

Let  a  reprefent  the  number  of  Patridges,  e  the  number  of  Larks,  andy  the  number 
of  Quails-,  then  according  to  the  Queftion,<*--r-eM-y=4o-,  and  becaufe  the  number  of 
all  the  Patridges  multiplied  by  the  price  of  one  of  them  produces  the  full  coft  of  all 
it's  manifeft  that  3«  is  the  full  coft  of  a]l  the  Patridges;  and  for  the  likereafon  j-efig- 
nifies  the  full  coft  of  all  the  Larks  ;  likewife  431  the  full  coft  of  the  Quails  :  But 'thole 
three  particular  Sums  of  Money  muft  be  equal  to  98  pence,  therefore  Z"-\--e-{-4y 
=  98  ;  fo  that  the  Queftion  may  be  ftated  thus  j 
i-  If .    a+c-f-y  =  40 

2.  And '3^+^4-4)1=5)8 

What  are  the  whole  Numbers  a,  e  and  y  ?       || 

R  E  SO  LUTIO  N. 

3.  The  firft  Equation  multiplied  by  3  fwhich  isprefix'd  to  >         , 

a  in  the  fecond,)  produces j"   ^tS'+SJ— 12© 

4.  The  lecond  Equation  fubtra&ed  from  the  third,  leaves  >•     .    .11  — y=22 

2 

5.  From  the  fourth  Equation,  after  due  Tranlpofition,  this  \  _je 
ariies j     '    '    '     ^~~z     2S 

6.  Then  inftead  of  y  in  the  firft  Equation,  if  there  be  fet  the  \  ^e 

later  part  of  the  filthy  the  firft  will  be  reduced  to  this,  J  a+fi+ 22=4P 

7.  The  fixth  Equation,  after  due  Reduction,  gives    .    .     >■  rt__  ,  ys 

2 

8.  By  the  later  part  of  the  fifth  Equation  it's  evident  that  >  11^  2z 

9.  And  confequently  by  multiplying  each  part  in  the  eighth  \ 

ftep  by  2, .   ■  .    .     J  $e  cr  44 

Jo.  Whence  by  dividing  each  part  by  5:,  it  follows  that      >.     exr    84 

u.  Again,  from  the  later  part  of  the  feventh  Equation,"?  5 

by  arguing  in  like  manner  as  in  the  eighth,  ninth  andS-    e  -3  n% 
tenth  fteps,  it  will  appear  that ^  '7 

12.  Now 


Partr. 
a 

27 
20 

6 

Larks. 
e 

Quails. 
> 

lo 
12 

*4 

16 

3 
8 

18 
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12.  Now  fince  the  nature  of  this  Queftion  requires  that  the  defired  value  of  a  eand  v 
be  whole  numbers,  it's  evident  from  the  fifth  and  feventh  fteps  that  e  mull  be  an  even 
number,  otherwife  "  and^will  not  be  whole  numbers;  for  ife  be  an  odd  number 

the  Dividends  ^e  and  70  will  be  odd,  (for  odd  multiplied  by  odd  produces  odd  )  and 
therefore  their  halves  cannot  be  whole  numbers.  Since  then  e  muft  be  an  even  num- 
ber, it's  manifelt  by  the  tenth  and  eleventh  fteps,  that  e 
may  be  10,  or  12,  or  14,  or  16,  but  no  other  even 
number  whatever  ;  and  confequently  from  the  fifth  ftep  y 
fhall  be  3,  or  8,  or  13,  or  18 ;  and  from  the  feventh  ftep, 
a  fhall  be  27,  or  20,  or  13,  or  6.  Thus  it  appears  that 
the  Queftion  may  be  folved  by  four  feverai  Anfwers  (and 
not  more)  in  whole  numbeis,  vis.  Firft,  27  Patridges, 
I  o  Larks,  and  3  Quails,  which  are  in  multitude  40,  may 
be  bought  for  98  pence  at  their  refpecYive  prices  given  in  the  Queftion  ;  or  20  Par* 
tridges,  1 2  Larks,  and  8  Quails,  which  are  likewife  40  in  Multitude,  and  the  like 
may  be  affirmed  of  the  other  two  Anfwers  inferted  in  the  Table  in  the  Margin. 
But  if  a  Queftion  of  the  fame  nature  be  defired  that  has  but  one  anfwer  in  whole 
numbers,  the  following  Epigtam  (cited  by  Monfieur  Bacbet'm  his  Comment  upon  the 
one  and  fortieth  Queftion  of  the  fourth  Book  of  Diopbantus,)  will  be  fatisfa&ory. 


QUE  S  T.  18. 
Ut  tot  emanhtr  aves,  bisdenis  utere  nummis  ; 
Perdix,   Anfer,  Anas  empta  vocetnr  avis. 
Sit  Jimplex  obohts  pretium  Perdicis,  ematar 

Sex  obolis  Anfer,  bifque  duobus  Anas. 
Ui  tua  procedat  in  hcem  qit&ftio,  mentem 
Confute,  Jic  loquiter  pelioris  area  mibi. 
Sim  Anates  tres  at  que  d%i&,  [implex  erit  Anfert 
Accippe  Perdices  qitatuor  atque  decern. 
The  fence  is  this:  If  the  price  of  a  Patridge  be  an  halfpenny,  a  Goefe  3  pence 
and  a  Duck  2  pence  -y  how  many  of  each  kind  maybe  bought  at  thole  rates,  if  it  be 
defited  that  all  the  Birds  bought  may  be  20  in  number,  and  coft  20  pence  > 

Let  a  reprefent  the  number  of  Patridges,  e  the  number  of  Geefe,  and  v  the  number 
of  Ducks,  then  this  Queftion  (like  the  preceding  feventeenth)  may  be  ftated  thus  : 

I.  If ...        .      .  .  .  .   a-\-  e-\-  y=20 

1.  And .      .      .  4-a+3e+2y=2o 

What  are  the  whole  Numbers  <*,  e  and  y  >        ||  ■ ; . 

RE  SOLUTION. 

3.  The  firft  Equation  multiplied  by  4-,  produces    .     .    '.      4-^+^+4-7=10 

4.  The  third  Equation  fubtrafted  from  the  fecond,  leaves    >     .  — +  — =10 

.  22 

5.  By  tranfpofition  of  ^  in  the  fourth  Equation,  this  arifes  >•     .  — =10 — V- 

2  2  2 

6.  The  fifth  Equation  divided  by -f-,  gives     .    .     .    ,      >     •     «=  4 — — 

7.  By  fetting  the  later  part  of  the  fixth  Equation  in  the  1  3_L.4_.lLf  y=2o 
place  of  e  in  the  firft,  this  arifes    ...      ...      y  5 

8.  Which  Ia'ft  Equation,  after  due  Reduction,  gives     .     >•  a— 16 — ^ 

p.  From  the  later  part  of  the  fixth  Equation  it  may  be  in-? 

ferr'd,  (in  like  manner  as  in  divers  of  the  preceding  >  v  "^  6-f 

Queftions)  that    . 3 

1  o.  But  the  fixth  and  eight  fteps  do  fhew,that  to  the  end  the  values  of  e  and  a  may  be 

vClvhole  numbers,as  the  nature  of  this  Queftion  requires,  it  is  requifite  that  ^  and  3^ 

be 
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be  whole  numbers  ;  by  ^  and -^  cannot  be  whole  numbers,  unlefs  y  be  5  or  fome 

5  5 

Multiple  of  5  -,  and  by  the  ninth  ftepy  mult  be  left  than  £4,  therefore  5  is  the  only 
Whole  number  that  can  be  taken  for  y,  or  the  number  of  Ducks  -,  and  confequently 
the  fixth  ftep  gives  1  for  the  value  of  e,  that  is,  1  Goofe  -,  and  by  the  eighth  ftep, 
the  value  of  a  is  14,  that  is,  14  Partridges  ;  which  three  numbers  will  folve  the' 
Queftion,  as  may  eafily  be  proved. 

The  Refolutiom   of  the  following   nineteenth  and  twentieth  ghtejlions  do  jhew  how  to  find 
.    out  innumerable. .  Anjwers  to  any  Queftion  belonging  to  the  Rule  of  Alligation  alternate 

in  vulgar  Arithmetic,  when  three  or  more  things  are  to  be  mixed  together,  according  to 

the  import  of  that  Ride. 

QUE  ST.  19. 

A  Vintner  having  three  forts  of  Wines,  the  prices  whereofyer  Gallon  are  24  pence, 
22  pence,  and  18  pence,  defires  to  make  a  Mixture  out  of  them  that  may  contain  60 
Gallons,in  fuch  manner,that  the  total  Mixture  being  fold  at  fome  mean  price />«•  Gallon 
between  24  pence  and  1 8  pence,fuppofe  at  2opence,may  make  the  fame  fum  of  Money, 
as  all  the  particular  quantities  of  Wine  in  the  Mixture  at  their  own  prices.  The  Que- 
ftion is,to  find  what  quantity  of  each  fort  of  Wine  may  be  taken  to  make  that  Mixture. 

For  the  defired  number  of  Gallons  of  the  firftfort  of  Wine  to  make  the  Mixture,put 
a  -,  for  the  number  of  the  fecond  fort  c-,  and  of  the  third  y.  Then  a-Ye-^y—eo^ 
(the  total  number  of  the  Gallons  in  the  Mixture  ;  )  and  becaufe  every  Gallon  of  the 
mix'd  quantity  muft  be  fold  for  20  pence,  the  60  Gallons  mix'd  are  worth  1200  pence, 
and  fo  much  alfo  muft  all  the  Products  of  the  particular  Quantitiesof  each  fort  of 
Wine  multiplied  by  their  peculiar  prices  amount  unto  ;  therefore  2^a-\-2ze-\-iiy= 
1200  =  60x20.    So  that  the  Queftion  may  be  ftated  thus  : 

1.  If    , a+     e+     y=     60 

2.  And 24^+226+ 1 8y=  1 200  (=60x20) 

What  are  the  numbers  a,  e,y  >     || 1 

RESOLUTION. 

3.  The  firft  Equation  multiplied   by  24? 

(which  is  prefix'd  to  a  in  the  fecond>  243+ 240+  24)1=1440' 
Equation)  produces      .      .      .      .      ^ 

4.  The     fecond    Equation     fubtratfed  \  ,    611  =  240 
from  the   third,  leaves     ....   3           '  J      * 

5.  The  fourth  Equation  by  tranfpofition  \  2<?=i4©— 6v 
of  6%  gives .J 

6.  The  fifth  Equation  divided  by  2,  gives       .      .    e=i2o — aji 

7.  By  taking  the  later  part  of  the  fixth  E-  \  fl+  x  +      5o 
quationinfteadofemthefirlt,this  antes,  j                   0J    J 

8.  The  feventh  Equation,  after  due  Re-  \  fl=j;2y_60 
ducf  ion,  difcovers  the  value  of  a,  viz.  j  y 

9.  From  the  8th  Equation  it's  evident  that    y  cr  30 
3 o.  And  from  the  fixth  Equation,     .     .      J"3 4° 

11.  By  the  loth^th^th  and 6i/jfteps  it's  manifeft  that  innumetable  Anfwers  may  be 
given  to  the  Queftion  propofed ;  for  fince  Fractions  are  not  here  excluded  from  being 
Anfwers,  you  may  efteem    .    y  =  any  number  between  30  and  40 ; 
a  =    iy— 60  ; 
e  =  120 — $y. 
12   Whence  nine  Anfwers  in  whole  numbers.are  difcovered,  to  wit,  thole  expreft  in 
~7~c — r  this  Table.    But  the  Rule  of  Alligation  in  Vulgar  Arithmetic  finds 
"    out  only  one  Anfwer  to  this  Queftion,  to  wit,  the  fixth. '  And  becaufe 
Innumerable-Numbers   may  be   taken  between   30  and  40  for  values 
ofy,  you  may   find  out  as  many  Anfwers  as  you  plea fe  in  tractions, 
(which  are  not  excluded  in  Queftions  of  this  Nature  ;  )  fo  if  fory 
you  take  30:-,.  then  a  =  1,   (=  2y  —  6o,)  and  e  =  28^,  (=  120 

4  7#>  n. 
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The  Proof  of  the  frfl  Airfwer. 
Two  Gallons  of  Wine  at  24  pence;*,-  Gallon,  together  with  27  Gallons  at  2  2  pence 
per  Gallon,  and  3 1  Gal  tons  at  1 8  pence  per  Gallon,  amount  to  1 200  pence  •  which  is 
alfo  the  value  of  60  Gallons  at  20  pence  per  Gallon. 


QUE  S  T.  20. 

A  Vintner  having  four  forts  of  Wines,  whofeprices/wrQpart  are  16  pence,  10  pence, 
8  pence,and  6  pence.defires  to  make  a  Mixture  out  ofthem  that  may  contain  1 00  Quarts, 
fo  as  this  mixt  quantity  being  iold  at  fome  mean  price  per  Quart  between  16  pence  and' 
6  pence,fuppofe  at  1 2  pence,may  produce  the  fame  fum  of  money,  as  all  the  particular 
quantities  of  Wine  in  the  Mixture  if  they  were  fold  at  their  own  prices.  TheQueftion 
is,  to  find  what  quantity  of  Wine  of  each  ibrt  may  be  taken  to  make  that  Mixture  > 

Let  a,e,  y  and  w  be  put  for  the  unknown  quantities  of  Wine  that  are  fought  to  make 
the  Mixture  5  then«-r-e+ji-H<=  100,  (the  total  number  of  Quarts  in  the  Mixture  ) 
and  by  multiplying  thofe  Quantities  feverally  into  their  peculiar  prices,the  fum  of  the 
Products  is  i6«+ioe+8_H-6«  3  which  fum  muft  be  equal  to  the  Product  of  100 
multiplied  into  1 2,  that  is,  1 200  pence  ;  So  that  the  Queltion  may  be  ftated  thus  h 

1.  If a+     e-\-  y-\-   11  =     ioo 

2.  And i6a-\-ioe-\-Sy-\-6u  =  1200 

What  are  the  Numbers  a,  e,  y  and  u  >     || , 

The  given  Equations  being  fewer  in  multitude  than  rhe  numbers  foughr,  it's  a  fign 
that  the  Queftion  is  capable  of  innumerable  Anfwers  ;  now  that  you  may  find  out  as  ma- 
ny ofthem  as  you  pleafe,  the  firft  fcope  in  theRefblution  muft  be  to  difcover  limits  to 
direcf  vour  choice  of  fome  one  of  the  numbers  fought,  and  accordingly,  the  drift  in 
the  eight  Equations  nexc  following  is  to  fearch  out  limits  for  the  firft  number  a. 

RESOLUTION.    ■ 
5.  From  the  firft  Equation  by  tranfpofition  of  a, ")  .     . 

this  ariles,     ...........    .'j"      '    *+J+«=ioo-« 

4.  And  from  the  fecond  Equation  by  tranfpofition  )  ,  „   ,  , 

of  16.,  thisarifes,    ........   ^  ioe+Sy+6u=i2oo-i6a 

5.  The  thud  Equation  multiplied  by  6,  to  wit,-* 

the  leatt  of  the  known  numbers  which  are  pre- 1     ,   ,  ,   <  ,      ,        , 
fix'd  to  the  letters  in  the  firft  part  of  the  fourth  r     66+67+ 6«=*oo-6« 
Eqation,  ptoduces         J . 

6.  Again,  the  third  Equation  multiplied  by  10,") 

that  is,  the  gieaieft  of  the  known  numbers  which/        .         . 

are  prefix'd  to  the  letters  in  the  firft  part  of  the>ioe+ioy+io«=IOoo-ioj 

fourth  Equation  produces     .......      J 

7.  It  is  manifeft  that  the  firft  part  of  the  fifth  Equa-  -* 

tion  is  lefs  than  the  firft  part  of  the  fourth,  there-  (    ,         ,  _T  _         , 
fore  alfo  the  later  part  of  the  fifth  fliall  be  lefs  f  600-6^  1 200-1 6a 
than  the  later  part  of  the  fourth,  viz     .     .     -J 

8.  Therefore  from  the  feventh  ftep,  after  due  Re  \  a_i  ,Q 
ducfion,  it  follows,  that j" 

9.  Again,  for  as  much  as  the  firft  part  of  the  fixth  > 

Equation  is  greater  than  the  firft  parr  of  the  4t&V  I000_I0,  ,-  I200_l6fl 
therefore  alfo  the  later  part  of  the  fixth  fhali  ber 
greater  than  the  later  part  of  the  fourth,  viz.    .    ) 

10.  Therefore  from  the  ninth  ftep,  after  due  Re-  \   '  ,-.'-!• 
duftion,  it  follows,  that J  35i 

Now  fince  it  is  found  by  the  eighth  and  tenth  fteps,  that  a  the  number  of  Quarts 
fought  of  the  firft  fort  of  Wine  to  make  the  Mixture  muft  be  lefs  than  60,  but  greater 
than  33f,  let  fome  number  within  thofe  limits  be  taken  for  the  value  of  a,  viz. 

11.  Suppofc 
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11.  Suppofe 47  =a 

12.  Then  by  fetting  47  in  the  place  of  a  in  the 7 

firft  Equation,  this  antes j"    "    ;     47 +*+>+» =ioo 

1 3.  Whence  by  equal  fubtraftioa  of  47  there  7 

remains    .      .    .     .     > j-     .    .    .    .  g-r->+»— 5? 

14.  And  by  multiplying  the  Equation  in  the  7 
eleventh  ftep  by  16,  (the  number  prefix'd>  752  =  163 
to  a  in  the  fecond,)  it  gives 3 

15.  Then  by  fetting  752  in  the  place  of  16a  )  mttM\L w      ,  b  .  , 

in  the  fecond  Equation,  this  arifes     .     .     |7**  +  *<?e+8H-6«=i2oo 
i<5.  And  by  fubtra&ing  752  from  each  part  of 7 
the  Equation  in  the  fifteenth  ftep,  this  re-S    .    .  ice+8>+ 671=448 
mains,  viz >> 

17.  TheEquation  in  the  thirteenth  ftep  multi-7 

plied  by  1  o,  (which  is  prefix'd  toe  in   the>     :    i  ioe-\-joy-\-iou=^^Q 
fixteenthj  produces    .    , ^ 

18.  Then  by  fubtra&ing  the  Equation  in  the  ^ 

fixteenth  ftep  from  that  in  the  feventeenth,  /  __ 

the  letter  e  vanifhes,  and  this  Equation  re- C  '    '    2J'+4W— 8a 

mains,  viz -J 

19.  From  the  eighteenth  ftep  by  tranfpofition  7    2y=82 

of +  4^  this  Equation  arifes,    ......     j     *  4K 

20/ And  by  dividing  each  part  of  the  Equation  7     V==AT , 

in  the  nineteenth  ftep  by  2,  it  gives    .    .      j  " 

21.  Then  by  feting  the  latter  part  of  the  Equa-  7 

tion  in  the  twentieth  ftep  in  the  place  ofy£»     e+41 — 2u-\-n=s% 
in  the  thirteenth  ftep,  it  makes    ....     3 

22.  Whence,  after  due  Reduftion,    ....         e=u+i2 

23.  By  the  later  part  of  the  Equation  in  the  7 
twentieth  ftep,  it's  evident  that  211-24.1,  >    »-3  20j. 
therefore j, 

Andbecaufe  the  known  number  12  which  follows  +71  in  the  twenty  fecond  ftep, 
(exprefTing  the  value  of  e)  is  Affirmative,  there  is  notany  limit  to  fhew  above  which 
the  number  1/  ought  to  be  taken ;  and  therefore,  according  to  the  three  and  twentieth 
ftep,  «  may  be  any  number  lefs  than  204. :  Therefore, 

24.  Suppofe 21=20 

25.  Then  from  the  twentieth  and  twenty  fourth  7  •_  v 
fteps  it  follows,  that J  j-i,  (-41— 2»; 

26.  And   from  the  twenty  fecond  and  twenty  7  /       .      \ 
fourth  fteps,     ........     j  «=3*.  (=■+") 

Thus  by  the  eleventh,  twenty  fixth,twenty  fifthand  twenty  fourth  fteps  j  fourwhole 
numbers  are  difcovered,  towir,  47,32,  1  and  20  for  the  values  of  a,  e,y,  andz/,  which 
numbers  will  folve  the  Queftion.  For  if  42  Quarts  of  the  firft  fort  of  Wine,  37  Quarts 
of  the  fecond,  1  quart  of  the  third,  and  20  of  the  fourth  be  mixed  together,  the  fum 
makes  icoquarts,which  at  1 2  pence  per  quart  yields  1 200  pence ;  and  the  fame  number 
of  pence  will  be  produced  by  felling  47  quarts  at  16  pence  per  Quart,  3  2  quarts  at  10 
pence,  1  quart  at  8  pence,  and  20  quarts  at  6  pence  -,  which  was  required. 
_  But  becaufe  (by  the  twenty  third  ftep,)  wmay  beany  whole  number  lefs  than  201, 
nineteen  Anfwers  more  in  whole  numbers  may  be  found  out  by  repeating  the  Procefs  in 
the  twenty  fourth,  twenty  fifth  and  twenty  iixth  fteps ;  fb  that  47  being  taking  for  3, 
there  will  be  twenty  Anfwers  in  whole  numbers,which  are  inferred  in  the  following  Ta- 
ble. And  by  putting  ax equal  to  every  whole  number  feverally  between  3  3!  and  60, which 
are  the  limits  difcovered  in  the  eighth  and  tenth  fteps,f  or  the  chufing  ot  the  number  tf,af- 
tera  due  repetition  of  the  Proce  Is  withevery  oneof  rhoie  whole  numbers,in  like  manner 
as  before  witti47  ^om  theeleventh  ftep  to  theendoftheRefolution,two  hundred  nine- 
ty four  Anfwers  more  in  whole  numbers  will  bedifcovered,whichwith  thofe  twenty  in 
the  Table  make  three  hundred  and  fourteen  Anfwers  in  whole  numbers  to  this  twentieth 

Queftion, 


C  H  A  P.  I  3.        capable  of  Innumerable  Anfwers. 

Queftion,  to  which  rhe  Rule  of  Alligation  in  Vulgar  Arithmetic  gives  only  one  A  nfwer 
which  confifts  partly  of  Fractions  too  ;  but  by  the  Method  above  deliver'd,  innume- 
rable Anfwers  may  be  found  out  in  Fractions.    The  Table  follpws. 
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a 

e 

* 

» 

47 

32 

1 

20 

47 

3* 

3 

19 

47 

30 

5 

18 

47 

29 

7 

'7 

47 

28 

9 

16 

47 

27 

11 

15 

47 

26 

13 

14 

47 

25 

15 

J3 

47 

24 

17 

12 

47 

23 

19 

11 

47 

22 

21 

!0 

47 

21 

2? 

9 

47 

20 

2J 

8 

47 

19 

27 

7 

47 

ib 

*9 

6 

47 

'7 

3i 

5 

47 

16 

33 

4' 

47 

ij 

35 

3 

47 

14 

37 

2 

.  47 

1? 

39 

1 

QUE  ST.    21. 

Forty-one  perfons  confuting  of  Men,  Women  and  Children,  fpent  in  the  whole  at 
a  Feaft  40  Shillings^  whereof  every  Man  paid 4 Shillings,  every  Woman  3  Shillings, 
and  every  Ch'd  4  pence,  or  -f  of  a  Shilling :  It's  defired  to  find  the  number  of  Men' 
likewife  of  the  Women  and  Children. 

The  Nature  of  this  Queftion  not  admitting  Fractions  in  the  Anfwer,  the  fcope  of  the 
Refolution  muft  be  to  divide  41  into  three  luch  whole  Numbers,  that  if  the  firft  be 
multiplied  by  4,  the  fecond  by  three,  and  the  third  by  T,  the  Sum  of  the  three  Produfts 
may  make  40  :  To  which  purpole,let  a,  e  andy  be  put  for  the  defired  numbers  of  Men, 
Women  and  Children,  and  then  the  Queftion  may  be  ltated  thus,   viz. 

1.  If a  -\-  e  -\-  y  =  41 

<e.  And     .     .    • .*     .    4a  -\-^e-^-~y  =  40 

What  are  the  whole  numbers  0,  e,  y  ?  || ' 


RESOLUTION. 


,  By  forming  the  Refolution  in  like  manner  as  in  the  forego   I 
ing  thirteenth,  fourteenth  and  fifteenth  Queftions  it  will  "j  e 
appear,  that < 


3  It 

35V4, 

"4— '-2, 

3  5 

Whence  'tismanifeft  that  52  and  33  are  the  only  whole  Numbers  within  the  Li- 
mits for  the  chufing  of  the  Number  y,   but  this  muft  neceflarily  be  a  Multiple  of 

y,  otherwile  — *  and  -1  will  not  be  whole  Numbers,  and  confequently  the  values  of 

eanda  above  exprels'd  cannot  be  whole  Numbers  5  therefore  3;  is  the  fole  whole 
Number  that  can  be  taken  for  the  value  of  y,  to  wit,  the  number  of  Children,  and 
confequently  the  values  of  e  and  a  above  exprefs'd  will  give  3  lor  the  number  of  Wo- 
men, and  5  for  the  number  of  Men  :  which  three  numbers  5,  3  and  3  3  will  folve  the 
Queftion,  for  their  fum  is  41  •  and  if  the  firft  be  multiplied  by  4,  the  fecond  by  3, 
and  the  third  by  -' ,  the  fum  of  the  three  Products  is  40,  as  was  required. 

Sf  g^UEST. 
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QUE  ST.  22. 

Twenty  perfons,  confuting  of  Men,  Women,  Boys  and  Girls  ipent  at  a  Feaft  in 
the  whole  94  Shillings  ;  whereof  every  Man  paid  6  Shillings,  every  Woman  4  Shil- 
lings, every  Boy  7,  Shillings,  and  every  Girl  1  Shilling  :  It's  defired  to  find  out  the 
number  of  Men,  likewife  of  Women,  Boys  and  Girls. 

The  fcope  of  this  Queftion  is  to  find  out  four  fuch  whole  numbers  that  their  fum 
may  make  20:, and  that  if  the  firft  be  multiplied  by  6,  the  fecond  by4,the  ihird  by  q.and 
the  fourth  by  1,  the  fum  of  the  four  Produ&s  may  make  94  ;  therefore  by  putting 
c,  e ,  y,  »,  to  reprefent  thofe  four  whole  numbers,  theQueftions  may  beftated  thus- 

1.  If a+e-l-y-r-H  =   20 

2.  And     .     .     ; 6^-f-4e-f-3_y4-7,  —  ^4 

What  are  the  whole  Numbers  a,  ei  y,  u  ? 

RESOLUTION. 

The  firft  Scope  is  to  featchout  Limits  for  the  Number  a  in  like  manner  as  before  in 
the  twentieth  Queftion,  i»i 

3.  By  tranlpofition  of  a  in  the  firft  Equation,  this  arifes,      e+  y-\-  n  =  2o a 

4.  Likewife  by  tranfpofition  of  6a  in  the  fecond  Equa-  ) 

tion,  there  comes  forth J    4e+3J>+  »  =  94— 6a 

5.  The  third  Equation   multiplied  by   1,  (to  wit,  the  > 
fmalleft  of  the  Numbers  prefix'd  to  the  Letters  in  the/         . 

firft  part  of  the  fourth  Equation,  where  1  is  fuppofed  r     e~*    ^  u  ~  20       a 

to  be  prefix'd  to  n,)  does  produce  the  lame  third,  viz.  J 
6  Again,  the  third  Equation  multiplied  by  4,  to  wit,? 
_the  greateft  or  the  Numbers  prefix'd  to  the  Letters  in S-   4e+4y+4«  =  So— 43 

the  firft  part  of  the  fourth  Equation,  does  produce    .  3 

7.  It  is  inanifcft  that  the  firft  part  of  the  fifth  Equation -» 
is  lels  than  the  firft  part  of  the  fourth,  therefore  alfo/ 

the  later  part  of  the  fifth  fliall  be  lefs  than  the  later  C    2C~*  a  "^  94— 6a 
pait  of  the  fourth,  viz -J 

8.  Therefore  from  the  feventh  ftep,  after  due  Reduction, ")  ■ 
it  lollows  that .j     •    ■    "^Hr 

9.  Again,  ibrafmuch  as  the  firft  part  of  the  fixth  Equa-^ 
tion  is  greater  than  the  firft  part  of  the  fourth,  there-  / 

fore  alio  the  later  part  of  the  fixth  fliall  be  greater C      8c— 4*^94— 6a 
than  the  later  part  of  the  fourth,  viz -J 

10.  Therefore  from  the  ninth  ftep,  after  due  Reduction, "> 

it  follows,  that ..y   '     '    "      7 

Now  fince  Vis  found  by  the  tenth  and  eigth  fteps,  that  «,  (or  the  number  of  Men) 
is  greater  than  7,  but  lefs  than  14-?-,  let  fome  whole  number  within  thofe  Limits  be 
taken  for  the  value  of  <r,  viz. 

11.  Suppofe . 12  =  a 

12.  Then  by  letting  12   in  the  place  of  a  in  the  firft  7  .       ,       . 
Equation,  rhis  arifes,     . j  I2+  e+  '+'  »  =  2° 

13.  Whence  by  equal  fubtraclion  of  12,  there  remains      .  .      e-\-  y-\-  n  =     8 

14.  And  by  multiplying  the  Equation  in  the  eleventh ">  > 
ftep  by  6,  it  makes      .     .      .      .       ■     .    .     .     j  '    *     '     *    72  ~~  ba 

17.  Then  by  letting  72  in  the  place  of  6a  in  the  fecond  )  .       .       , 

Equation,  it  gives 3  '     '  ^    '  -}  '              7+ 

16.  And  by  fubtratting  72  from  each  part  of  the  laft  7  e4-^v4-       = 
Equation,  the  Remainder  is j"  •    •  4  -r^"r  "  —  22 

17.  The  Equation  in  the  thirteenth  ftep  being  multiplied  \  .       ,        _ 
by  4,  (which  is  prefix'd  to  e  in  the  iixteenth)  gives    J  '  4  +4yi"4M 

1 8.  Then  by  fubtra&ing  the  Equation  in  the  fixteenth? 

ftep  from  that  in  the  leventeenth,  the  Letter  e  vanifh-  >  i     ,     y+3«  —  10 
es,  and  this  Equation  remains,     .    «     .      .     ,     .3 

19.  Whence 
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19.  Whence   by   tranfpofition  of  31/ ,    this  Equation) 

arifes, .  p  ~  l0~ 3" 

20   Then  by  fetting  the   later  part  of  the  Equation  in  7 

the  nineteenth  ftep  in  the  place  of  y  in  the  thirteenth,  >e  -f  10 zu+u  =  8 

this  ariles, •      -3 

Si.  Whence,  after  due  Reduction,  this  Equation  arifes,     e  =s  2» 2 

22.  From  the  later  part  of  the  nineteenth  Equation,  it  > 

may  be  infer'd  that 3"  "^  H 

29.  And  from  the  later  part  of  the  twenty  firft  Equation,    hc  i 

Now  fince  by  the  twenty  fecond  and  twenty  third  fteps,  »  (or  the  number  of 
Girls)  is  found  to  fall  between  1  and  34-  let  2  be  taken  for  the  value  of »,  »w. 

24.  Suppoie k  =  2 

25.  Then  from  the  nineteenth  and  twenty-fourth  fteps,     >  =  4  (  =  jo -iu  ) 

26.  And  from  the  twenty  firft  and  twenty  fourth  fteps,     e  =  2   (  =  2k 2   ) 

Thus  by  the  eleventh,  twenty  fjxth,  twenty  fifth  and  twenty  fourth  fteps"  four 

whole  numbers  are  difcoveted,  to  wit,  12,  2,  4  and  2,  for  the  values  of'a,e,  y  and  «. 

Again,  by  taking  3  for  the  value  of  w,  (which  is  within  the  Limits  before  difcovered) 
the  nineteenth  and  twenty  firft  fteps  will  difcover  1  and  4  for  the  values  of  y  and  e,  (« 
being  12,  as  before.     Wherefore  two  Anfwers  to  the  Queftion  are  found  out  •„  for  'the 
number  of  Men  being  put  1 2,  the  number  of  Women  will  be 
2,  the  number  of  Boys  4,  and  the  number  of  Girls  2 ;  or  the 
number  of  Men  being  12  as  before,  there  will  be  four  Wo- 
men, 1  Roy  and  3  Girls.    Again,  if  1 1  be  put  equal  to  a,  (or 
the  number  of  Men,)  and  theprocefs  be  repeated  from  the 
eleventh  ftep  to  the  end  of  the  Refolution,there  will  be  found 
two  Anfwers  more  in  whole  numbers.  Inlikemanner,if  9, 10 
and  1 3  be  feverally  be  put  equal  to  &,  three  Anfwers  more  will 
be  difcovered  ;  But  if  8  and  14  be  feverally  put  equal  to  a, 
altho  they  be  within  the  Limits  in  the  eighth  and  tenth 
fteps,  yet  the  work  being  repeated  as  before  will  notfucceed 
to  find  e,  y  and  11  in  whole  numbers  •,  fo  that  there  are  only  leven  Anfwers,  to  wit, 
thofe  inferred  in  the  Table  ;  but  that  every  one  of  them  will  folve  the  Queftion  may 
eafily  be  proved. 

If  a  Queftion  of  this  nature  be  defired  that  has  but  one  flnfwer  in  whole  numbers, 
let  the  number  of  perfons  be  60,  and  100  the  number  of  Shillings  fpent;  alfolet  every 
Man  fpend  2  Shillings,  every  Woman  f  of  a  Shilling,  every  Boy  I  of  a  Shilling,  and 
every  Girl  1  of  a  Shilling;  then  by  forming  the  Refolution  as  before,  the  number  of 
Men  will  be  found  46,  the  number  of  Women  3,  the  number  of  Boys  j,  and  the 
number  of  Girls  6. 


QUEST.    23. 

To  divide  2co  into  five  fuch  whole  numbers,  that  if  the  firft  be  multiplied  by  12, 
the  fecond  by  3,  the  thitd  by  1,  the  fourth  by  4-,  and  the  fifth  by  4-,  the  Sum  of  the 
Produces  may  alfo  make  200. 

This  Queftion  may  be  refolved  like  the  fotegoing  twentieth  and  twenty  fecond,  but 
I  fhall  leave  it  as  anexercife  to  the  induftrious  Analyft,  who  (if  he  thinks  it  to  be  worth 
his  pains,)  may  find  out  6639  Anfwers  to  it  in  whole  numbers,  (asMonfieur  Bacbet,  in 
the  two  la  ft  Pages  of  his  little  Book  before  cited  in  SeB  1.  of  this  Chapter,  does  affirm. 

Nicholas  Tartaglia  handling  this  Queftion,  (which  is  the  laft  of  the  feventeenth 
Book  of  the  Firft  Part  of  his  Arithmetic,)  thought  it  a  great  matter  that  he  had  found 
out  one  fingle  Anfwer  to  it  in  thefe  five  whole  numbers,  to  wit,  6, 12,  34,  52,  96, and 
aliened,  That  Queftions  of  this  fort  could  not  be  perfectly  folved,  either  by  the  Al- 
gebraical Art,  or  any  certain  Rule-,  but  the  Contents  of  this  Chapter  do  manifeftly 
fhew,  that  the  Imperfection  was  in  the  Artift,  and  not  in  the  Art. 

Tie  End  of  the  Firft  Volume. 
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